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Introduction: Applications

(a) Aircraft

(b) Automobiles

(d) Buildings(c) Bird (e) Wing tunnel



Introduction:
Flow Classification

(a)  Two-dimensional

(b) Axisymmetric

(c) Three-Dimensional

Flow Classification
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Drag and Lift

𝑑𝐹஽ = −𝑃𝑑𝐴 cos 𝜃 + 𝜏௪𝑑𝐴 sin 𝜃

𝑑𝐹௅ = −𝑃𝑑𝐴 sin 𝜃 − 𝜏௪𝑑𝐴 cos 𝜃

Drag Force, 𝑭𝑫

𝐹஽ = න 𝑑𝐹஽ = න −𝑃 cos 𝜃 − 𝜏௪ sin 𝜃 𝑑𝐴

𝐹௅ = න 𝑑𝐹௅ = − න 𝑃 sin 𝜃 + 𝜏௪ cos 𝜃 𝑑𝐴

Lift Force, 𝑭𝑳

𝜃: angle that the outer normal of 𝑑𝐴 makes with the 
positive flow direction. 

𝑑𝐴: differential surface area element.

𝜏௪: Wall shear stress.

𝑃: Local pressure acting normal to the surface.

Drag is the force a flowing fluid exerts on a body in the direction of the flow, i.e., 
the resistive “push” that opposes the body’s motion through the fluid



Drag and Lift

𝐶஽ =
𝐹஽

1
2

𝜌𝑉ଶ𝐴

Drag coefficient, 𝑪𝑫

𝑉: upstream velocity. 

𝐴: frontal area.

𝜌: density of the fluid.

𝐶௅ =
𝐹௅

1
2

𝜌𝑉ଶ𝐴

Lift coefficient, 𝑪𝑳

ଵ

ଶ
𝜌𝑉ଶ: dynamic pressure.

Drag force acting on a flat plate parallel to the flow.

Drag force acting on a flat plate 
normal to the flow.

Average drag and lift coefficients

𝐶஽ =
1

𝐿
න 𝐶஽,௫𝑑𝑥

௅

଴

𝐶௅ =
1

𝐿
න 𝐶௅,௫𝑑𝑥

௅

଴



Drag and Lift

Example 1

The drag coefficient of a car at the design conditions of 1 atm, 70F, and 60 mi/h is to be determined 
experimentally in a large wind tunnel in a full-scale test (Fig. E-1). The frontal area of the car is 22.26 ft2. 
If the force acting on the car in the flow direction is measured to be 68 lbf, determine the drag coefficient 
of this car.

Figure E-1
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Friction and Pressure Drag

𝐶஽,୤୰୧ୡ୲୧୭୬ =
𝐹஽,୤୰୧ୡ୲୧୭୬

1
2

𝜌𝑉ଶ𝐴

Skin friction drag (also called friction drag) is the portion of the total drag force that 
comes directly from the wall shear stress 𝜏௪acting along the surface, caused by frictional 
(viscous) effects between the fluid and the body.

Pressure drag (also called form drag) is the portion of the total drag force that comes 
directly from the pressure 𝑃acting on the body’s surface, and it depends strongly on the 
shape (form) of the body.

𝐶஽,୮୰ୣୱୱ୳୰ୣ =
𝐹஽,୮୰ୣୱୱ୳୰ୣ

1
2

𝜌𝑉ଶ𝐴

Total drag coefficient Drag force

𝐶஽ = 𝐶஽,୤୰୧ୡ୲୧୭୬ + 𝐶஽,୮୰ୣୱୱ୳୰ୣ 𝐹஽ = 𝐹஽,୤୰୧ୡ୲୧୭୬ + 𝐹஽,୮୰ୣୱୱ୳୰ୣ



Friction and Pressure Drag

The variation of the drag coefficient of a 
long elliptical cylinder with aspect ratio. 

The variation of friction, pressure, and total drag 
coefficients of a two-dimensional streamlined 

strut with thickness-to-chord length ratio for 𝑅𝑒
= 5 × 10ସ. 



Friction and Pressure Drag:
Flow Separation

Flow separation over a backward-facing 
step along a wall.Flow separation in a waterfall.

Flow separation is the phenomenon where a fluid flowing over a surface can no longer 
remain attached, especially on the back side of a curved body at sufficiently high 
velocity, and the stream detaches from the surface at a separation point.

Separated region: Enclosed, low-pressure zone behind the body where 
the flow recirculates after separation, ending when the streams reattach.

Wake: Downstream trail where the flow remains slower than upstream until 
velocity recovers.



Friction and Pressure Drag:
Flow Separation

Angle of attack (α): The angle between the incoming fluid 
stream (relative wind) and the wing’s chord line.

Chord (chord line): The straight line that connects the nose 
(leading edge) of the wing to the trailing edge.

Stall (stalling): A condition where flow separation occurs on 
the top surface of the wing, causing a drastic reduction in 
lift. 

Vortices: circulating or rotating fluid structures that form in 
the wake region as a result of flow separation.

Vortex shedding: the periodic formation and release of 
vortices downstream of a body into the wake,
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Drag Coefficient of Common 
Geometries

The drag coefficient depends on Reynolds number at low 𝑅𝑒, but is usually almost 
constant at high 𝑅𝑒 (104) because the flow becomes turbulent—except for rounded bodies 
like cylinders and spheres.

Drag Coefficient of a Sphere in Creeping Flow

𝐶஽ =
24

𝑅𝑒
𝑅𝑒 ≤ 1

→ 𝐹஽ = 𝐶஽𝐴
𝜌𝑉ଶ

2
= 3𝜇𝑉𝐷 (known as Stokes’ law)

Drag coefficients 𝐶஽ at low Reynolds numbers (𝑅𝑒 ≤ 1 where 𝑅𝑒
= 𝑉𝐷 𝜈⁄ and A = 𝜋𝐷ଶ 4⁄ ).



Drag Coefficient of Common 
Geometries



Drag Coefficient of Common 
Geometries



Drag Coefficient of Common 
Geometries

Two common methods of improving fuel efficiency of a vehicle are to reduce 
the drag coefficient and the frontal area of the vehicle. Consider a car (Fig. E-2) whose 
width (W ) and height (H ) are 1.85 m and 1.70 m, respectively, with a drag coefficient 
of 0.30. Determine the amount of fuel and money saved per year as a result of reducing 
the car height to 1.55 m while keeping its width the same. Assume the car is driven 
18,000 km a year at an average speed of 95 km/h. Take the density and price of 
gasoline to be 0.74 kg/L and $0.95/L, respectively. Also take the density of air to be 
1.20 kg/m3, the heating value of gasoline to be 44,000 kJ/kg, and the overall efficiency 
of the car’s drive train to be 30 percent.

Example 2

Figure E-2
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Parallel Flow Over Flat Plates

Velocity boundary layer: The region of flow above the 
plate where the effects of viscous shearing forces (due to 
fluid viscosity) are significant and influence the velocity 
distribution.

Boundary layer thickness (𝛿) is the distance from the 
surface to the point where the flow velocity reaches 
99% of the free-stream velocity.

The development of the boundary layer for flow over a flat plate, and the different flow 
regimes.



Parallel Flow Over Flat Plates
Flow over a flat plate

𝐶ୈ,୮୰ୣୱୱ୳୰ୣ = 0 𝐶ୈ = 𝐶ୈ,୤୰୧ୡ୲୧୭୬ = 𝐶௙

𝐹ୈ,୮୰ୣୱୱ୳୰ୣ = 0 𝐹ୈ = 𝐹ୈ,୤୰୧ୡ୲୧୭୬ = 𝐹௙ = 𝐶௙𝐴
𝜌𝑉ଶ

2

Pressure drag: Friction drag coefficient:

Pressure force:

Viscous sublayer: Very thin region next to the wall where viscous effects dominate; velocity profile 
is nearly linear and flow is nearly parallel.

Turbulent boundary layer

Friction force:

Buffer layer: Lies above the viscous sublayer; turbulence starts to matter, but viscous effects still 
dominate.

Overlap layer: Above the buffer layer; turbulent effects are more significant, but not yet dominant.

Turbulent (outer) layer: Farthest from the wall; turbulence dominates over viscous effects.



Parallel Flow Over Flat Plates

Laminar-to-turbulent transition depends on factors like surface geometry, surface roughness, upstream 
velocity, surface temperature, and the type of fluid, and it is most conveniently characterized using the 
Reynolds number.

𝑅𝑒௫ =
𝜌𝑉𝑥

𝜇
=

𝑉𝑥

𝜈

𝑉: upstream velocity

𝑥: characteristic length of the geometry

𝑅𝑒௫,௖௥ =
𝜌𝑉𝑥௖௥

𝜇
= 5 × 10ହCritical Reynold number:

Boundary layer thickness and the local friction coefficient at location 𝑥 for laminar 
flow over a flat plate

Laminar: 𝛿 =
4.91𝑥

𝑅𝑒௫
ଵ ଶ⁄

𝐶௙,௫ =
0.664

𝑅𝑒௫
ଵ ଶ⁄

𝑅𝑒௫ < 5 × 10ହ

Turbulent: 𝛿 =
0.38𝑥

𝑅𝑒௫
ଵ ହ⁄

𝐶௙,௫ =
0.059

𝑅𝑒௫
ଵ ହ⁄

5 × 10ହ < 𝑅𝑒௫ < 10଻



Parallel Flow Over Flat Plates

Average friction coefficients over a flat plate for combined laminar and turbulent 
flow conditions:

𝐶௙ =
0.074

𝑅𝑒௅
ଵ ହ⁄

−
1742

𝑅𝑒௅

Fully rough turbulent regime:

𝐶௙ = 1.89 − 1.62 log
𝜀

𝐿

ିଶ.ହ

𝜀: surface roughness
𝐿: length of the plate

5 × 10ହ < 𝑅𝑒௅ < 10଻

𝐶௙ =
1

𝐿
න 𝐶௙,௫,௟௔௠௜௡௔௥

௫೎ೝ

଴

𝑑𝑥 + න 𝐶୤,୶,୲୳୰ୠ୳୪ୣ୬୲𝑑𝑥
௅

௫೎ೝ

Friction coefficient for 
parallel flow over smooth 
and rough flat plates.



Parallel Flow Over Flat Plates

Example 3

Engine oil at 40C flows over a 5-m-long flat plate with a free-stream velocity of 2 m/s 
(Fig. E-3). Determine the drag force acting on the top side of the plate per unit width.

Figure E-3



Parallel Flow Over Flat Plates
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Flow Over Cylinders and Spheres

Reynold number for the case of cylinders and spheres:

𝑅𝑒 =
𝑉𝐷

𝜈

𝑉: uniform velocity of the fluid as it approaches 
the cylinder or sphere.

𝐷: characteristic length (here, the external 
diameter of the cylinder/sphere).

𝜈: kinematic viscosity of the fluid.

For 𝑅𝑒 ≤ 2 × 10ହ  →  laminar 

For  2 × 10ହ ≤ 𝑅𝑒 ≤ 2 × 10଺  →   transional

For  𝑅𝑒 ≥ 2 × 10଺  →   fully turbulent

At very low Reynolds numbers (Re ≪ 1), the flow smoothly follows the cylinder 
surface and recombines behind it without separation or turbulence.

Laminar boundary layer separation with a 
turbulent wake; flow over a circular cylinder 

at Re = 2000.



Flow Over Cylinders and Spheres

Average Drag Coefficient (CD) for a Smooth Cylinder and Sphere:

Average drag coefficient for cross-flow over a 
smooth circular cylinder and a smooth sphere.

 For 𝑅𝑒 ≤ 1 → creeping flow 

 Separation begins near Re ≈ 10; 
vortex shedding begins near Re 
≈ 90; separation grows up to Re 
≈ 10³, where pressure drag 
dominates.

 For 10ଷ < 𝑅𝑒 < 10ହ, 𝐶஽ remains 
nearly constant, with a laminar 
boundary layer and a turbulent 
separated wake.

 For 10ହ < 𝑅𝑒 < 10଺) (around 𝑅𝑒
≈ 2 × 10ହ), drag coefficient drops 
sharply because the boundary layer 
becomes turbulent. Reducing wake 
size and drag.

 For 2 × 10ହ < 𝑅𝑒 < 2 × 10଺ , 𝐶஽ reaches a minimum, 
then gradually increases to the fully turbulent value.



Flow Over Cylinders and Spheres

 Flow visualization of flow over (a) a smooth sphere at Re = 15,000, and (b) a sphere at Re = 30,000 with a 
trip wire. The delay of boundary layer separation is clearly seen by comparing the two photographs.

 For a cylinder, separation occurs around 80° with a laminar boundary layer and around 140° with a 
turbulent boundary layer (measured from the front stagnation point).

Effect of Surface Roughness

Golf balls have dimples to trigger a turbulent 
boundary layer at lower Reynolds numbers. This 
delays flow separation, shrinks the wake, and causes a 
sharp drop in drag. For typical speeds (15–150 m/s), 
𝑅𝑒 < 4 × 10ହ  ;dimples reduce the critical Reynolds 
number to about 4 × 10ସ ,cutting the drag coefficient 
by roughly half.



Flow Over Cylinders and Spheres

Example 4

Figure E-4

A 2.2-cm-outer-diameter pipe is to span across a river at a 30-m-wide section while being 
completely immersed in water (Fig. E-4). The average flow velocity of water is 4 m/s, 
and the water temperature is 15C. Determine the drag force exerted on the pipe by the 
river.
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Lift

Lift is the component of the net force (due to 
viscous and pressure forces) perpendicular to 
the flow. 

For airfoils, the contribution of viscous 
effects to lift is usually negligible since 
wall shear is parallel to the surfaces and 
thus nearly normal to the direction of lift.



Lift

Shortly after a sudden increase in angle of attack, a 
counterclockwise starting vortex is shed from the airfoil, while 
clockwise circulation appears around the airfoil, causing lift to 
be generated.

The variation of the lift-to-drag 
ratio with angle of attack for a 
two-dimensional airfoil.



Lift

Effects of Flaps on the Lift and Drag Coefficients of a NACA 23012 Airfoil

The lift and drag characteristics of an airfoil during 
takeoff and landing are changed by changing the shape 
of the airfoil through the use of movable flaps.

A flapped airfoil with a slot to prevent 
the separation of the boundary layer 
from the upper surface and to increase 
the lift coefficient.



Lift

The variation of the lift coefficient with angle of attack 
for a symmetrical and a nonsymmetrical airfoil.

The variation of the drag coefficient of an airfoil 
with angle of attack.



Lift

Finite-Span Wings and 
Induced Drag

𝑐: chord

𝐴𝑅 =
𝑏ଶ

𝐴
=

𝑏ଶ

𝑏𝑐
=

𝑏

𝑐

Aspect Ratio, 𝐴𝑅

𝑏: span

Trailing vortices are visualized in various ways: 

Smoke streaklines in a wind tunnel 
show vortex cores leaving the trailing 
edge of a rectangular wing.

Four engine contrails form in low-
pressure regions, then merge into two 
counter-rotating trailing vortices that 
persist far downstream.

A crop duster flies through 
smoky air, revealing smoke 
swirling within a wingtip 
vortex.

Induced drag is the drag component caused 
by wingtip vortices; their interaction with the 
free stream creates a force component in the 
flow direction. Thus, total wing drag equals 
induced drag (3-D effects) plus airfoil 
section drag (2-D effects).



Lift

Lift Generated by Spinning

Generation of lift on a rotating circular cylinder for the case of “idealized” potential 
flow (the actual flow involves flow separation in the wake region).



Lift
Example 5

A commercial airplane has a total mass of 70,000 kg and a wing planform area of 150 m2

(Fig. E-5). The plane has a cruising speed of 558 km/h and a cruising altitude of 12,000 m, 
where the air density is 0.312 kg/m3. The plane has double-slotted flaps for use during 
takeoff and landing, but it cruises with all flaps retracted. Assuming the lift and the drag 
characteristics of the wings can be approximated by NACA 23012 (Fig. E-5), determine (a) 
the minimum safe speed for takeoff and landing with and without extending the flaps, (b) 
the angle of attack to cruise steadily at the cruising altitude, and (c) the power that needs to 
be supplied to provide enough thrust to overcome wing drag.

Figure E-5
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