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From Fig. 1.7, Earth makes S/ Pg orbits about the Sun during the time required for another planet to make
S/ P orbits. If that other planet is a superior planet then Earth must make one extra trip around the Sun to
overtake it, hence

> _5 +1

Pg P
Similarly, for an inferior planet, that planet must make the extra trip, or

N !

P Py

Rearrangement gives Eq. (1.1).

For an inferior planet at greatest elongation, the positions of Earth (E), the planet (P), and the Sun (S) form
aright triangle (ZLEPS = 90°). Thus cos(£LPES) = EP/ES.

From Fig. S1.1, the time required for a superior planet to go from opposition (point P;) to quadrature (P,) can
be combined with its sidereal period (from Eq. 1.1) to find the angle £ P; SP,. In the same time interval Earth
will have moved through the angle Z E{SE>. Since Py, E1, and S form a straight line, the angle /P, SE, =
/E{SE, — /Py SP,. Now, using the right triangle at quadrature, P,S/E,S = 1/ cos(£ P,SE>).

e

Py

Figure S1.1: The relationship between synodic and sidereal periods for superior planets, as discussed in Problem 1.2.

1.3

1.4

(@) Pvenus = 224.7d, Pyars = 687.0d
(b) Pluto. It travels the smallest fraction of its orbit before being “lapped” by Earth.

Vernal equinox: o = 0", § = 0°
Summer solstice: o = 6", § = 23.5°
Autumnal equinox: o = 12", § = 0°
Winter solstice: o = 18P, § = —23.5°
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(90° — 42°) + 23.5° = 71.5°
(90° — 42°) — 23.5° = 24.5°

90°— L < § <90°

L > 66.5°

Strictly speaking, only at L = £90°. The Sun will move along the horizon at these latitudes.

Both the year 2000 and the year 2004 were leap years, so each had 366 days. Therefore, the number of
days between January 1, 2000 and January 1, 2006 is 2192 days. From January 1, 2006 to July 14, 2006

there are 194 days. Finally, from noon on July 14, 2006 to 16:15 UT is 4.25 hours, or 0.177 days. Thus,
July 14, 2006 at 16:15 UT is JD 2453931.177.

MID 53930.677.

Aa = 9™53.55% = 2.4731°, A§ = 2°9'16.2” = 2.1545°. From Eq. (1.8), A6 = 2.435°.
d=rA0=17x10" m= 11,400 AU.

From Egs. (1.2) and (1.3), Aa = 0.193628° = 0.774512™ and A§ = —0.044211° = —2.65266’. This
gives the 2010.0 precessed coordinates as @ = 14130™29.4%, § = —62°43/25.26".

From Egs. (1.6) and (1.7), Aae = —5.46° and A§ = 7.984".

Precession makes the largest contribution.

In January the Sun is at a right ascension of approximately 19". This implies that a right ascension of roughly
7 is crossing the meridian at midnight. With about 14 hours of darkness this would imply observations of
objects between right ascensions of 0 h and 14 h would be crossing the meridian during the course of the
night (sunset to sunrise).

Using the identities, cos(90° — ¢) = sin¢ and sin(90° — ¢) = cost, together with the small-angle approxima-
tions cos A0 & 1 and sin Af = 1, the expression immediately reduces to

sin(8 + A8) = siné + A6 cos§cos 6.

Using the identity sin(a¢ + b) = sina cos b + cos a sin b, the expression now becomes

sind cos A8 + cos§ sin A§ = sind + A6 cos S cos 6.

Assuming that cos A§ &~ 1 and sin A§ ~ A$, Eq. (1.7) is obtained.
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From Fig. 2.4, note that
r? = (x —ae)® + y? and r'? = (x +ae)® + 2.

Substituting Eq. (2.1) into the second expression gives

r=2a—,/(x +ae)?+ y?

which is now substituted into the first expression. After some rearrangement,

x2 2
a? a1 —e?) -
Finally, from Eq. (2.2),

X2 2

a_2 + ﬁ =1.

The area integral in Cartesian coordinates is given by

a pbi/1—x2/a2 2 (4@
A:/ / dydxz; Va? —x?dx = mab.
—a J—b —a

1—x2/a?
(a) From Eq. (2.3) the radial velocity is given by

1_ 2
_dr_ al-e) e (S2.1)

vr_E_(leecosQ)ze dt

Using Egs. (2.31) and (2.32)

do 2 dA L

dr 2 dt  opr?
The angular momentum can be written in terms of the orbital period by integrating Kepler’s second law.
If we further substitute A = wab and b = a(1 — e?)'/? then

L =2una*(1 —e?)'?/P.
Substituting L and r into the expression for d6/dt gives
d9 _ 2m(l +ecosh)?
dt — P(1—e?)3/2
This can now be used in Eq. (S2.1), which simplifies to

2maesin @
VY= ————————.
P(1 —e?)1/2

Similarly, for the transverse velocity

d0  2ma(l + ecosb)

A T T —en)zp
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(b) Equation (2.36) follows directly from v? = v? 4 v2, Eq. (2.37) (Kepler’s third law), and Eq. (2.3).
r 0

The total energy of the orbiting bodies is given by

1 1 mimy
E=—-mv>+ —myv?—G
20 e r
where r = |r; —ry|. Now,
. my . . mq .
VG =F =———F and V) =Ty = ———F.
my + my my + my

Finally, using M = my + my, u = mymy/ (m; + my), and mym, = uM , we obtain Eq. (2.25).
Following a procedure similar to Problem 2.4,

L =miry X vy + mary; X vy

e
=m|-———|rx|——|vVv
mp + my my + my

mi mi
+m2[ }rx[ }V
mip + my my + my

=UrXV=TrXp

(a) The total orbital angular momentum of the Sun—Jupiter system is given by Eq. (2.30). Referring to the
data in Appendicies A and C, Mg = 1.989 x 103% kg, M; = 1.899 x 10*" kg, M = My + Mg =
1.991 x 103 kg, and 4 = My Mg/ (My + Mg) = 1.897 x 10?7 kg. Furthermore, ¢ = 0.0489,
a = 5.2044 AU = 7.786 x 10'! m. Substituting,

Lol orbit = 4/ GMa (1 — e2) = 1.927 x 10*3 kgm? s7".

(b) The distance of the Sun from the center of mass is ag = pa/ Mo = 7.426 x 108 m. The Sun’s orbital
speed is vo = 2map/ Py = 12.46 ms~!, where Py = 3.743 x 10% s is the system’s orbital period.
Thus, for an assumed circular orbit,

Lsun onvit = Moagve = 1.840 x 10*° kg m? 57!,

(c) The distance of Jupiter from the center of mass is ay = pa/My = 7.778 X 10'! m, and its orbital
speed is vy = 2may /Py = 1.306 x 10* m s~!. Again assuming a circular orbit,

LJupiler ot = Myajvy = 1.929 x 1043 kg m? S_l.

This is in good agreement with

Lotal orbit — Lsun orbit = 1.925 x 1043 kg m? S_1 .

(d) The moment of inertia of the Sun is approximately
2
Io ~ gM®R§D ~ 3.85x 107 kg m?
and the moment of inertia of Jupiter is approximately

2
Iy~ gM,RZJ ~ 3.62 x 10*? kg m?.
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(Note: Since the Sun and Jupiter are centrally condensed, these values are overestimates; see Sec-
tion 23.2.) Using w = 27/ P,

Lsun rotare = 1.078 x 10*? kg m? 57!
LJupiler rotate = 6.312 x 1038 kg m2 S_1 .

(e) Jupiter’s orbital angular momentum.

(@) Vese = V2GMjy/Ry = 60.6 kms™!

(b)  Vee = v/2GMg/1 AU = 42.1 kms™!

(a) From Kepler’s third law (Eq. 2.37) witha = Rg +h = 6.99 x 105 m, P = 5820 s = 96.9 min.

(b) The orbital period of a geosynchronous satellite is the same as Earth’s sidereal rotation period, or P =
8.614x10*s. From Eq. (2.37),a = 4.22x 107 m, implying an altitude of # = a— Rg = 3.58x 10" m =
5.6 Rg.

(c) A geosynchronous satellite must be “parked” over the equator and orbiting in the direction of Earth’s
rotation. This is because the center of the satellite’s orbit is the center of mass of the Earth—satellite
system (essentially Earth’s center).

The integral average of the potential energy is given by
1 GM
(U) = —/ U() dt = ——/ Ea
P Jo r(t )

Using Eqgs. (2.31) and (2.32) to solve for dt in terms of d6, and making the appropriate changes in the limits
of integration,

do.

1 (% GMu?r
(U)=——/ —F

Writing r in terms of 8 via Eq. (2.3) leads to

GMp?a (1 —e?) /2” do
0

U)=-—
() PL 1+ ecosf

2rGMpa (1 —e?) 12

B PL
Using Eq. (2.30) to eliminate the total orbital angular momentum L, and Kepler’s third law (Eq. 2.37) to
replace the orbital period P, we arrive at

) = —g M~
a

Using the integral average from Problem 2.9

P
(r) = %/0 r(t) dt.

Using substitutions similar to the solution of Problem 2.9 we eventually arrive at

a 5/2 (2 do
=—(1-¢? / —_ S2.2
(r) 27 ( ¢ ) o (1+ecosb)? 522

It is evident that for e = 0, (r) = a, as expected for perfectly circular motion. However, (r) deviates from
a for other values of e. This function is most easily evaluted numerically. Employing a simple trapezoid
method with 10° intervals, gives the results shown in Table S2.1.
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Table S2.1: Results of the numerical evaluation of Eq. (S2.2) for Problem 2.10.

e (r)/a
0.00000  1.000000
0.10000  1.005000
0.20000  1.020000
0.30000 1.045000
0.40000 1.080000
0.50000 1.125000
0.60000 1.180000
0.70000 1.245000
0.80000  1.320000
0.90000 1.405000
0.95000 1.451250
0.99000 1.490050
0.99900 1.499001
0.99990  1.499900
0.99999  1.499990
1.00000  0.000000

Since planetary orbits are very nearly circular (except Mercury and Pluto), the assumption of perfectly circular
motion was a good approximation. Furthermore, since a geocentric model maintains circular motion, it was
very difficult to make any observational distinction between geocentric and heliocentric universes. (Parallax
effects are far too small to be noticeable with the naked eye.)

(a) The graph of log;, P vs. log,, a for the Galilean moons is given in Fig. S2.1.

(b) Using the data for Io and Callisto, we find a slope of 1.5.

(c) Assuming that the mass of Jupiter is much greater than the masses of any of the Galilean moons, Kepler’s
third law can be written as

4m?
log M + 2log P = log R + 3loga,

or

3 1 42 1
longzlogajL—log — | —<logM.

2 G 2
=mloga+b
where the y-intercept is
1 4r? 1
b=-1 — | — < log M.
2 Og( G ) 2 %8

Solving for log M we have
4m?
log M = log < —2b.

Taking the slope as m = 3/2 and using the data for any of the Galilean moons we find b = —7.753 (in
SI units). Solving gives M = 1.900 x 10?7 kg, in good agreement with the value given in Appendix C
and Problem 2.6.
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6.0 - ]

581 ® Ganymede

5.6 - ]

Log,, P (s)

® Europa
54 T

521 ® o

8.5 8.6 8.7 8.8 8.9 9.0 9.1 9.2 9.3
Log,, a (m)

Figure S2.1: log; P vs. log, a for the Galilean moons.
Since the velocity and position vectors are perpendicular at perihelion and aphelion, conservation of
angular momentum leads to r,v, = rav,. Thus

Vp e l+te

3

Vo Tp l—e

where the last relation is obtained from Egs. (2.5) and (2.6).

Conservation of energy at perihelion and aphelion gives

Mpu 1 Mpu
— 2_ — - 2_ _
zl“}a G py puv, — G "

Making use of Eqgs. (2.5) and (2.6), and using the result of part (a) to replace v, leads to

1, GM 1 ,(14+e\> GM

v, - ———— = =V - .
2% a(l4+e) 2 %\1-e I(1—e)
After some manipulation, we obtain Eq. (2.34); Eq. (2.33) follows immediately.

The orbital angular momentum can now be obtained from

GM

1
L = purpvp = pa(l —e) —( +e)‘
a

Equation (2.30) follows directly.
From Kepler’s third law in the form P2 = 43 (P in years and a in AU),a = 17.9 AU.
Since Mcomet K M@, Kepler’s third law in the form of Eq. (2.37) gives

4r%a3
Mo >~
©~ Gp?

=1.98 x 10%% kg.

From Example 2.1.1, at perihelionr, = a(1—e) = 0.585 AU and at aphelionr, = a(1+¢e) = 35.2 AU.
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(d) At perihelion, Eq. (2.33) gives v, = 55 km s7!, and at aphelion, Eq. (2.34) gives v, = 0.91 km s
When the comet is on the semiminor axis ¥ = a, and Eq. (2.36) gives

GM
© _ 7.0km s

V=

2
(e) Kp/Ks= (vp/va)” = 3650.

Using 50,000 time steps, ¥ = {/x2 + y2 ~ 1 AU when ¢ =~ 0.105 yr. (Note: Orbit can be downloaded
from the companion web site at http: //www.aw-bc.com/astrophysics.)

The data are plotted in Fig. S2.2. (Note: Orbit can be downloaded from the companion web site at
http://www.aw-bc.com/astrophysics.)

2

x (AU)
Figure S2.2: Results for Problem 2.16.

(Note: Orbit can be downloaded from the companion web site at http: / /www.aw-bc.com/astrophysics.)

(a) See Fig. S2.3.
(b) See Fig. S2.3.

(c) Figure S2.3 shows that the orbit of Mars is very close to a perfect circle, with the center of the circle
slightly offset from the focal point of the ellipse. Kepler’s early attempts at developing a model of the
solar system based on perfect circles were not far off.

A modified Fortran 95 version of Orbit that works for this problem is given below.

(a) The orbits generated by the modified Orbit are shown in Fig. S2.4.

(b) The calculation indicates S = 2.205 yr.

(c) Eg. (1.1) yields a value of S = 2.135 yr. The results do not agree exactly because the derivation of
Eq. (1.1) assumes constant speeds throughout the orbits.

(d) No, because the relative speeds during the partially-completed orbits are different.

(e) Since the orbits are not circular, Mars is at different distances from Earth during different oppositions.
The closest opposition occurs when Earth is at aphelion and Mars is at perihelion, as in the start of this
calculation.
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Figure S2.3: Results for Problem 2.17. The dots designate the elliptical orbit of Mars, and the principal focus of the
ellipse is indicated by the circle at (x, y) = (0, 0). The dashed line is for a perfect circle of radius r = @ = 1.5237 AU
centered at x = —ae = —0.1423 AU (marked by the x).
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Figure S2.4: The orbits of Earth and Mars including correct eccentricities. The positions of two successive oppositions

are shown. The first opposition occurs when Earth is at aphelion and Mars is at perihelion (the positions of closest
approach).
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PROGRAM Orbit

General Description:

computes the orbit of a small mass

Orbit about a much larger mass,
or it can be considered as computing the motion of the reduced mass
about the center of mass.

"An Introduction to Modern Astrophysics",
Bradley W. Carroll and Dale A. Ostlie
Second Edition, Addison Wesley, 2007

Appendix J

Weber State University
Ogden, UT
modastro@weber .edu

kxxxkkxkxxxxxxThis version has been modified for Problem 2. 17% %%k koo

USE Constants, ONLY il, dp, G, AU, M_Sun, pi, two_pi, yr, &
radians_to_degrees, eps_dp
IMPLICIT NONE
REAL (dp) :: t, dt, LoM_E, LoM_M, P_E, P_M
REAL (dp) Mstar, theta_E, dtheta_E, theta_M, dtheta M, r_E, r_M
INTEGER n, k, kmax
INTEGER (i1) ios !'T/0 error flag
REAL (dp) delta lerror range at end of period
CHARACTER xXpause
REAL (dp), PARAMETER a_E = AU, a_M = 1.5236*AU, e_E = 0.0167, e_M = 0.0935
Open the output file
OPEN (UNIT = 10, FILE = "Orbit.txt", STATUS = ‘REPLACE’, ACTION = 'WRITE’', &
IOSTAT = ios)
IF (ios /= 0) THEN
WRITE (*,’ (" Unable to open Orbit.txt. --- Terminating calculation")’)
STOP
END IF

Convert entered values to conventional SI units
Mstar = M_Sun

Calculate the orbital period of Earth in seconds using Kepler’s Third Law
To be used to determine time steps
P_E = SQRT(4*pi**2*a_E**3/(G*Mstar))

(Eq. 2.37)

Enter the number of time steps and the time interval to be printed

n = 100000

n=n+1 lincrement to include t=0 (initial) point

kmax = 100

Print header information for output file

WRITE (10,’("t, theta E, r_E, x E, y_E, theta M, r M, x M, y_M")")
Initialize print counter, angle, elapsed time, and time step.

k=1 !printer counter

theta E = 0 langle from direction to perihelion (radians)
theta M = 0
t =0 lelapsed time (s)
dt = P_E/(n-1) 'time step (s)
delta = eps_dp lallowable error at end of period
Start main time step loop
DO
Calculate the distance from the principal focus using Eg. (2.3); Kepler’s First Law.

r E =
r M =

a_E*(1 -
a M*(1 -

e_E**2)/(1 - e_E*COS(theta_E))
e_M**2) /(1 + e_M*COS(theta_M))

!Earth starts at aphelion
!Mars starts at perihelion

If time to print, convert to cartesian coordinates.
IF (k == 1 .OR. (theta_E - theta_M)/two_pi > 1 + delta) &

WRITE (10, ’(9F10.4)’) t/yr, theta_E*radians_to_degrees, r_E/AU, &

Celestial Mechanics

Be sure to print last point also.
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r_E*COS (theta_E) /AU, r_E*SIN(theta_ E) /AU, &
theta_M*radians_to_degrees, r_M/AU, &
r_M*COS (theta_M) /AU, r_M*SIN(theta_M) /AU

! Exit the loop if Earth laps Mars.
IF ((theta_E - theta_M)/two_pi > 1 + delta) EXIT

! Prepare for the next time step: Update the elapsed time.
t =t + dt

! Calculate the angular momentum per unit mass, L/m (Eg. 2.30).
LoM_E = SQRT(G*Mstar*a_E*(1 - e_E**2))
LoM_M = SQRT(G*Mstar*a M* (1 - e_M**2))

! Compute the next value for theta using the fixed time step by combining
! Eg. (2.31) with Eg. (2.32), which is Kepler'’s Second Law.

dtheta_E = LoM_E/r_ E**2*dt

theta E = theta_E + dtheta_E

dtheta_M = LOM_M/r_M**2*dt
theta M = theta M + dtheta_ M

! Reset the print counter if necessary
k =k +1
IF (k > kmax) k = 1
END DO
WRITE (*,’(/,"The calculation is finished and the data are in Orbit.txt")’)
WRITE (*,’(//,"Enter any character and press <enter> to exit: ")’, ADVANCE = 'NO’)

READ (*,*) xpause
END PROGRAM Orbit
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The Continuous Spectrum of Light

3.1 (a) The parallax angleis p = 33.6”/2 = 8.14 x 107 rad. For a baseline B = Rgq (Fig. 3.1),

_ B
_tanp

=7.83x10'm = 0.523 AU.

(b) Suppose that the clocks of the two observers are out of sync by an amount Az, causing the baseline for
their distance measurement to be 2B + v, At instead of 2 B. Here, v, is the relative velocity of Mars
and the Earth at the time of opposition,

Vel = 29.79km s™! —24.13kms™! = 5.66 kms~!.

The calculated value (which is wrong) of the distance between Earth and Mars is

Rg
tan p’

cale =

while the actual value is
Rg + 0.5v At

dacl =
tan p

If the distance to Mars is to be measured to within 10 percent, then

d. act — dcalc

=0.1.
dacl
Inserting the expressions for d,¢; and d.,c and solving for At results in At = 250 s.

3.2 From Example 3.2.1, the solar constant is 1365 W m™2. Using the inverse square law, Eq. (3.2), with L =
100 W gives r = 0.0764 m = 7.64 cm.

3.3 (a) FromEq. (3.1),

1 5 16
d=—, pc=264pc=28.6lly=544x10> AU =8.14x 10" m.
p

(b) The distance modulus for Sirius is, from Eq. (3.6),

m—M = 5log;y(d/10 pc) = —2.89.

3.4 From Example 3.6.1, the apparent bolometric magnitude of Sirius is m = —1.53. Then from the previous
problem,
M=m+289=-153+4+2.89=1.36

is the absolute bolometric magnitude of Sirius. Using Eq. (3.7) with Mgy, = 4.74 leads to

L/Lg = 100Msn=M)/5 = 23 5.

12
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(a) Converting the subtended angle to radians gives 0.001” = 4.85 x 10~° radians. Thus, the distance
requiredis d = 0.019 m/4.85x 10™° = 3.92 x 10® m = 3920 km.

(b) i. Assume that grows at a rate of approximately 5 cm/7 days = 8 x 1078 m s~!. (I suspect it is an
order of magnitude faster in the author’s lawn!)
ii. 6 = 0.000004” corresponds to roughly 2 x 10~!! radians. If SIM PlanetQuest is just able to
resolve a change in the length of a blade of grass in one second, the spacecraft would need to be at
a distance of
8x10 ¥ ms~!

= Ix10-Ti g1 T Akm.

Equations (3.6) and (3.8) combine to give

d L
m—510g10 m :MSun_2-510g10 g .

Use the inverse square law, Eq. (3.2), to substitute L = 47 d?F and Lo = 47(10 pc)? Fio,0. The distance
terms then cancel, resulting in Eq. (3.9).

(a) Use Eq. (3.13) for the force due to radiation pressure for an absorbing surface, and set 8 = 0. (S) is
just the solar constant, (S) = 1365 W m™2. From Newton’s second law with @ = 9.8 m s™!, the sail

area is
) cFiaa _ cma

(s) — (s)’

Solving for the sail’s radius gives r = 91 km. (The spacecraft is already orbiting the Sun, so the Sun’s
gravity is not included in this calculation.)

A=nr

(b) The radiation pressure force for a reflecting surface, Eq. (3.14), is twice as great as for part (a), so the
sail’s radius is smaller by a factor of V2:r = 64 km.

(a) From the Stefan—Boltzmann equation, Eq. (3.16), L = AcT* = 696 W.

(b) Wien’s displacement law, Eq. (3.15), shows that A,.x = 9477 nm, in the infrared region of the electro-
magnetic spectrum.

(c) Again from Eq. (3.16), L = 585 W.
(d) The net energy per second lostis 696 W — 585 W = 111 W.

(a) The star’s luminosity is (Eq. 3.17)

L =47R*T} =1.17x 103! W = 30,500 L.

(b) From Eq. (3.7),
M = Mgy, —2.5logyo(L/Le) = —6.47,

with Mgy, = 4.74 for the Sun’s absolute bolometric magnitude.

(c) The star’s apparent bolometric magnitude comes from Eq. (3.6):
m = M + 5logy(d/10 pc) = —1.02.

(d m—M = 5.45.
(e) Equation (3.18) gives the surface flux,

F=0T}=348x10""Wm™2
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(f) At the Earth, the inverse square law (Eq. 3.2) with 7 = 123 pc = 3.8 x 10'® m gives

L -8 -2
F = =65x107°Wm™~.
4r?

This is 4.7 x 10~ of the solar constant.

(g) Wien’s law in the form of Eq. (3.19) shows that

(500 nm)(5800 K)

Amax = = 104 nm.
: 28,000 K i
4 | T T T
3 -‘\,‘ -
\\\Rayleigh—J eans law
2F i

B (1) (10" W m” nm" sr)

Planck function—— N )

1000 2000 3000 4000 5000
Wavelength A4 (nm)

Figure S3.1: Results for Problem 3.10. The Planck function (solid line) and the Rayleigh—Jeans law (dashed line) are
shown.

3.10 (a) When A > hc/kT, we can approximate the denominator of the Planck function, Eq. (3.22), as
ohe/MkT _ he 1= he
AT ©MT'

Inserting this into the Planck function results in the Rayleigh—Jeans law, B; (T') ~ 2ck T /1%,
(b) As seen from Fig. S3.1, the Rayleigh—Jeans value is twice as large as the Planck function when A ~
2000 nm.
3.11 At sufficiently short wavelengths, the exponential term in the denominator of Planck’s function dominates,

meaning that e#¢/**T > 1 Thus
By ~ (2he?/3%) e7he/MT

which is just Eq. (3.21).
3.12 An extremum in the Planck function (Eq. 3.22),

2hc? /A3

By = ohc/AT _ |°
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occurs when dB) /dA = 0.
dB)‘I —10h62/)»6 ZhCZ/)»S ( hC ) hC/AkT 0
— e = 9

dh — ehe/MT 1 (che/AkT _1)? A2kT

which simplifies to

5 (ehc/AkT B 1) _ (}L’;{CT) e/ KT

Defining x = hc/Ak T, this becomes
5(e* —1) = xe*

which cannot be solved analytically. A numerical solution leads to x = /¢/Amaxk T = 4.97. Inserting values
for i, ¢, and k results in Aax 7 = 0.0029 m K, which is Wien’s law (Eq. 3.15).

3.13 (a) Anextremum in the Planck function (Eq. 3.24),

B — 2hv3 /c?
Tt

occurs when dB,,/dv = 0.

dB,  6hv?/c? 2hv3/c? (L) JIKT _

dv ~ eM/kT _ 1 (ehv/kT 1)2 kT

which simplifies to

3 (ehv/kT _ 1) _ (:_;) SHVIKT

Defining x = hv/ kT, this becomes
3(e* —1) = xe*

which cannot be solved analytically. A numerical solution leads to x = hvyax/ kT = 2.82. Inserting
values for 4 and k results in vy /7T = 5.88 x 1010 571 K1,

(b) Using T, = 5777 K for the Sun, v = 3.40 x 10'* Hz.

(¢) ¢/vmax = 883 nm, which is in the infrared region of the electromagnetic spectrum.

3.14 (a) Integrate Eq. (3.27) over all wavelengths,

[ee] OOSJTZRZhCZ/)»S
L:A<MM=L e db.

Defining u = hc/Ak T, the luminosity becomes

8H2R2 AT [ uddu
L= >3 .
c?h o e*—1
The value of the integral is 74/15, so
_ 8mOR2 kAT
o 15¢2h3
(b) By comparing the result of part (a) with the Stefan-Boltzmann equation (L = 47R*cT*, Eq. 3.17),
we find that the Stefan—Boltzmann constant is given by
. 23 k*
7 s
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(¢) Inserting values of k, ¢, and & results in
0 = 5.670400 x 1078 W m™2 K™,

in perfect agreement with the value listed in Appendix A.

[BO

Sirius

Figure S3.2: Results for Problem 3.15. This shows the locations of the Sun and Sirius on a color—color diagram.

3.15

3.16

(a) From Appendix G, the Sun’s absolute visual magnitude is My = 4.82. From Example 3.2.2, the Sun’s
distance modulusis m — M = —31.57. Thus V = My — 31.57 = —26.74.

(b) From Appendix G, B—V = 0.650 and U — B = 0.195 for the Sun. So B = V + 0.650 = —26.1 and
Mp =B +31.57=5.47, whileU = B + 0.195 = =259 and My = U + 31.57 = 5.67.

(c) See Fig. S3.2.

To find the filter through which Vega would appear brightest, we can take ratios of the radiant fluxes received
through the filters. For the U and B filters, Eq. (3.31) shows that we are interested in

fooo F,Sy d
I FaSpdh’

The central wavelength of the U filter is Ay = 365 nm, and ALy = 68 nm is the bandwidth of the U
filter. Similarly, for the B filter Ap = 440 nm with ALp = 98 nm, and for the V filter Ay = 550 nm with
ALy = 89 nm. Assuming that S = 1 inside the filter bandwidth and & = 0 otherwise, and employing
Eq. (3.29) for the monochromatic flux, the integrals can be approximated to obtain,

Jo° FiSudh (AB)S ehe/AekT _ | (A)\U

e~ | — = 0.862
Io° FxSpdh Ay ) ehe/AukT A)»B)

for T = 9600 K. In the same manner,

Jo BaSudr Jo FaSpdh
~ 1.42 and

- O ~ .64
15> FrSy d 1s° FrSy da

So Vega would appear brightest when viewed through the B filter and faintest through the V filter.



Solutions for An Introduction to Modern Astrophysics 17

3.17 From Eq. (3.32) and Eq. (3.29) for the monochromatic flux,

3.18

3.19

Mpol

o0
—2.5log, (/ Fy d)») + Ghol
0

oo
Ly dx
Mpol = —2.5logyg (foiz) + Gool
4rtr

Lo
Mpol = -2.5 lOgIO 4]_[7 + Cb()].

Atr =1 AU, Lo/4mr? is just the solar constant. We have
—26.83 = —2.51o0g;((1365) + Cpol

SO Cbol = —18.99.
According to Eq. (3.33) and Example 3.6.2,

Bi3gs Ady

U—-B= —2.510g10 (m

) +Cu-B

and similarly for B — V. Here, Bj¢s is the Planck function evaluated at the central wavelength of the U
filter (A\y = 365 nm) and ALy = 68 nm is the bandwidth of the U filter. Similar expressions describe the
B filter (centered at Ag = 440 nm with AAg = 98 nm) and the V filter (centered at Ay = 550 nm with

AAly = 89 nm). From Example 3.6.2, the constants are Cy—p = —0.87 and Cp_p = 0.65. From Eq. (3.22)
for the Planck function, we find for 7" = 5777 K

Ag\’ ete/PBKT — 1 (Ady
U—-B=-25 lOgIO [(E) ehc/)»UkT 1 (A)\B) + CU—B = —022,

which is quite different than the actual value of U — B = 4-0.195 for the Sun. In the same manner, the
estimated value of B — V' is +0.57, which is in fair agreement with the actual value of B — V' = 40.65 for
the Sun.

(a) Following the procedure for Problem 3.18 with T = 22,000 K gives estimates of U — B = —1.08
(actual valueis U — B = —0.90) and B — V = —0.23 (the value measured for Shaula).

(b) A parallax angle of 0.00464” implies a distance to Shaula of d = 1/p = 216 pc. From Eq. (3.6) and
V =1.62, My = —5.05.
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CHAPTER 4
The Theory of Special Relativity

Inserting Eqgs. (4.10)—(4.13) into Eq. (4.15) and simplifying results in
(a3, —aj,c*)x? = 2(a,u + asyasac®)xt + y* + 22 = (—atu* + aj, )i’
For this to agree with Eq. (4.14), x2 4+ y? 4 z2 = (ct)?, requires that
ajy —agc® =1
at u + asassc® =0

2,2 2 2 _ .2
—apU” Fagct =c

Solving these yields the values of a1, @44, and a4 given in the text.

Assume that events 4 and B occur on the x-axis. We can assume with no loss of generality that xp > x4
and that event A caused event B [so light has time to travel from 4 to B: 0 < xp — x4 < c(tp — t4)]. From
Eq. (4.19), the time interval between events 4 and B as measured in frame S’ is

, (B —14) —u/c*(xp — x4)

—t4 =
W1 —u?/c?

As measured in frame S’, event B will occur after event A (¢’ — t4’ > 0) if the numerator on the right-hand
side is positive.

/

B

numerator = (tg —t4) — u/c*(xp — x4)

u XB — X4
i f1- () [ 22
i {1~ [c(zB —zA)}}
because u/c < land 0 < xp — x4 < c(tp — t4). Thus tg’ — t4’ > 0, and cause precedes effect; event A

occurs before event B, as measured in frame S’.

As measured in frame S, in time At¢/2 the mirror moves forward a distance u At /2 while the light ray travels
a path of length ¢ Az /2. From the Pythagorean theorem,

cAt\? uAr\?
i — (== d?
() =(5) -
while as measured in frame S’, d> = (cAt’/2)?. Eliminating d gives
cAt\? _ (uAt 2 4 A2
2 ) 2 2 )
At

‘ll—uz/cz‘

Identifying At = Afnoving and At' = At achieves the final result.

Solving for At gives Eq. (4.26),
At =

18
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4.4 From Eq. (4.29), Lunoving/ Lrest = /1 —u?/c? = 1/2,50 u/c = 1/+/2 = 0.866.
4.5 For this problem, /1 —u?/c? = 0.6.

(a)
(b)

(©)

(d)
(e

Atp = (60 m)/(0.8¢) = 0.250 us.

The rider sees a train at rest of length
Lmoving _ 60 m

V1—u?/c? ~ 0.6

The rider sees a moving platform of length

Linoving = Lyesty/1 —u?/c? = (60 m)(0.6) = 36 m.

Aty = (100 m)/(0.8¢) = 0.417 us.

According to T, the train is 100 m long and the moving platform is 36 m long. The time 7" measures
for the platform to travel the extra 64 m is (64 m)/(0.8¢) = 0.267 us.

Ly = = 100 m.

4.6 For this problem, /1 —u2/c2 = 0.6. When distances are given in light years, it is handy to express ¢ =

Ilyyr.

(a)

(b)

(©)

(d)

(e
()

1

The two events are the starship leaving Earth and arriving at o Centauri. According to an observer on
Earth, these events occur at different locations, so the time measured by a clock on Earth is

41y
(At)moving = —

= 5yr.
08 7"

The starship pilotis at rest relative to the two events; they both occur just outside the door of the starship.
According to the pilot, the trip takes

(A)rest = (ADmovingy/ 1 — u?/c? = 3yr.

Using L. = 4 ly, the distance measured by the starship pilot may be found from

Lmoving = Lreslv 1— 142/02 =241ly.

According to Eq. (4.31) with At = 6 months and 8 = 0, the time interval between receiving the
signals aboard the starship is

Al _ Alresl(l + u/c)

bs =
o V1—u?/c?

= 18 months.

The same as part (d).
From the relativistic Doppler shift, Eq. (4.35),

[1+v/c 140.8
Aobs = Arest ﬁ = (15 Cm) =08 =45cm
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4.7

4.8

4.9

4.10

Chapter 4 The Theory of Special Relativity

According to an observer on Earth, the signal sent from the starship just as it arrives at o Centauri reaches
Earth 5 yr+ 4 yr = 9 yr after the ship left Earth. The signals sent by the outbound starship arrive at 18 month
intervals, when

tg(months) = 0, 18, 36, 54, 72, 90, 108.

During the remaining year of the ten-year roundtrip journey (as measured on Earth), the signals reach Earth
more frequently. According to Eq. (4.31) with At = 6 months and # = 180°, the time interval between
receiving the signals on Earth is

Al _ Alresl(l - u/c)

The rest of the signals arrive on Earth at

= 2 months.

tg(months) = 110, 112, 114,116, 118, 120.

The Earth observer has received 12 signals (not including zg = 0), and so concludes that 6 years have passed
onboard the starship during the round-trip journey to o Centauri, although ten years have passed on Earth.

According to the starship pilot, while outbound the starship receives a signal when
ts(months) = 0, 18, 36.

At that point, the starship immediately reverses direction and travels back toward Earth. Again according to
Eq. (4.31) with Aty = 6 months and 6 = 180°, during the return trip the time interval between receiving
the signals aboard the starship is 2 months. So the starship receives a signal from Earth when

ts(months) = 38,40, 42,44, 46, 48, 50, 52, 54,
56,58, 60,62, 64, 66, 68, 70, 72.

At that point, the starship arrives at Earth. The starship has received 20 signals (not including ts = 0), so
the starship pilot deduces that 10 years have passed on Earth during the round-trip journey to o Centauri,
although the pilot has aged only six years.

The redshift parameter for the quasar Q2203429 is (Eq. 4.34)

Aobs — Arest _ 656.8 nm — 121.6 nm

= 4.40.
Arest 121.6 nm

From Eq. (4.38), the speed of recession of the quasar is v, /¢ = 0.9337.

The redshift parameter for the quasar 3C 446 is z = 1.404. From Eq. (4.37), if the quasar’s luminosity is
observed to vary over a time of Azops = 10 days, then the time for the luminosity variation as measured in the
quasar’s rest frame is

At
Alresl = ~ _:bi =4.16 days.
Taking a differential of Egs. (4.16) and (4.19) gives
Ay — dx —udt
V1—u?/c?
and
g = dt —u/c*dx
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Dividing the first of these equations by the second, we find
dx' dx —udt dx/dt —u

dr " di—ujctdx 1 —(u/cd)(dx/dr)
Substituting v/, = dx’/dt’ and vy = dx/dt then produces Eq. (4.40).

In a similar manner, the differential version of Eq. (4.17)is dy’ = dy. Dividing this by the dt’ equation yields
dy’ dyy1—u?/c? dy/dt\/1—u?/c?
dt'  dt —u/c?dx 11— (u/c®)(dx/dt)’

Substituting v}, = dy’/dt’, vx = dx/dt and v, = dy/dt then produces Eq. (4.41). Equation (4.42) is
obtained in the same way.

4.11 (a) Asmeasured in frame S’, the spacetime interval is
(As")? = (cAr')? — (AX')? — (AY')? — (AZ)*.
Using Egs. (4.16)—(4.19), we have
(At —uAx/c?) : A A\
(') = [ﬁ] _ (Jj/) (A - a2
1—u?/c 1—u?/c
After some algebra, this becomes

c®—u>)(AD?  W?/c? —1)(Ax)?
1 —u?/c? 1 —u?/c?

(As")? = —(4y)? = (4Az2)%.

or
(A5")? = (cAn? — (Ax)* = (4y)* — (A2)* = (4s)*.

(b) The time interval between two events that occur at the same location is the proper time interval, At.
Setting Ax = 0, Ay = 0, and Az = 0 and substituting Az = At in the expression for the interval, we
find As = cArt. The first event could have caused the second event because light had more than enough
time to travel the zero distance between the two events.

(c) If (As)? =0, then

cAt = \/(Ax)2 + (Ay)?2 + (Az)2.

This says that light had exactly enough time to travel the distance between the two events. The first
event could not have caused the second event unless light itself carried the causal information.

(d) The proper length (which we will call AL) of an object is obtained by measuring the difference in the
positions of its ends at the same time. Setting Az = 0 and substituting (AL)? = (Ax)>+(Ay)>+(Az)?

in the expression for the interval, we find AL = |/ — (As)2.
4.12 (a) Thisis a straightforward substitution.
(b) From the velocity transformations, Eqs. (4.40)—(4.42)
csinfcos¢p —u

1 —u/c%(csin6 cos )

,  csin@singy/1 —u?/c?

1 —u/c?(c sin 6 cos ¢)

, ccos B/ 1 —u?/c?

bz = 1 —u/c%(csin6 cos )

vy =

Uy
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Substituting this into v’ = \/vx’2 + vy’2 + v, results in, after much manipulation,

¢
1= u/c(sin 6 cos ¢)

v/

2u u? 12
X (1 — —sinfcos¢ + —zsin290052¢) ,
¢ ¢
which is just v’ = c.

4.13 Identify the frame S with Earth and frame S’ with starship 4, so v4 = u = 0.8¢. The velocity of starship B
as measured from Earth is vg = —0.6¢. Then the velocity of starship B as measured from starship 4 may be
found using the velocity transformation (Eq. 4.40)

, VB — U

vB = —0.946c¢.

. uvg/c?
The velocity of starship 4 as measured from starship B is then +0.946¢.

4.14  According to Newton’s second law, taking a time derivative of the relativistic momentum (Eq. 4.44) gives the
force acting on a particle of mass m.

dp d mv
dt —di \ J1—v2/c2)’
Writing v2 = v.v and using F = dp/dt, we find that

_ mdv/dt N mv/c? (V ﬂ)
V1—v2/c2 (1—1}2/c2)3/2 dr )’

To simplify this, it is useful to take the vector dot product of this equation with the velocity vector.

. 2.2
Fove mv-dv/dt n mv=/c ( %),

V1—v2/c? (1 —U2/62)3/2

which reduces to
dv  (1—v2/c)"?
e om
Using this to replace v - dv/dt in the expression for F and solving for a = dv/dt leads to the desired result,

F-v.

F v
a=——
ym  ymc?

(F-v).

4.15 (a) The particle starts at rest, so the velocity, force, and acceleration are in the same direction. In this case,
the result of Problem 4.14 simplifies to

dv F v? F v\ /2
a=—= — 1 _— = — 1 —_ =
dt ym c? m c?

Now integrate
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4.16

4.17

4.18

4.19

to find
Fr v
moT—v2/c?
Solving for v/c, we get
v (F/m)t

(b) Solving the above equation for the time ¢ yields
f— 1 v
F/m m '
If F//m = g = 980 cm s~ 2, then the times to achieve the given speeds are

£(0.9¢) = 6.32x 107 5 (2.0 yr)

£(0.99¢) = 2.15x 10% 5 (6.8 yr)
£(0.999¢) = 6.84 x 10% s (21.7 yr)
£(0.9999¢) = 2.16 x 10° s (68.6 yr)
t(1.0c) = oo s (never!)

From Eq. (4.45), setting the relativistic kinetic energy equal to the rest energy mc? gives me?(y — 1) = mc?,
s0 y = 2. Solving for velocity shows that v/c = 1/+/2 = 0.866.

From Eq. (4.45), the relativistic kinetic energy is

1
K:mcz(im—l).

At low speeds, v/c < 1, and we can use the first-order Taylor series (I — x2)~'/2 ~ 1 4 x2/2. Thus, for

low speeds,
1 v? 1
~ 2 AU 2
K ~mc [(1+2c2) 1:|—2mv.

Begin with Eq. (4.46) for the total relativistic energy, E = ymc?. Squaring both sides and subtracting m2¢
from each side results in

E? —m?c* = m?c* (y2 — 1) = mc*(y + D[mc*(y —1)).

4

From Eq. (4.48), the left-hand side is equal to p?c?, while the term on the right-hand side in square brackets
is the relativistic kinetic energy (Eq. 4.45). So

p*c* =mc*(y + DK,

Solving for K gives

p2

- (1 +y)m’

According to Eqs. (4.46) and (4.44), the total relativistic energy and relativistic momentum are £ = ymc?
and p = ymv. Multiplying the momentum by ¢, then squaring both equations and subtracting produces

2
v

E% — p2c? = p2m2c* — p2m202e? = yimic (1 . _2) ‘
c

Because y2 = 1/(1 — v?/c?), thisreduces to E? = p%c? + m?c*, which is the desired result.
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(a) The rest wavelength for the Ha spectral line is Ay = 656.281 nm. From Eq. (5.1), the radial velocity

of Barnard’s star is ) )
gy = St T A _ g o1
)\resl

(b) From Eq. (3.1), d = (1/p”)pc = 1.82pc. The transverse velocity of Barnard’s star is (Eq. 1.5)

vo=dpu=2894kms !

(© v=,/vZ+v;=144kms "

(a) The distance between the grating’s lines is d = 3.33 x 107® m. Using d sinf = nA withn = 2, the
angles are 20.695° for A = 588.997 nm, and 20.717° for A = 589.594 nm. The angle between the

second-order spectra of these two lines is therefore A6 = 0.0219 A.

(b) From Eq. (5.2), the number of lines that must be illuminated is

A
N = —— =494,
nAA

where the average wavelength A = 589.296 nm was used.

Using the values provided in Appendix A, it is found that ic = 1239.8 eV nm >~ 1240 eV nm.

From Eq. (5.4),
__he 1240 eV nm

_Km X =
A ! 100 nm

Referring to Figure 5.3, conservation of momentum gives

¢ —5eV="74¢eV.

pi = prcost + p.cos¢
0 = pysinf — pesing,

where p; and py are the initial and final photon momenta, respectively, and p. is the momentum of the
recoiling electron. Rewriting these equations so that only terms involving the angle ¢ are on the right-hand

side, and then squaring both equations and adding produces

pi —2pipscost + p; = pl.

Now multiply each side by ¢? and add mﬁc”’ to both sides. Using E; = p;c and Ey = pyc (Eq. 5.5) for the

initial and final photon energies, we find

mic* + E} —2E;Efcosf + E} = p2c? + mic* = E2,

where the last term on the right comes from Eq. (4.48) for the total relativistic energy of the electron. However,

the expression for the conservation of the total relativistic energy,

E,-—l—mecz =Ef—|—Ee

24
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5.6

5.7

5.8

can be used to replace E, in the preceding equation,
mic* + E} —2E;Efcos + E} = (E;i — Ef + mec?)*.
This simplifies to
1 1 1
= 1 —cos ).
Ef E;i  mec? ( )
Using Eq. (5.5) for the photon energy, £ = hc/A, results in

AN =Ap—A; = h (1 —cos ).
m

eC

The change of wavelength is given by the Compton scattering formula, Eq. (5.6), but with the electron mass
replaced by the proton mass,

h
AN =Ap—A; = E(l—cos&).
»

The characteristic change in wavelength is #/mpc = 1.32 x 107° nm. This is smaller than the value of the
Compton wavelength, Ac = //mec = 0.00243 nm, by a factor of m,/m, = 5.4 x 1074.

Planck’s constant has units of
Js=[kgm?s?]s=kg[ms ']m,
which are the units of angular momentum (mvr).
(a) For an atom with Z protons in the nucleus (charge Z¢e) and one electron (charge —e), Coulomb’s law
(Eq. 5.9) becomes
1 Ze?*,

F=—— 2%;
drey r2

and the electrical potential energy becomes

1 Ze?
drey ¥

This means that the quantity “e?” should be replaced by “Ze2” wherever it appears in an expression for
the hydrogen atom. Similarly, “e*” should be replaced by “Z2e*”” The result will be the corresponding
expression for a one-electron atom with Z protons. From Eq. (5.13), the orbital radii are therefore

2
_ 47'[6()h 2 ap o

Iy = H,Zez n- = ?l’l s
where ap = 0.0529 nm. The energies are
ZZ 4 1 ZZ
p=— T 136ev e
32m2e5h? n? n2

from Eq. (5.14).
(b) Z = 2 for singly ionized helium (He II), and so for the ground state (n = 1),

o= %0 (1%) = 0.0265 nm

and
2

2
Ey=-13.6 eVl—2 = —544eV.

The ionization energy is 54.4 eV.
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(a)

Chapter 5 The Interaction of Light and Matter
Z = 3 for doubly ionized lithium (Li III), and so for the ground state,
a
o= ?0 (1%) = 0.0176 nm

and
2

3
E; =-13.6eV 7= —122eV.
The ionization energy is 122 eV.

If the hydrogen atom were held together solely by the force of gravity, the force between the proton and
electron would be supplied by Newton’s law of universal gravitation (Eq. 2.11),

_ MpMe
F=-G P r,

and the potential energy is given by Eq. (2.14),
U= _gMeme.

r

This means that the quantity “e?/4meo” should be replaced by “Gmpm,” wherever it appears in an
expression for the hydrogen atom. Similarly, “e*/167%€3” should be replaced by “G*m>mZ” The
result will be the corresponding expression for the gravitational atom. From Eq. (5.13), the ground-state

orbital radius (n = 1) is therefore

h2
F o= =1.20x 10*® nm = 8.03 x 10'7 AU.

- uGmpm,
The ground-state energy is

G*m2m?
E, = _“zithe =-2.64x10""8eV.

from Eq. (5.14).

510 Use 1/A = Ru(1/n,, — 1/npy) (Eq. 5.8 with m = nigy and 7 = nign) for the hydrogen wavelengths,

5.11

and Eppoon = hic /A (Eq. 5.5) for the photon energy. The possible transitions are Nhigh = 3 — Now = 1,
Nhigh = 3 —> Niow = 2, and npjgh = 2 — nyow = 1. This results in

A=102.6nm and FEppoion =12.09eV  (for3 — 1),
A=656.5nm and Eppoon = 1.89eV  (for3 — 2),
A=121.6nm and Eppoon = 10.20eV  (for2 — 1).

Use 1/A = Ru(1/n}, — l/nﬁigh) (Eq. 5.8 with m = njoy and 1 = nyign) for the hydrogen wavelengths. The

shortest wavelengths emitted for the Lyman series (711, = 1), Balmer series (1o, = 2), and Paschen series
(mow = 3) occur for nyigy, = oo. The series limits are therefore given by

So

Ao = —np, = (91.18 nm) i, .
Ru

Moo = 91.18 nm  (ultraviolet)
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5.12

5.13

5.14

5.15

for the Lyman series limit,
Moo = 364.7nm (near ultraviolet)

for the Balmer series limit, and
Moo = 820.6 nm  (infrared)

for the Paschen series limit.
The wavelength of the electron is given by Eq. (5.17),

P mev

=1.45%x 107" m = 0.0145 nm.

If the circumference of the electron’s orbit is an integral number, #, of de Broglie wavelengths as shown in
Fig. 5.15, then from Eq. (5.17)

h
ni = na =27r.
p

The momentum is p = pv (using the reduced mass), so this may be expressed as yuvr = nh/2mw or L = nh,
Bohr’s condition for the quantization of angular momentum.

As shown in Example 5.4.2, the minimum speed of a particle (in this case, an electron) can be estimated using
Heisenberg’s uncertainty relation, Eq. (5.19), as

Pmin AP h
me  me  meAx

Umin =

With Ax ~ 1.5 x 10712 m, the minimum speed of the electron is vpmin ~ 7.7 x 107 m s~!, about 26% of the
speed of light. Relativistic effects are important for white dwarf stars.

(a) From Eq. (5.20) with At ~ 1078 s, for the first excited state (n = 2) of hydrogen
h —26 -8
AEZQA—Z:I.IXIO J=69x%x10"°eV.

(b) The wavelength of a photon involved in a transition between the ground state (n = 1) and the first
excited state (n = 2) is given by Ephoion = £2 — Ey. From Eq. (5.3),

hc_E £
T 1.

The uncertainty in A caused by an uncertainty in E, is found by taking a derivative with respect to £,

(holding E constant):
he di

A dE,
Writing AA instead of dA, A E; instead of dE,, and ignoring the minus sign gives
)LZ

Al = — AE,.
he 2

Similarly, the uncertainty in A due to an uncertainty in E is

)LZ
AL = — AE;.
he !
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However, an electron can spend an arbitrarily long time in the ground state. For that reason, Az is infinite

and so AE| ~ h/At = 0. Thus

AN~ — AE,.

)»2

he
From Eq. (5.8) withm = 1 and n = 2, the wavelength of the photon involved in this transition is

(6.9%107%eV) =82x 107" nm.

5.16 (a) The answers forn = 1 and n = 2 are in Table 8.2. For n = 3, the quantum numbers are

121.6 nm, so s
Al A (121.6 nm)
1240 eV-nm
n=3 (=0
n=3 (=1
n=3 (=1
n=3 (=1
n=3 (=2
n=3 (=2
n=3 (=2
n=3 (=2
n=3 (=2

my
my
my
my
my
my
my
my
my

=0
=1
=0
=1
=2
=1
=0
=1
=2

ng
ng
ng
ng
ng
ng
ng
ng
ng

=+1/2
=+1/2
=+1/2
=+1/2
=+1/2
=+1/2
=+1/2
=+1/2
=+1/2

(b) In Table 8.2, for n = 1 there are 2n? = 2 entries, and for n = 2 there are 2n2 = § entries. In the list
above for n = 3, there are 2n? = 18 entries. These are in agreement with the idea that the degeneracy
of energy level n (denoted g,,) is g, = 2n°. In general, if the degeneracy of energy level n is g, = 2n?,
then the degeneracy of energy level n + 1 is greater by an additional 2(2n + 1): the “2n + 1” is for the
2¢+ 1 values of my when £ = n, and the leading ‘“2” is for the two values of m;. That is, the degeneracy

of energy level n + 1 is

Gnr1 =gn +2Qn+ 1) =2n* +2Qn+ 1) =20*+2n+1) =2n+ 1)~

Because we know that g, = 2n2 for n = 1, this proof-by-induction shows that it holds for all values of

n.

5.17 From Eq. (5.22), the normal Zeeman effect produces a frequency splitting given by

eB

Av=— =4.76x 10" Hz.

4

Using vo = ¢/Ao with Lo = 656.281 nm shows that the frequencies are

vo + Av = 4.56853 x 10'* Hz
Vo = 4.56806 x 10'* Hz

vo — Av = 4.56758 x 10'* Hz.

The corresponding wavelengths are

4

Vo + Av

= 656.212 nm

£ 656.281 nm

Vo

—— = 656.349 nm.

vo — Av
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1.0

0.8

0.6

= 04

0.2

Figure S5.1: Results for Problem 5.18. Four wave pulses, ¥, are constructed from a Fourier sine series.

5.18 See Fig. S5.1 for the graphs of ¥ (x). If we take Ax to be the width of the graph where ¥ = 0.5, then

(a)
(b)
(©)
(d)
(e)

Ax >~ 0.64 when N = 5.

Ax ~0.31 when N = 11.
Ax >~ 0.18 when N = 21.
Ax >~ 0.09 when N = 41.

The position of the particle is known with the least uncertainty for N = 41, when the graph of ¥ is
most sharply peaked. The momentum of the particle is known with the least uncertainty for N = 5,
when the graph of ¥ involves only three wavelengths (and hence only three momenta, p = i/}).



CHAPTER 6

Telescopes

6.1 Qo=Fd2 = [,7) [i_,sin0d0 dp = 4.

6.2 (a) Referringto Fig. S6.1, from similar triangles

h—o = E and h—o = hi
P q foa—r
This implies that
ho _p_ _J
hi q q—f
Rearranging,
1_1+1
for q
(b) If p> f,then
1 1~0
foa

which leads to f ~ q.

Object

"o Y\\\

B ! 0 Image
| | | 0
| W
3 i V |

p ‘ q

Figure S6.1: The ray diagram for the converging lens discussed in Problem 6.2.

6.3 For the first lens encountered by the incoming light

11 1
q1 S
The image of the first lens becomes the object (virtual) for the second lens, so p» = —¢g;. Substituting into
the previous expression,
1 1
P2 p1 N ’
Using the relation for the second lens
1 n 1 1 leads t 1 n 1 1 n 1
— 4 —=— eads to —t —=—=+4+ —.
P2 q2 )2 roq  fi S

30
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Assuming that the two lenses are close together, we can make the approximations that the object and image
distances are essentially p >~ p; and ¢ ~ g,. Thus

1 1 1 1 1

+-=——2>—=+4+ —.
P g f  Sfi 2
6.4 (a) From the lensmaker’s formula (Eq. 6.2) for two lenses having different indexes of refraction but the
same radii of curvature,

1 AR
oy~ Al (RT+ R_z)

1 AR
fz(x)‘(”z’“)(R_l+R_2)'

The effective focal length at a particular wavelength is now found using the result of Problem 6.3,

1 _( " ) 1 " 1 5 1 " 1
fertr LA T 22 Ry R Ry R)

If fesea, = fefr,r, for two specific wavelengths, then

nl,)\,] + nz,)»] = nl,),z + nZ,)\,25

or
(nl,)»l - nl,)»z) == (nZ,M - nZ,)»z) :
(b) The focal lengths could remain equal for all wavelengths only if n; ; = n; -+ constant.

6.5 Referring to Fig. 6.15, let the height of the intermediate image (between the eyepiece and the objective) be .
Then

h d ang h
an an¢g = .

Jobi Jeye

For small angles, 6 >~ // foj and ¢ =~ h/ feye. Thus, the angular magnificationis m = ¢/0 = fobi/ feye-

tanf =

6.6 (a) Since sin’ (,3/2)’0_0 = 0 and (,3/2)2’0_0 = 0, ’Hopital’s rule must be used to evaluate 7(0) in the

limitas 8 — 0. Dif_ferentiating the numerator and evaluating at 6 = 0,

) o) (8] (20)

do
Similarly, differentiating the denominator and evaluating at 6 = 0,

d /2] _ é(an cose)
df 2\ %

=0.
0

=0.
0

Since the ratio of the first derivatives is still undefined, it is necessary to evaluate the second derivatives.
This leads to

d?sin® (B/2)| _ 2x2D?
do? A2
d?(B/2)?|  2n2D?
d6? T

Since their ratio is unity, 7(0) = 1.
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6.7

6.8

6.9

6.10

6.12

6.13

(b)

(@)
(b)

(©)

(a)
(b)

(©)
(a)

(b)
(©

Chapter 6 Telescopes

The first minimum occurs when sin® (8/2) = 0, or B = 2x. This implies that sinf = A/D, or
0 = 30°.
From Eq. (6.6), feye = 1.34 x 10™* rad = 28"

Omoon = 2R /d = 9.0 x 1073 rad = 1900”, implying BOmoon/ Beye = 33.7. When Jupiter is at opposition
(closest approach to Earth), Oyupirer = 2.3 X 10~*rad = 47", implying Osupiter/ Oeye = 1.7. The resolution
is worse during all other relative positions of Jupiter and Earth.

It is possible for the disk of the Moon to be resolved with the naked eye. However, the disk of Jupiter is
comparable to the eye’s resolution limit; to distinguish any features on the surface of Jupiter, they would
need to be nearly the size of the planet’s disk.

From Eq. (6.6), Onin = 3.4 x 107 rad = 0.69".

Given the Moon’s mean distance of 3.84 x 103 km, the minimum size of a crater that can be resolved is
h=d0 =1.3km.

Atmospheric turbulence limits the resolution.

The NTT focal ratio is f/2.2 and the diameter of the primary mirror is 3.58 m. From Eq. (6.7), F =
2.2 = f/3.8m, giving f = 8.36 m.

From Eq. (6.4), d8/dy = 1/f = 0.120 rad m ™.

AQ =29" =1.4x 107 rad, implying Ay = f AO = 11.8 um.

Each of HST’s WE/PC 2 CCD’s is 800 pixels wide. With a plate scale of 0.0455” pixel™! in the planetary
mode, the angular field of view of a CCD is 36.4".

(a)
(b)

(©)

v = 1.43 GHz, v, = 1.405 GHz, and v,, = 1.455 GHz.
Using Eq. (6.10) with S(v) = So = 2.5mJy and D = 100 m,

L/v Sw) fudvdA
s (2) [

Substituting the functional form for the filter function and evaluating the integral gives

P

D

2
1
P =Sy (?) [5 (u — \)g):| =491 x 1071 w.

At a distance d from the source, the power at the telescope is given by

m(D/2)?

Prec = Pemic .
4md?

Solving for the emitted power, Pepii = 7.5 x 104> W.

One dish has a diameter of 25 m. Thus, the total collecting area of the 27 dishes is 27 x 7(25 m/2)? =
1.325 x 10* m2. If a single dish is to have the same collecting area, it must have a diameter of D = 130 m.

From Eq. (6.11), withsinf ~ 0, L = A =0.21m,andd = 2Rg = 1.28 x 10°m, § = 1.65x 107¥ rad =
0.0034”.
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6.14 Consider numbering each dish from 1 to 50. For dish 1 there are 49 distinct baselines, one for each pair of
dishes. For dish 2 there are 48 additional baselines (we don’t want to recount the baseline between 1 and 2).
For dish 3 there are 47 additional baselines, and so on. The total number becomes 49 +48 +---+1 = 1125.

6.15

The projected resolution of SIM PlanetQuest is 4 parcsec = 0.000004” = 2 x 107! radians.

(a) Ifgrass grows at arate of 2 cm per week, this is equivalent to 3.3x 1078 m s~!. From a distance of 10 km,
SIM PlanetQuest can resolve a width of D = 6d = 0.2 um. It would take the grass approximately 6 s
to grow the necessary length to be measured!

(b) Assuming a resolution of 4 pas, and a baseline of 2 AU, the measureable distance isd = 2 AU/4 pas =
500 kpc.

(¢) From Eq. (3.6) and using My = 4.82, V = 28.3.

(d) Assuming a limit of V' = 20, Eq. (3.6) implies that Betelgeuse would be detectable from a distance of
d =1 Mpc.

6.16

teams and have each team subdivide the research.

(a) See Table S6.1.
(b) See Fig. S6.2.
(c) See Fig. S6.3.

Given the number of telescopes the student is asked to research, it may be useful to have the class split into

Table S6.1: The wavelength ranges and energies of some ground-based and space-based telescopes. Numbers in
parentheses represent power of 10; e.g., 3(-7) = 3 x 1077,

Telescope Spectrum region Wavelength range (m)  Energy range (V)  URL
VLA radio 4t07(-3) 3(-7) to 2(-4) www.vla.nrao.edu
ALMA radio 1(-2) to 3.5(-4) 1(-4) to 4(-3) www.alma.info/
Spitzer (SIRTF) IR 1.8(-4) to 3(-6) 0.007 to 0.4 www.spitzer.caltech.edu/spitzer
JWST IR to visible 2.7(-5) to 6(-7) 0.05t02 www.Jjwst.nasa.gov
VLT/VLTI mid-IR to near-UV 2.5(-5)to 3(-7) 0.05t0 4 www.eso.org/vlt
Keck mid-IR to near-UV 2.5(-5)to 3(-7) 0.05t0 4 www . keckobservatory.org
HST (Hubble) near-IR to near-UV 2.5(-5)to 1.15(-7) 0.05to0 11 www.stsci.edu
IUE uv 3.2(-7)to 1.15(-7) 39to0 11 archive.stsci.edu/iue
EUVE uv 7.6(-8) to 7(-9) 16to 177 www.ssl.berkeley.edu/euve/sci/EUVE.html
Chandra X-ray 6.2(-9) to 1(-10) 20to 1(4) chandra.harvard. edu
CGRO gamma rays 4(-11)to 4(-17) 3(4) to 3(10) heasarc.gsfc.nasa.gov/docs/cgro
CGRO
—— Chandra
EUVE —
—IUE
HST
Keck
VLT
JWST
Spitzer
—— ALMA
VLA ——8 —
L L L R |
-16 -14 -12 -10 -8 -6 -4 -2 0
Log,, 4 (m)

Figure S6.2: The photon wavelengths covered by some ground-based and space-based telescopes.

6.17

(a) See Fig. S6.4.

(b) See Fig. S6.4.
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CGRO
Chandra ———
— EUVE
IUE—
HST
Keck
— VLT
JWST——
—— Spitzer
ALMA ——
—— VLA
L e e LI R I I L R
-6 -4 -2 0 2 4 6 8 10

Log,, E (eV)

Figure S6.3: The photon energies covered by some ground-based and space-based telescopes.

1,

f (radians)

(a)

1,

f (radians)

(b)

Telescopes

Figure S6.4: Solutions for Problem 6.18(a) and (b). The solid lines represent the sum of the intensity functions of each

slit.
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(c) As the sources get progressively closer together, a separation angle is reached where the sum of the
two source intensities no longer yields a definable minimum, and it is no longer possible to resolve the
sources.



CHAPTER 7

Binary Systems and Stellar Parameters

7.1 Referring to Figs. 2.11 and 2.12, r = r, —r;. Since r; and r; are oppositely directed relative to the center of
mass, the separation between my and m, is actually r = ry + r,. From Eq. (7.1), r2/ry = az/ay, where a;
and a, are the semimajor axes of the stars’ elliptical orbits. Substituting,

ap +ax
r=r{—|.
a

Now, using Eq. (2.3) to represent r, in terms of 6,

1 —e?
r=(a+a) l1+ecosf )’

From this result, r, = 7(0°) = (a1 + a2)(1 —e) and r, = r(180°) = (a; + a»)(1 + e), and the average of
the two extremes is the semimajor axis of the reduced mass,

1

a:E(rp+ra):a1+a2.

7.2 (a) The probability of detecting the radial velocity variations is greatest when the i = 90°, while the
probability goes to zero when i = 0°. This variation can be described by a sine function, or w(i) =
sini. This weighting function is normalized as seen from evaluating

/2
f sini di = 1.
0
(b) The weighted average of sin® i is now

/2
sm i) / sin®i sini di
0

7[
/ sin* i di
0

_ 3i  sin2i sin 4i
S\ 8 4 32
37

16"

/2

0

7.3 (a) For the smallest angle, a cosi = r; + r,, implying

. 11+
i = cos — .
a

36

(b) i =88.5°.
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7.4

7.5

7.6

1.7

(a)

(b)

(©)
(a)

(b)

(b)
(©)
(d)

(e

(a)

For p” = 0.37921”, the distance to Sirius is d = 1/p” = 2.63 pc. This means that the linear size of
the semimajor axis of the reduced mass is approximately ¢ = ad = 3.00 x 10'2 m. Using Kepler’s
third law (Eq. 2.37),

n?
sza = 3.24 M.
Since myaq = mpap, we have that my (1 + a4/ap) = 3.24 Mg. Solving for the individual masses,
my =221 Mg and mp = 1.03 Mg.

From Eq. (3.7), with the bolometric magnitude of the Sun taken to be 4.74, L4 = 22.5 Ly and Lp =
0.0240 L.

Using the Stefan—Boltzmann equation (3.17), R = 5.85 x 10 m = 0.0084 Ro = 0.917 Rg.

my +mp =

From Eq. (7.6),

. P 3
3l = ﬁ (Ubr + Ufr) = 8.65 M@,

where the subscripts denote the bright (b) and faint ( /') components, respectively.

(mb + I’}’Zf) sin

From Eq. (7.5), mp = 2.03my, implying
my sin®i = 2.85Mg and mp sin®i = 5.80 Mg.

Using (sin® i) ~ 2/3,
my >~ 4.3 Mg and mp >~ 8.7 Mp.
From Eq. (7.5), mp/m4 = 0.241.
From Eq. (7.6), m4 + mp = 5.13 Mg.
my =4.13 Mg and mp = 1.00 Mg.
According to Egs. (7.8) and (7.9),

vg v
ry = % (tp — ta) = 1.00 Ro.
and
re = rs w (te — 1) = 2.11 Ro,
respectively.

Brightness ratios can be determined from Eq. (3.3), giving (for the primary and secondary eclipses,
respectively)

B, By
— =0.0302 and — =0.964.
By By

T, _(1—B,/Bo ‘/4_228
T, \1- By/Bo S

Finally, using Eq. (7.11),

The ratio of the durations of eclipses of minimum to maximum is approximately 0.9. (Lacy, Astron. J.,
105, 637, 1993 finds the ratio of the radii to be 0.907 £ 0.015.) Note: In order to accurately obtain the
ratio of the radii, the light curve must be carefully modeled, a process beyond the scope of this text. This
part of the problem may be modified or omitted in a future revision.
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7.8

7.9

(b)

(a)

(b)

Chapter 7 Binary Systems and Stellar Parameters

From the light curve mo = 10.04, m, = 10.76, and m; = 10.68. Using the procedure outlined in the

solution to Problem 7.6,

B, B,
— = 0.515 and — = 0.555.
By By

This implies that 75/ Ty = 1.090.

From upper left to lower right, the displayed images roughly correspond to the following phases: 0.00,
0.06,0.13,0.19, 0.25, 0.31, 0.38, 0.44, 0.50.

In this binary system, the larger star is hotter. At the primary minimum (phase = 0.0), the maximum
amount of the larger star is covered, implying the least total integrated flux (or luminosity). The primary
minimum is not flat because the proximity of the secondary star leads to tidal distortion of the shapes of
the stars, thus removing spherical symmetry. The brightness of the system increases until, at phase 0.25,
the two stars are seen in profile. As the secondary passes behind the primary, the brightness decreases,
reaching a flat minimum at phase 0.5. The secondary minimum is flat because the secondary (and the
distortion effects) are occulted for a finite period of time.

See Fig. S7.1.

r T r T r T r T r
Detached main-sequence systems, B6 to M ™ e
Visual binaries

Detached OB systems -

Resolved spectroscopic binaries " 7]
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Figure S7.1: The relationship between effective temperature and mass for main sequence stars.

7.10 Massive planets with short orbital periods exert a greater force on the parent star, thus producing higher radial
velocities of the stars themselves. In addition, shorter periods imply that a greater number of orbital periods
can be measured over a given length of time.

7.11

7.12

From Eq. (7.7), it is evident that only m sini can be determined, unless the angle of inclination can be
determined independently (meaning that the system must be eclipsing).

(a)

(b)

For the planet orbiting 51 Peg, P = 4.23077 d, and @ = 0.051 AU. From Kepler’s third law, the
total mass of the system is M = 0.99 Mg. Since msini = 0.45 My <« M, the mass of 51 Peg is
approximately 0.99 Mg.

For the planet orbiting HD 168443c, P = 1770 d, and ¢ = 2.87 AU. Again, from Kepler’s third law,
M = 1.01 Mg. We can again neglect the mass of the planet.
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7.13

7.14

Considering the integrated flux over the projected solar disk, we have T[RZQO‘T:. The amount of light blocked

by the transiting Jupiter is nRZJaT:. Thus the relative change becomes

AF R}
— =—L =0.0106
F R}

or just over 1%.

The fractional decrease in the flux appears to be approximately 1 —0.983 = 0.017. Using an approach similar
to the solution of Problem 7.13, the ratio of the radius of the planet to the radius of the star is approximately
R,/Rs = +/0.017 = 0.13. The radius of the star is estimated to be Ry = 1.1 Rg, implying that the radius
of the planet is approximately R, = 0.13Ry = 1.27 Ry, in agreement with the value found in the text.

20 T T T T T T T T
F ——0.5M,g
15

10

Velocity (km s")
(=]

20 L 1 L 1 L 1 L 1 L
0.0 0.2 0.4 0.6 0.8 1.0

Time (¢ / P)

Figure S7.2: The variation of orbital velocity with eccentricity is plotted for one orbital period (Problem 7.15). The
eccentricities are labeled on the diagram. M; = 0.5 Mg, M =2.0 Mg, P = 1.8 yr = 657.46d,i = 30°, ¢ = 90°.

7.15

7.16

7.17

(a) See Fig. S7.2. [Note: The effective temperatures and radii of the stars are irrelevant for this problem;
any reasonable (and many unreasonable) values can be entered.]

(b) From Kepler’s third law (Eq. 2.37), with P = 1.8 yr, M1 = 0.5 Mg and M, = 2.0 Mg, a = 2.0 AU.
Also, since my/my = az/a; (Eq. 7.1) and a = a; + a; = 2.0 AU, we have a; = 1.6 AU and
a; = 0.4 AU. Now, the orbital velocities of the two stars are v; = 27ay/P = 26.5 km s and
v, = 2ma>/P = 6.6 kms™'. Finally, taking into consideration the orbital inclination of 30°, the
maximum observable radial velocities are vi, max = v1sini = 13.2 km s and V27, max = Uz Sini =
3.351 kms™!.

(c) The eccentricity can be determined by considering the asymmetries in the velocity and/or light curves.
In particular, the velocity curves deviate from being perfectly sinusoidal (the amount of deviation in-
creasing with increasing e¢). Also, for an eclipsing system, the primary and secondary minima are not
180° out of phase if ¢ # 0 (see e.g. Fig. 7.2).

See Fig. S7.3.

(a) See Fig. S7.4. Note that the relative phasing of minima are essentially correct, but that the relative
depths of the minima differ somewhat from Fig. 7.2.
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7.18

Chapter 7 Binary Systems and Stellar Parameters

2000 0.5 Mg R

- Center of mass
1000 E

z' (mas)

-1000

-2000

-3000 1

4000 1 L 1 L 1 L 1 L 1 L 1 L
0 1000 2000 3000 4000 5000 6000

' (mas)
Figure S7.3: The motion of the binary system described in Problem 7.16.
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Figure S7.4: The synthetic light curve of YY Sgr produced by TwoStars; Problem 7.17(a).

(b) See Fig. S7.5.

Using the data in the text and the problem, the mass of the star can be determined from Kepler’s third law to
be approximately 1.1 Mg. Take the radius of the star to be roughly 1.1 Ry for a main-sequence star. The
mass of the planet is estimated to by 0.00086 M. From the data, TwoStars generates a bolometric light
curve shown in Fig. S7.6. Note that the drop is just over 0.01 mag, in agreement with the value specified in
the text.
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Figure S7.5: The radial velocities for both members of YY Sgr produced by TwoStars; Problem 7.17(b).
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Figure S7.6: The synthetic light curve of OGLE-TR-56b for Prob. 7.18.
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8.1

8.2

8.3

8.4

8.5

8.6

CHAPTER 8
The Classification of Stellar Spectra

In the following, it is easiest to express Boltzmann’s constant as k = 8.6174 x 107> eV K~!. At a room
temperature of 300 K,

1
T =0.02 ~ —eV.
k 0.0259 eV 40eV

IfkT =1eV,then T = 1.16 x 10* K. If kT = 13.6 eV, then T = 1.58 x 10° K.

A straightforward conversion of units shows that

k =8.6173423 x 107> eV K !,

The peak of the Maxwell-Boltzmann distribution, Fig. 8.6, shows that n,/n ~ 6.5 x 1075 s m™! where
U = mp. For a range of speeds Av = 2 km s™!, the fraction of hydrogen atoms within 1 km s™! of the most
probable speed is (1,/n)Av >~ 0.13.

The most probable speed, vy, occurs at the peak of the Maxwell-Boltzmann distribution, Eq. (8.1). Setting

dny/dv = 0, we find
dnU _ m 32 d —mv2/2kT .2\ _
do - (2nkT) %(" v ) =0

This leads to
3

(52

so that vy, = /2k T /m, which is Eq. (8.2).

Solving the Boltzmann equation, Eq. (8.6), for T gives

- Er—E,
~ kInl(g2/g1) / (N2/ N)I'

To find T when the number of atoms in the first excited state (n = 2) is only 1% of the number of atoms in
the ground state (7 = 1), use gy = 2(1)2 =2, g, =2(2)> =8, E; = —13.6eV, and E;, = —3.40¢V.
Then, with N, /Ny = 0.01, T = 1.97 x 10* K. If the number of atoms in the first excited state is only 10%
of the number of atoms in the ground state, then 7 = 3.21 x 10 K.

(a) We solve the Boltzmann equation, Eq. (8.6), for T':

- Es— E,
kin[(g3/g1)/ (N3/N)]
Using the values in Problem 8.5 together with g3 = 2(3)® = 18 and E3 = —1.51 eV, we find that if
N3/Ni = 1,then T = 6.38 x 10* K.
(b) From the Boltzmann equation using 7' = 85,400 K, N3/N; = N3 /N = 1.74.

42



Solutions for An Introduction to Modern Astrophysics 43

(¢) As T — oo, the exponential in the Boltzmann equation goes to unity and Ny /N, — gp/gs. The
relative numbers of electrons inthe n = 1, 2, 3, ... orbitals will be g, = 2n? =2,8,18, ... Although
this will be the distribution that actually occurs for the neutral hydrogen atoms, at such high temperatures
essentially all of the hydrogen atoms will have been ionized.

8.7 FromEq.(8.7),use g, = 2n?and E1 = —13.6eV, E; = —3.40eV,and E; = —1.51 eV with 7 = 10,000K
to get

—(Ex—E)/kT —(E3—Ey)/kT

Z1= g1+ g0 + gse

=24579% 1077 +1.45% 107,
Thus Z; ~ 2.

8.8 Asn — oo, the expression for the partition function, Eq. (8.7), actually diverges. However, in reality the
large-n terms can be ignored because as n — 00, the atomic orbitals overlap with those of neighboring
atoms, and the electrons are no longer associated with a single nucleus.

1.0

0.9

0.8 - 4
0.7 | 4
0.6 - 4

Ny/N;

0.5 i 1
04 :
0.3 i 1
02 :
0.1 i R

0.0 | | |
5000 10,000 15,000 20,000 25,000

T (K)

Figure S8.1: Results for Problem 8.9. Nyj/ N, is shown for a box of hydrogen gas.

8.9 (a) Startby writing
No  No  Nu/M

Ny N+ Ng 14+ Ng/Ny

N
_H 1 + & = &
Nt NI NI

Nu/ Ny is given by the Saha equation, Eq. (8.8),

or

N[[ _ ZZ[[ anekT 3/2 —x1/kT
F{ neZ[ h2 ¢ ’

From Example 8.1.4, Z; = 2 and Z;; = 1. The electron number density, 7., is given by n, = Ny/V
because each ionized hydrogen atom contributes one free electron. The total number of hydrogen atoms
and ions is N; = pV /(mp, + me) =~ pV/m,. Here, p = 107° kg m™3 is the density. The mass of the
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electron is much less than the mass of the proton, and may be safely ignored in the expression for N;.
Combining these expressions produces
_ Nnp

Ntmp

e

for use in the Saha equation. With these substitutions, the Saha equation becomes

Nu _ Nomp (2amekT\Y _oir
N[ NH 1Y h2 ’

Substituting this into the above equation produces

Nn |:1 + & mp (anekT)3/2 e—XI/kT:| & mp (an_ekT)3/2 e—XI/kT

N, N 7 h? Nu p h?

Multiplying each side by Np/ N, and rearranging terms gives

Nu\? [N\ m, (27m.kT\>* _ m, (2mmekT\'?
il Y p (2T xi/kT _ ""'p e xi1/ kT =0
Ny Ny 1Y h? ¢ 1Y h? -

This is a quadratic equation of the form ax? + bx + ¢ = 0, where

a=1
3/2
b= Mp (2nmekT) / e X1/ kT
p h?
¢ = —b.

It therefore has the solution

= (b Vo —ac) = 5 (VT 1),

Evaluating b for a range of temperatures between 5000 K and 25,000 K produces the graph shown in
Fig. S8.1.

Using the values given in the problem with Eq. (8.9), a form of the Saha equation that contains the
electron pressure, results in

T (K) Nu/M Nmi/ Nu

5000 1.89x 10718 433 x107%°
15,000 9.98x 10~!  2.42x107!!
25,000 7.24 x 103 1.78 x 1073

In all cases, N/ Nt >> N/ N, although the disparity decreases markedly with increasing temperature.

(b) Write

N N

N; N+ Nu+ Nig

Nu/M
1 + N/ N + (Nm/Ni) (N /Np)
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1.0 |
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Figure S8.2: Results for Problem 8.10. N1/ N; is shown for helium.
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Figure S8.3: Results for Problem 8.11. Nyi/ Ny is shown for helium.

(¢) First, note from the results of part (a) that the last term in the denominator [(Ny/Ni)(Ni/Ni)] of
N/ N; can be neglected for 7' between 5000 K and 25, 000 K. Use Eq. (8.9) with Z; = 1, Zy; = 2,
X1 =24.6eV,and P, = 20N m~2 to evaluate Ni/ N for arange of values of T'. As shown in Fig. S8.2,
one-half of the He I atoms have been ionized when 7 ~ 1.5 x 10* K.

8.11 Follow the procedure of Problem 8.10 and write

N _ N _ N/ Nn
N; N+ Nu+ N 1/(Nu/Np) + 14+ (Nm/Nu)'

Use the values given in the Problem 8.10 (with P, = 1000 N m~?) with Eq. (8.9) to evaluate Ny;/ Ny and
N/ Ni. This results in the graph shown in Fig. S8.3. One-half of the helium atoms have been twice-ionized
when 7 ~ 4 x 10* K.
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From Example 8.1.4 and the information given in the problem, use Z; = 2, Zyy = 1, y1 = 13.6 &V,
ne = 6.1 x103' m™3, and T = 1.57 x 107 K in the Saha equation, Eq. (8.8), to find that

Nu No No/M

— = = =0.709
Ny N+ Np 1+ Nu/M

at the center of the Sun. However, at the center of the Sun, the density of the gas is sufficiently great to
perturb the hydrogen orbital energies and increase the amount of ionization (pressure ionization). As a result,
practically all of the Sun’s hydrogen is ionized at the Sun’s center .

From the statement of the problem and Example 8.1.5, we have Zyy = 2.30, Zijy = 1, P, = 1.5 N m~2,
xu = 11.9eV,and T = 5777 K. Inserting these values into the alternative form of the Saha equation,
Eq. (8.9), we find that [N/ Niflca = 2.08x 1073, Comparing this with [Ni;/ Ni]ca = 918 from Example 8.1.5
shows that nearly all of the calcium atoms are in the form of Ca II, available for forming the H and K lines.

The Saha equation, Eq. (8.8), is

Nitt _ 2Zi4 (ZﬂmekT)3/2 o Xil kT

Ni I’leZi h? ’
Stars of the same spectral type have the atoms in their atmospheres in the same states of ionization and
excitation. The left-hand side of the Saha equation will therefore have the same value for atoms of the
same element. The right-hand side increases monotonically as 7 increases, and decreases monotonically as
ne increases. Because a giant star has a lower atmospheric density than a main-sequence star of the same
spectral type, it must have a lower surface temperature to produce the same state of ionization of the atoms in
its atmosphere.

The average density of a 1 Mg white dwarf with a radius of R = 0.01 R is

_ M
p=7

4_p3
3nR

=1.41x10° kgm™3.

From the H-R diagram in Fig. 8.16, the star Formalhaut has an absolute visual magnitude of about M, ~ 2.0.
The star has an apparent visual magnitude of V' = 1.19. So, using Eq. (3.5), the distance to Formalhaut is
about

d ~ 10(m—M+5)/5 — 10(1.19—2.0+5)/5 pc = 6.89 pe.
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Using Eq. (9.7) for the energy density of blackbody radiation, the energy of blackbody photons inside a
spherical eyeball of radius reye = 1.5 cm at a temperature of 310 K (37°C) is

4
Epp = gnrgyeaT“ =9.88x 107 J.

The flux from a point-source light bulb (L = 100 W) at a distance r = 1 mis F = L/4mr? (Eq. 3.2), so

the energy per second entering the pupil of area A is F'A. The time for the light to cross the eyeball is 2reyc/c
(neglecting the fluid within the eye). The energy from the light bulb within the eyeball is therefore

2L Areye
drric

more than four orders of magnitude smaller than Eyp.

Epuy = 2FAreye/c = =7.96x 107137,

It is dark when you close your eyes because, according to Wien’s law (Eq. 3.15), at 310 K the blackbody radi-
ation peaks at Ayax = 9354.8 nm in the infrared, and the eye’s retina is not sensitive to such long wavelength
photons.

(a) Dividing the specific blackbody energy density, Eq. (9.5), by the energy per photon /ic/A gives the
specific number density,
8 /A4

modh = T

dh.

(b) Integrating the expression for 7, over all wavelengths leads to an integral for the number density, 7, that
has the form s s
o 8rk>T> [ «x
n= d\ = dx,
[) " h3c3 [) 1

where x = hc¢/AkT. The value of the integral is 2.404114, so the number density is

8wk3T3

n= (2404

(S9.1)

The number of photons inside an oven of volume V' = 0.5 m? at a temperature of 7 = 400°F = 477 K
isN =nV =1.1x10'.

(a) The total energy density is given by Eq. (9.7)
_ 40Tt 4T* (2n5k4)

u

c c 15¢2h3

where we have used the expression found in Problem 3.14 for the Stefan—Boltzmann constant, o. Fur-
thermore, the total number density of blackbody photons was found in Problem 9.2 to be given by
Eq. (§9.1). Thus, the average energy per photon is

u 74k T

= —270kT.
n 15(2.404)
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(b) ForT =157x10"K,u/n =3650eV.For T = 5777 K, u/n = 1.34eV.

For blackbody radiation, I = Bj, and so Eq. (9.10) gives

3¢ ehe/MkT _ | dr.

4 o0 4 ©  2he? /A3
Prad=3—”/ Bu(T) dA = ”f </
¢ Jo

Defining x = hc¢/Ak T leads to

Sak4T* [ X3
Pog= dx.
u 3h3c3 [) ex —1 o

The integral is equal to 7#/15. Using this along with the expression found in Problem 3.14 for the Stefan—
Boltzmann constant, ¢ = 27°k*/15¢2h3, produces the desired result,

40T* 1 4 1
I = = —d = —u,
Y 3 3

via the definition of the radiation constant, ¢ = 40 /¢, and Eq. (9.7) for the blackbody energy density.
We start by integrating Eq. (9.8) with I, = B over all outward directions (0 < 0 < 7/2).
21 /2
Fydh = By d\ / cos @ sinf df dp = nBy dA.

=0 J6=0

We now integrate over all wavelengths to find the total flux,
o) o) O‘T4
F:/ de)»:n/ Byd\=7—— =0oT*.
0 0 b4

where Eq. (3.28) was used for the integral of B) . Finally, integrating the flux over the surface area of a sphere
of radius R gives

2w T
L= / / FR?sin0d6 dp = 4w R*cT*,
¢=0J6=0
which is Eq. (3.17).

According to Eq. (8.3), root-mean-square speed of the nitrogen molecules is

3kT

=515ms L.
28myp e

Urms =

Using the collision cross section o = m(2r)? with Eq. (9.12), the mean free path is

o1
no nm(Q2r)?’

The number density # of nitrogen molecules is

n=—C —257x10® m.
28myp
The mean free path is therefore £ = 3.10 x 107 m, and the average time between collisions is about

t >~ 0/Ums = 6 x 107195 =0.6 ns.
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9.7

9.8

9.9

9.10

Using values of k599 = 0.03 m? kg_1 from Example 9.2.2 and p = 1.2 kg m™3, the mean free path is

1

K500 0

L= =21.8m.

You always look back to an optical depth of about tj = 2/3; that is, about 2 /3 of a mean free path. Thus you
could see to a distance of only 2¢/3 = 18.5 m.

Using Eq. (9.19) with a measurement of the specific intensity I = I; at angle 6 gives

I = ]}» Oe—r;hyosecel ;
or
I
In| — ) = —1y,0 sec . (89.2)
Io
Similarly, I} = I, at angle 6, gives
I
In (—2) = —T;,0 sec 0. (59.3)
I

Subtracting these results in
1
In (—1) = —1),0(sec 01 —sec 0),
I,

or
In(11/1>)

sec B, —sec b

0 =

Solving Egs. (59.2) and (S9.3) for 7, o and equating them produces

1 ]1 1 12
Inl — )| = In{ — ).
sec 6 Lo sec 0 Iy

156001 1/(sec 01 —sec 6)
2

]A’O = ( sec 0 ) .
1‘ 2

1

Solving for I ¢ yields

Consider the problems from the reference frame in which the electron is initially at rest. Conservation of
momentum gives Pphoton = Pe, Which is
Epholon
c
(Egs. 4.44 and 5.5), where v is the final velocity of the electron. Conservation of total relativistic energy
(Eq. 4.46) gives

=yme,

2 2
Ephoton + Mec”™ = ymec”.

Equating these expressions for Eppoon leads to v/c = (y — 1)/y, which implies v = 0, y = 1, and
Ephoton = 05 a contradiction, since there is no photon to absorb! Thus an isolated electron cannot absorb a
photon.

For constant density, a Kramers opacity law says that ¥ = CT 3, where C is a constant. Then at two
temperatures 77 and 7>,

Ink, =InC —3.5InT>,
Inkgy =InC —3.5InTj.
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Subtracting these,
Ink; —Inky

— = -35.
In7T, —InT;

Because Inx = (In10)log,, x, this expression is valid both for natural logs and logs to the base 10. Using
Fig. 9.10, we choose log;q p = 0 kg m™3 and draw the best-fitting straight line to the curve. Two well-
separated points on this line are log;, k1 = 1.19 at log,o 77 = 5.55, and log;( k2 = —0.867 at log;o 7> =
6.15. For these two points,

log g k2 —logio K1

= —343 >~ 3.5,
log,o T2 — logo T

as expected for a Kramers opacity law.

(a) The average photon mean free path is

1 1
— = 1 =3x10"° m.
Kp (0217 m2 kg 1) (1.5 x 105 kgm™?)

(b) From Eq. (9.29), the number of random-walk steps of this size from the center to the surface of the Sun

1S
d\* [Ro)’
=l=) =(=2) =5x10%.
N (e) (e) g

The time for a photon to cover this many steps of size £ is

NZ{
t:—:5><1013s,
c

almost two million years!

Because you always look back to an optical depth of about 7, = 2/3, Eq. (9.17) implies that you see down
to a depth s into the star given by
N
2
Kpds = —.
| apds =3

At wavelengths where the opacity is greatest, the value of s is smallest. If the temperature of the star’s
atmosphere increases outward, then a smaller value of s corresponds to looking at a higher temperature and
brighter gas. At wavelengths where the opacity is greatest, you would therefore see emission lines.

A large hollow spherical shell of hot gas will look like a ring if you can see straight through the middle of the
shell. That is, the shell must be optically thin, and an optically thin hot gas produces emission lines. Near the
edge of the shell, where your line of sight passes through more gas, the shell appears brighter and you see a
ring.

From Eq. (9.32), j, = d I /pds, so the emission coefficient has units of

Wm=? s (kg m? s_3> (m~? sr™1)
= =ms sl
(ke m™) (m) (ke m™) (m)
Equation (9.34),
1 dI,
——— ——=0L-5
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with k;,, p, and S independent of position, can be integrated as

I d])/» K ,
/ ; = —KAp/ ds’,
I)L,O ]A _S)\, 0

where 1 ¢ is the value of the specific intensity at s = 0. This results in

I(IA_S)”) Ky P8
n| — | = —kyps,
Lo — Sy

which simplifies to Eq. (9.35).

9.16 (a) Begin with the transfer equation, Eq. (9.34),

Here, s is a distance measured along the light ray’s direction of travel. In terms of the angle 6’,

dr
cos

Using this to replace ds in the transfer equation produces the desired result.

(b) Multiply each side of this form of the transfer equation by cos 6, and integrate over all directions of the

ray:

1 d

———(/ I, cos? H’d.Q’) :/I;»cosﬁ’dﬂ’—SA/‘cosﬁ’d.Q’,
Kkyp dr

where we have used the fact that the source function is isotropic to remove it from the integral. The
integral on the left-hand side is ¢ Py, the radiation pressure (Eq. 9.9) multiplied by ¢, while the first
integral on the right-hand side is F), the radiative flux (Eq. 9.8). The second integral on the right-hand
side is zero, so we have
_L dPrad,)» = Fy.
Kyp o dr

Finally, integrating over all wavelengths gives the final result,
dprad E,O

= —— Fq.
dr c ™

9.17 The Eddington approximation assumes that the intensity of the radiation field is a constant I,y in the +z-
direction (outward, 0 < 6 < 7/2), and a constant [;, in the —z-direction (inward, 7/2 < 6 < 7). From

Eq. (9.3),
1 27 /2 27 b4
(Iy = — / Toue sin9d9d¢>+/ / I, sinf do d¢
4 \ Jp=0 Jo=o ¢=0JO=m/2

27 /2 T
= — Iou[/ sin 6 do + Iin/ sin 6 d6
4r 9=0 9=7/2

1
= E(Ioul + Iin)-
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From Eq. (9.8),

27 /2 27 b4
Froq = / Ty cosOsin6 db dp + / / Iy cos 0sinf d6 do
o= =0 ¢=0 JO=m/2

0J6
/2 T
=2 (Iou[/ cos @ sinf do + Iin/ cos 0 sin 6 df
= O=mn/2
= n(loul - Iin)-

From Eq. (9.9),

1 2r /2 2r  pm
Pog = - / Tout cos? Osin 0 dO do + / / Iin cos® Osin 6 d6 de
¢ \J¢=0J6=0 ¢=0J0=m/2

27 /2 T
= — Iou[/ cos? @sinf do + I, / cos? 6 sin6 do
c 0

=0 O=mn/2

21
= (Ioul + Iin)
3c

4
= 5(1).

9.18 Inserting Eq.(9.46) into Eq. (9.51) gives

30 2
Tow + Iin = Z T: (Tv + g) . (59.4)
Inserting Eq.(9.47) into Eq. (9.43) gives
Tow— T = = T2, (S9.5)
b4

Adding these, we find that

o 3
ILu=—T*(= 1).
out T e (4TU+ )

Subtracting Eq. (S9.5) from Eq. (5§9.4) results in

30
Iin == E 64 Ty
The radiation field will be isotropic to within 1% when
Tow — 1
" =0.01,
E(]Oul + Iin)
Using the above expressions, we have
T4-
1 30:4 oL N\ 0.01,
2 [(557) (e +3)]
or
= 0.01,
31y + 2

so 7, = 133.
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9.19

9.20

9.21

9.22

From Eq. (9.53), at the top of a star’s atmosphere where 7, = 0, T* = T#/2. Thus T/T, = (1/2)'/* =
0.841. If T, = 5777 K, then at the top of the atmosphere 7 = 4858 K.

For a plane-parallel gray atmosphere in LTE, Eq. (9.44) states that (/) = S. Using Eq. (9.50), we have

3 2
EFrad Tv+§ .

Evaluating this at t, = 2/3 results in the Eddington-Barbier relation,

S=(I)=

Fraa = T[S(Tv = 2/3)

If the source function does not vary with position, then Eq. (9.54) may be integrated to obtain
L(0) = Ij ge™™0 + S (1 —e™™0).
If no radiation enters the gas from outside, then I o = 0. We consider two cases.

Tp,0 > 1:  In this case, the source function is equal to the Planck function: S) = Bj (assuming thermody-
namic equilibrium). The exponential is essentially zero, so we have

1, (0) = S) = By,

and you will see blackbody radiation.

Ty0 < 1: Wecanusee ™ =~ 1 — x to write

I (0) = Sy[l = (1 = 130)] = Sata,0-

For our slab of thickness L, 7y o = «3 oL (Eq. 9.17). Recalling the definition of the source function,
Sy = Ja/xn, we have

I .
15(0) >~ == (kapL) = japL.
K
Thus you will see emission lines at wavelengths where jj is large.
If the source function does not vary with position, then Eq. (9.54) may be integrated to obtain
L,(0) = I) ge™™0 + S (1 —e™™0).
We consider two cases.

Tp,0 > 1:  In this case, the source function is equal to the Planck function: S) = Bj (assuming thermody-
namic equilibrium). The exponentials are essentially zero, so we have

1, (0) = S) = By,

and you will see blackbody radiation.

Ty0 < 1: Wecanusee ™ =~ 1 — x to write

I0) =~ I o(1 —130) + Sall = (1 —7a,0)] = In,0 — Ta0(In,0 — Sh)-

For our slab of thickness L, 7j 0 = ky oL (Eq. 9.17). So we have

1, (0) = I 0 —kcapL (1,0 — Sy).



54

9.23

9.24

9.25

Chapter 9  Stellar Atmospheres
If I 0 > Sy, then you will see absorption lines superimposed on the incident spectrum ([} o). If
I 0 < S, then you will see emission lines superimposed on the incident spectrum. The strength of the
lines depends on the competition between the processes of absorption and emission. From the definition
of the source function, S = jj /Ky,

I (0) = I 0 — pL(kady0 — j2)
(c.f., Eq. 9.33).

Inserting Sy = a) + by 1y, into Eq. (9.55), we have (omitting the A subscripts for convenience)

o0
1(0) :/ (a+ b1y) secOe™ ™0 dg,
0

o0 o0
:asecQ/ e_rvsecedtv—kbsecﬁf e el go,
0 0

The first integral on the right-hand side is 1/ sec 6, while the second can be integrated by parts, resulting in

[ee] e—rvsece T o)
I(O): a—+ bsech / ——dty, — e—rvsece
0 sec 6 sec 6 .

:a+bsecﬁ(00529—0>.

Restoring the A subscripts, this is
I,(0) = a; + by, cos 6.

Assuming that there is zero flux received from the center of the line (as in the Schuster—Schwarzschild model),
the equivalent width is equal to the area of the half-ellipse divided by the semimajor axis. From Eq. (2.4),

wab/2 n_b

a 2

Heisenberg’s uncertainty principle, Eq. (5.20), relates A E, the uncertainty in the energy of an atomic orbital,
to At, the time an electron occupies the orbital before making a downward transition:

h h
AE ~ — = .
At 2w At

When an electron makes a downward transition from an initial to a final orbital, the energy of the emitted
photon is (Eq. 5.3)
he
Epholon = 7 =E;— Ef-

The uncertainty in A caused by an uncertainty in E; is found by taking a derivative with respect to E; (holding
E constant):

he di !

A dE;

Writing AX instead of dA, AE; instead of dE;, and ignoring the minus sign yields the magnitude of the
uncertainty,

)LZ
AL = — AE;.
he !
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Similarly, the magnitude of the uncertainty in A due to an uncertainty in E is

)»2
AL = — AEy.
he 4

Adding these uncertainties and using the uncertainty principle to substitute for the A E's gives our result,

A)\—AZ(AE+AE) 2 Lyt
" he ! 4 NZT[C Aty Alf ’

9.26 (a) For each of the wavelengths listed in Table 9.3, calculate the value of log; (W /1).
log,o(W/A) = —4.69 for the 330.298 nm line
= —4.02 for the 589.594 nm line.

These values can then be used with the general curve of growth for the Sun, Fig. 9.22, to obtain a value
of log; o[ /' Ng(A /500 nm)] for each wavelength. The results are

Ngh
log;, (7;;0“ ) = 16.63 for the 330.298 nm line
nm

= 18.55 for the 589.594 nm line.

Now calculate log; [ f(A/500 nm)] for each wavelength,

A
log,, (750{; ) = —2.4899 for the 330.298 nm line
nm

= —0.4165 for the 589.594 nm line,

S Nah S
log;g Na = logy 300 nm —logy 300 1m

and use

to find
log;o No = 19.12  for the 330.298 nm line
= 18.96 for the 589.594 nm line.

The average value of log;o N, for this problem is 19.04, so N, = 1.10 x 10! m—2.

(b) Averaging the values of log; , N, from this problem and Example 9.5.5 gives (log;, N;) = 19.02. This
average can be used to plot the positions of the four sodium absorption lines on Fig 9.22. With the
values shown in Table S9.1, all of the points lie on the curve of growth.

9.27 (a) For each of the wavelengths listed in Table 9.4, calculate the value of log; o (W /A).
log,o(W /L) = —=3.697 for the 1093.8 nm line
= —3.798 for the 1004.9 nm line.

Use these with the general curve of growth for the Sun, Fig. 9.22, to obtain a value of log; o[ f N, (A /500 nm)]
for each wavelength. The results are

Nak
logy, (SJ;T“) =19.21 forthe 1093.8 nm line
nm

= 18.96 for the 1004.9 nm line.
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Table S9.1: Results for Problem 9.26.

K am) _ 1og;ol/ (Na)(1/500 nm)] _Tog;o(W /1)

330.238 13.17 —4.58
330.298 12.53 —4.69
588.997 14.90 -3.90
589.594 14.60 —4.02

Now calculate log; [ f(A/500 nm)] for each wavelength,

A
log;, (SOJOFW) = —0.9165 for the 1093.8 nm line

—1.2671 for the 1004.9 nm line,

and use

log;o Na = logyg (2% ) ~tog,, (=L
0 %\ 500 nm %1500 nm

to find
log,y No = 20.13 for the 1093.8 nm line
= 20.23 for the 1004.9 nm line.

The average value of log;, N, for this problem is (N,) = 20.18, so (N,) = 1.51 x 102° m~2. This is
the value of the number of neutral hydrogen atoms per unit area with an electron in the n = 3 orbit.

The Boltzmann equation (Eq. 8.6) allows us to find the relative numbers of neutral hydrogen atoms
inthen = 3, n = 2, and n = 1 states. From Eq. (5.14), £y = —13.6 eV, E;, = —3.40 eV, and
E3 = —1.51¢V, and g, = 2n? for hydrogen. For T = 5800 K from Example 9.5.5, we find N3/ N, =
5.14 x 1072 and N3/N; = 2.82 x 10719, That is, for every neutral hydrogen atom in the n = 3 state,
there are 19 in the n = 2 state and 3.55 x 10° in the n = 1 state. The number of neutral hydrogen atoms

per unit area is then

N 29

— (Ng) =5.35%x10” m™2,

~, (V)
The ratio of the number of ionized to neutral atoms is obtained from the Saha equation, Eq. (8.9), with
P, = 1 Nm™2 (from Example 9.5.5), and Z; = 2, Zy; = 1, and yx; = 13.6 eV (from Example 8.1.4).
The result shows that N/ Ny = 1.33 x 1074, so nearly all of the hydrogen atoms are neutral. Thus the
above result gives the total number of hydrogen atoms per unit area, N = 5.35 x 102° m™2.

See Table S9.2.
See Fig. S9.1.
See Table S9.2 and Fig. S9.1.

The surface value of the temperature obtained from Eq. (9.53) is certainly more valid (on physical
grounds) than the surface boundary condition of 7 = 0 employed by StatStar. However, given
the numerous other approximations involved, StatStar’s surface value of 7" = 0 is adequate for our
computational purposes.

See Fig. S9.2.
See Fig. S9.2.
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Table S9.2: Results for Problem 9.28. T, = 5504 K.

T StatStar T (K) Eq.(9.53) T (K)

i
0 0 0 4628.29387
1 0202 3379.636 4944.54379
2 0249 3573.309 5010.27511
3 0323 3826.212 5109.25693
4 0435 4133.144 5247.76298
5  0.601 4488.02 5434.68901
6 0.837 4887.027 5672.40675
7 1.18 5329.075 5971.56257
8 1.67 5815.187 6331.32593
9 2.36 6347.784 6758.27250
10 3.35 6930.293 7251.69484
11 4.76 7566.856 7817.22609
12 6.76 8262.201 8456.53505
13 9.6 9021.603 9167.93293
14 13.6 9850.881 9961.57689
15 19.4 10756.42 10835.93954
16 27.5 11745.2 11802.05637
17 39.1 12824.86 12859.13228
18 55.5 14003.75 14023.06436
19 78.9 15290.96 15297.04393
20 112 16696.43 16685.66151
21 159 18231.02 18209.78084
22 226 19906.56 19873.14791
23 321 21735.99 21688.97654
24 455 23733.41 23670.55978
25 647 25914.21 25839.07014
26 918 28295.19 28199.43679
27 1300 30894.68 30778.36382
28 1850 33732.66 33593.27783
29 2620 36830.96 36662.39802
30 3720 40213.37 40008.77661
31 5280 43905.83 43659.68737
32 7480 47936.66 47642.36440
33 10600 52336.7 51988.38249
34 15000 57139.61 56721.79737
35 21300 62382.05 61894.51265
36 30200 68104.01 67520.02502
37 42700 74349.04 73640.96139
38 60500 81164.61 80321.39363
39 85600 88602.39 87603.73858
40 121000 96718.69 95532.96119
41 171000 105574.8 104163.8651

(¢c) The difference is greatest at mid angles (approximately 50°) and near 90°.

(d) Van Hamme’s formula best mimics the observational data for the Sun.
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27— T T

—— T from StatStar
ok T from Eq. (9.53)

0.8

0.6

T(10°K)

0.4

02 1

00 02 04 06 08 10 12 14 16
7(10°)

Figure S9.1: Results for Problem 9.28.

1.0 —— Van Hamme formula -
******** Eddington approximation
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Figure S9.2: A comparison between the limb darkening formulae of Van Hamme and the Eddington approximation
(Eq. 9.58).
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From Eq. (9.15), dr = —dt/xp. Substitution into Eq. (10.6) leads immediately to the final result.

The procedure is identical to the one that was used in Example 2.2.1 (see also Fig. 2.8). In this case however,
r <ryandr; < R < ry. After changing variables from @ to u, the limits of integration become u = (R—r)?
to u = (R + r)2. This leads to an integral of the form

G r2 p(R4r)? R2 R
F=" mﬁ/ / [R (1——) w32 4 —u_1/2:| dudR.
2 o) (R—r)2 }’2 }’2

After integrating over u, exact cancellation occurs, giving F' = 0.

Assuming that the Sun is composed entirely of hydrogen atoms, the number of atoms in the Sun is approxi-
mately

M
N~-—"2_—12x%x10%,
my

If each atom releases 10 eV of energy during a chemical reaction, the time scale for chemical reactions would

be
Echem  1.2x 10°8 ev

Lo  3.84x1026W
This is much shorter than the age of the solar system, and so the Sun’s energy cannot be chemical.

~5%x10%s=1.6x10°yr.

lchem =

(a) Using the reduced mass for a proton—proton collision, and equating kinetic energy to thermal energy,

3 1
EkT = Eupvrzms'

If particles with ten times the rms velocity can overcome the Coulomb barrier, then

v = 100 = 10 (3K T/p2,) "

and s
e 1 5 1 3
= —ppvt = ~(100) [ 2kT).
dreor — 217V = 3 )(2 )

Taking the separation between charges to be r ~ 2 fm,
4 e?

- 300k dregr

This value is approximately 7 times greater than the Sun’s central temperature.

=11x108K.

(b) From Eq. (8.1), and assuming identical velocity intervals, the ratio of atoms having velocities equal to
10 times the rms value to those having the rms value is given by

ny om0 2KT (105, )2

. 2
Nrms e M,/ 2kT vrzms

_ —99(mv2,/2kT) _ —99(m/2kT) (3kT/2m)
= 100e¢e =100e

=100e7 743 =5.7x 10731,

59
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(c) Assuming pure hydrogen, the number of atomic nuclei in the Sun is approximately 1.2 x 10°7 (see the
solution to Problem 10.3). If T ~ 1.1 x 108 K throughout the star, and if all nuclei with v = 10V can
react, then the number of nuclei that will be involved in nuclear reactions is roughly

Nreact =~ N ( v ) =7 x10%,

Nrms

Given that in the proton—proton chain, 0.7% of the mass is converted into energy, the timescale for this
process would be

E  0.007Nrgempe® 7.2 x 10" ]

f~ 2 = =2x 107125,
Lo Lo 3.84 x 1026 W

Quantum mechanical tunneling is definitely required!
Beginning with Eq. (10.9) and substituting Eq. (8.1),

1 o0
P:—/ mnyv? dv
3Jo

3 0 ZﬂkT ’

Using the definite integral,

/“xz,,e_axzdx: 135 @n-D) [x
0 ntlgn a

withn = 2anda = m/2kT,

p_ dmwmn ( m )3/2 3 _
-3 2nkT 23 (m/2kT)%/? o

From the non-relativistic expression for kinetic energy (£),

[2E 1 /2
V=4 — and dv=—-,/—dE.
m 2VmE

Using the relation n, dv = ng dE and making the appropriate substitutions in Eq. (8.1) leads directly to
Eq. (10.28).

From Eq. (10.22), the gravitational potential energy of the Sun is approximately Uy, = —2.3 x 104! J. Using
the virial theorem (Eq. 2.46), the thermal kinetic energy of the Sun is roughly 3Nk T /2 = 1.2x 10*! J, where
N is the number of particles in the Sun. Assuming that all of the hydrogen is ionized, then N = 2.4 x 1057
(see the solution to Problem 10.3 and assume that every hydrogen atom contributes a nucleus and a free
electron). Solving for the temperature, 7 = 2.4 x 10° K.

This value is roughly an order of magnitude less than than the estimate of the Sun’s central temperature, but
it is reasonable for an average temperature of the Sun.

According to the discussion between Eqs. (10.30) and (10.31),

Uc _ 212262

E  2meohv’
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Furthermore, using the non-relativistic expression, v = /2E / tim,

Uo ZIZZezu,l,,/z
E  2122peqEV2R°

After substituting into Eq. (10.30) and simplifying, we arrive at Eq. (10.31).

10.9 The energy at which the Gamow peak is a maximum occurs when

3

d —(E/kT+bE~V/2) ] _
dE ¢ J=0
or

Solving for E gives Eq. (10.34).

10.10 From Eq. (10.47), € = 1.16 x 1073 W kg_l, and from Eq. (10.59), ecno = 3.90 x 1074 W kg_l. These
results give €, /€cno = 2.97.

10.11 Equation (10.62) is of the form
_ _ —1
€3q¢ = C/OZY3T8 3f3o¢e ATy )

where ¢ = 50.9 Wm® kg™, B = 44.027,and T = T/10® K. Thus,
In€sq =Inc+2Inp+3InY —3InTs + In f34 — BT5 .

Differentiating with respect to In T,

3 (BT 75!
81n63a=_3_ (,3 8 )=—3—T8'B 8 :_3+£.
dln Tg dln Tg aTg T8

Next, assuming a power law of the form
"o
€30 =€ Ty,

and again differentiating with respect to In Ty gives

dlnesy
AnTs

Comparing results,

B
= -3+ — =141.027
o + T

8
when Ty = 1 and €” = ¢p?Y 3 faq.

10.12 The Q-values for the three reaction steps are
0= (Zm}H —may — me+> ¢ =0.933MeV > 0
0> = (m%H +miy —m%He> ¢? = 5519 MeV > 0
0 = (2myy, — mayy — 2myy) ¢ = 12.806 MeV > 0.

10.13  Using the approach suggested in Problem 10.12:
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(a) 13.94 MeV (exothermic)

(b) —0.108 MeV (endothermic)

(c) 8.11 MeV (exothermic)
1014 (@) 7iSi— JjAl+et 4+ v

(b) 2]Al+ !H — %Mg + $He

(©) 3ClI+H - 38Ar+y

10.15 Beginning with the ideal gas law (Eq. 10.77), solving for V' and substituting into Eq. (10.82) gives

nRT\Y
P =K.
P

Solving for P results in Eq. (10.83), with K’ = K/(nR)?/(=7)

10.16 We begin by using the equation of hydrostatic equilibrium (Eq. 10.6),

dP M, p

Z G ,

dr r?2
to find

1dP _ GM,

pdr  r2

We also note that the potential energy of a point mass m brought in from infinity to a distance r inside the

star is given by
" " GM,
Ug:—/ ngr:—/— Zrmdr.

00 00 r
This implies that,
dUy,  GM,m
dr ~—  r2
or
do, d(Ug/m) GM,
dr —  dr 27
Thus
1dP _ do,
pdr  dr’

Substitution into Eq. (10.108) immediately leads to Eq. (10.109).

10.17 Beginning with Eq. (10.110) and setting n = 0 we have

d dDyg
- 52_ — _52‘
dé§ dé§
Integrating we have
dDy &
- =24 —
dé§ 30 &
Applying the central boundary condition, d Dy/d& = 0 at &€ = 0, implies that C’ = 0. Integrating a second
time gives
_ ‘2:2 "
Dy = 3 + C".

Applying the normalizing condition Do (0) = 1 implies that C” = 1. Finally, if &; represents the surface of
the polytrope, then Do(£;) = 0. This immediately gives £&; = /6.
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10.18

10.19

10.20

10.21

The density is parameterized in the Lane—Emden equation as p(r) = p.[D,(r)]". Thus, for the case of n = 0,
p(r) = pc; the density is a constant throughout the star.

Using the derivative form for the total mass of the polytrope

dD,
d§ &1 ,

M = —47)} pcE}

and substituting the expression for
Ds(§) =[1+&/37"2  with§ — oo
gives
4

& dr 1
M = —)L3,0 1 — —)L3,0
3 " c (1 +§12/3)3/2 3 4 (1/512 4 1/3)3/2

&1—>00

4
= 33/2 (?)L,:;,Oc) .

&1—>00

Thus, the total mass is finite even though the surface boundary goes to infinity.

(a) See Fig. S10.1.
(b) The density concentration increases toward the center with increasing polytropic index.

(c) Then = 1.5 model represents adiabatic convection and the n = 3 model represents a radiative model.
The adiabatic convection model will have a shallower density gradient.

(d) The shallower density gradient for the adiabatic model is consistent with an adiabatic gradient that tends
to smooth out the structure. The steeper density gradient for the radiative model is consistent with
gradients required to drive radiative flux.

10 T T T T T T T T T
TN n=0 T
08 | =1 _
. 06 | \\\ \\\ .
U N
QU
04} n=>5 4
o2 L \\\\ \\\ ]
0.0 : ! . L R e
0 1 2 3 4 5

Figure S10.1: The density structures of n = 0, 1, and 5 polytropes.

For a 0.072 Mg star, the luminosity is

Loorz = 10743 Lo = 1.92x 1022 W.



64

10.22

10.23

10.24

Chapter 10 The Interiors of Stars

Assuming a pure hydrogen composition for simplicity, and if the entire star participates in the energy gener-
ation, the amount of energy released in the conversion of hydrogen to heliumin a 0.072 Mg star is

Eo.072 = (Am)c? = 0.007 (0.072 Mg) ¢ = 9.0 x 10*3 J.
Thus, the hydrogen-burning lifetime is

E0.072

f0.072 = ~5%x10% s = 1.5x 10" yr.

L0.072

Similarly, for an 85 Mg star with only the inner 10% of the star participating in nuclear reactions,

Lgs = 109915 =39 x10°2 W

Egs = (0.007)(0.1)(85 Mg)c? = 1.1 x 10%6 J
E

fgs = —> =3x 103 s =9x 10 yr.
Lss

From the Stefan—Boltzmann equation (Eq. 3.17), the radius of a star is given by

L 1/2
R = .
4noT?

Using the data from Problem 10.21, Rg.g72 = 5.9 x 10’ m = 0.082 Rp and Rgs = 9.1 x 10° m = 13.1 Rg.
Thus R0‘072/R85 = 0.0063.

The Eddington luminosity is given by Eq. (10.114).

(@ For M = 0.072 Mg, Lgg = 3.6 x 1031 W = 9.4 x 10* Lo, implying that L/Lgg = 5 x 10719,
Radiation pressure does not play a significant role in the stability of a low-mass star.

(b) For M = 120 Mg, we may consider electron scattering as an appropriate opacity (the surface is ionized
at that temperature). In this case k = 0.02(1 + X) = 0.034, and Lgg = 4.6 x 10° L. The actual
luminosity of the 120 Mg, star is about 1.8 x 10 L, and so the Eddington luminosity is only about 2.5
times greater than the actual luminosity. Clearly radiation pressure plays a significant role in this case.

(a) The Lane-Emden equation is a second-order differential equation. One very powerful tool in numerical
analysis is to write second-order equations as two first-order equations, one of which is the derivative of
the function that you are trying to solve. Beginning with Eq. (10.110) and taking the derivatives leads to

Letting
) =
gives
‘;—’;’ =D}~ 2 fn.

These last two coupled equations can now be integrated to produce D, (£). Using a simple Euler method,

Dy (iv1) = Dn(&i) + hfu(Ei)
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10.25

and

2

Jn(iv1) = fu(€) + 1 [—DZ(&) "5

fn(‘i:i):|

where / is the step size and &; 11 = &; + & are the values of £ for steps i + 1 and i, respectively.

Finally, p/p. = Dj gives the density of the polytrope.
A simple Fortran 95 code that implements these ideas is given:

PROGRAM

LaneEmden

IMPLICIT NONE

REAL (8) h, £f_i, f_ipl, D_i, D_ipl, n, xi
OPEN (UNIT = 10, FILE = "LaneEmden.txt")
WRITE (*,’(A)’,ADVANCE = 'NO’) "Enter the value of the polytropic index:

READ (*,*) n

xi =0 !Starting value of xi
h = 0.0001 Istep size
D_i =1 !'Boundary condition of function
f1i=20 'Boundary condition of first derivative
WRITE (10, (3F13.6)") xi, D_1i, f_i
DO
xi = h + xi
D_ipl = D_i + f_i*h
f_ipl = f.i + (-D_i**n - 2/xi*f_1i)*h
IF (D_ipl < 0 .OR. xi > 10) EXIT
D_i = D_ipl
f i =F_ipl
IThe density relative to the central density is rho/rho_c = D_i**n
WRITE (10,’ (3F13.6)") xi, D_i**n, f_i
END DO

END PROGRAM LaneEmden

(b) See Fig. S10.2.

Download the data set for Appendix L for this problem from www.aw-bc.com/astrophysics. The
model is contained in the file M1pO0ModelX0p7z0p008.dat. In order to use the data for the two adjacent
zones from Appendix L, we must calculate averages and differences; the results are given in Table S10.1. The
two zones that are used in this calculation are i = 397 and i = 398.

For Eq. (10.6):

For Eq. (10.7):

d_P
dr

M, o
-G ~
72

rel. error =

Pit1— P

Fig1 —Ti
—883x 10 Nm™3

—0.0527.

M,
—L ~5135%x10%! kgm™!
dr

=-930x 10°* Nm™3
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Figure S10.2: The density structures of # = 1.5 and n = 3 polytropes. The density structures of n = 0, 1, and 5
polytropes from Problem 10.20 are included for reference; see Fig. S10.1.

Table S10.1: StatStar data from the downloaded 1 Mg model for Problem 10.25.

shell r 1-M_r/Ms Mx Lr
397 2.728E+08 2.049E—01 1.581E+30 3.297E+26
398 2.654E+08 2.244E—01 1.543E+30 3.297E+26

ave 2.691E4-08 2.147E—01 1.562E4-30 3.297E+26
diff —0.074E4-08 0.195E—01 —0.038E+30 0.000E+-26

shell T P rho kap eps
397 4.941E+406 3.804E+14 5.748E+03 4.512E—-01 5.963E—07
398 5.140E+06 4.492E+14 6.524E+03 4.395E—-01 8.557E—-07

ave 5.040E4-06 4.148E+-14 6.136E+03 4.454E-01 7.260E—07
diff 0.199E4-06 0.688E+14 0.776E4+03 —0.117E—-01 2.594E—07

4r7?p ~ 5.584 x 10> kgm™!
rel. error = 0.0804.

For Eq. (10.36):

dL, _
— ~0W
dr m

4n7pe ~ 2.487x 10" Wm™!
rel. error = 1.000.

Note that in this case the output did not display enough significant figures in the luminosity to make a reason-
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able determination of AL,. Round-off errors (even internal errors before displaying results) can be critical
issues to deal with in numerical modeling.

For Eq. (10.68):

dT
dr
ERN

dac T3 4x7?

~ 2689 x 102 Km™!

~ _-2.558x 1072 Km™!

rel. error = 0.0512.

Table S10.2: Results for Problem 10.26. T;, P., p¢, and €, are all in ST units. The values are obtained from the last
zone above the central core.

10.26

10.27

Mass (Mp) T, P, Pc €c

0.75 1.182x 107  1.031 x 101®  6.146 x 10* 5.620 x 10~*
1.00 1.494 x 107  1.514x 10'® 7202 x 10* 2.451 x 1072

The (near) central conditions for the 0.75 Mg and 1.0 Mg models are given in Table S10.2. For the simple
Runge—Kutta shooting method that is used in StatStar, the extrapolated central conditions are very sen-
sitive to the surface boundary conditions. Using the values of the last zone above the central core are more
smoothly-varying and reliable for comparisons between models.

In order to support the extra mass of the 1.0 Mg model, the central pressure and temperature are increased
over the values for the 0.75 M model. Because the central pressure increases rapidly with stellar mass, the
central density is also greater for the 1 Mg star. Since the central nuclear energy generation rate is a function
of both the temperature and density in that region, € is greater for the 1 Mg star as well.

The input data for the zero-age main-sequence models are given in Table S10.3. Note that a region of conver-
gence exists in the effective temperature—luminosity plane. The models given here are only representative of
the possible solutions at each mass. It is also important to note that Statstar was written to be relatively
transparent to the student for pedagogical reasons. Consequently, special automated, iterative convergence
techniques have not been included in the code. Furthermore, since it is necessary to have fairly tight conver-
gence criteria at the center of the star in order to produce a physically reasonable main sequence, and since the
numerical procedure amounts to a shooting method from the surface to the center, the code is quite sensitive
to initial starting conditions. This may lead to some initial frustration for some students attempting to find a
converged model.

(a) See Figure S10.3. Note that the coarseness of the core is evident in L, and 7. This arises because
the core solution is simply extrapolated from the last good zone computed by the Runge—Kutta method.
A more sophisticated iterative procedure guaranteeing that the central boundary conditions are strictly
enforced is not used in the pedogogical StatStar code.

(b) Foral Mg star, L, reaches 99% of its surface value at a temperature of about 7.3 x 10® K. It reaches
50% at a temperature of about 1.2 x 107 K. The 50% level is roughly consistent with the “back-of-the-
envelope” calculation. Quantum mechanical tunneling is important in stellar nuclear reaction rates.

(¢) For a1l Mg star, when L, reaches 99% of its surface value, M, /M, ~ 0.537, and when it reaches
50%, M, /M, ~ 0.0768.
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Table S10.3: Input data for Problem 10.27. All models have X = 0.7 and Z = 0.008.

MMo) T.(K) Le) MMo) Te(® L (Lo
0.50 2287.7 0.0215 4.50 18906.2 516.0
0.60 2862.3 0.0570 475 19498.7 624.2
0.70 3465.5 0.1300 5.00 20069.0 745.7
0.75 3788.5 0.1890 525 20601.5 880.5
0.80 4109.3 0.2650 5.50 21072.5 1029.0
0.90 4755.5 0.4940 5.75 21585.8 1192.0
1.00 5402.0 0.8590 6.00 22089.0 1372.0
1.10 6117.0 1.4170 6.50 22982.7 1778.9
1.20 6802.3 2.2200 7.00 23810.0 2253.0
1.30 7458.6 3.2900 7.50 24613.0 2794.0
1.40 8062.9 4.6800 8.00 25366.5 3409.0
1.50 8644.6 6.4080 8.50 26052.5 4097.0
1.60 9146.0 8.5000 9.00 26722.0 4857.0
1.70 9596.3 11.0000 9.50 27330.0 5696.0
1.75 9852.6 12.5000 10.00 27933.0 6607.0
1.80 10074.2 14.1000 10.50 28523.0 7601.0
1.90 10546.0 17.8000 11.00 29109.5 8675.0
2.00 10952.6 22.0500 11.50 29648.0 9824.0
225 119509 35.8000 12.00 30149.0 11050.0
2.50 12903.1 55.1000 12.50 30627.0 12354.0
275 13811.0 80.7000 13.00 31096.0 13727.0
3.00 14671.0 113.5000 13.50 31532.1 15170.0
3.25 15479.5 155.2000 13.75 31768.3 15925.0
3.50 16236.5 205.8000 14.00 32009.5 16695.0
375 16957.0 266.5000 14.50 32449.7 18254.0
4.00 17639.0 338.1000 15.00 32873.3 19920.0
425 182894 420.6000

(d) See Figure S10.4 for parts (i)—(iii). Note that the onset of the strongly temperature-dependent CNO cycle
results in a very rapid rise in the core value of € (the graph displays log, , €. rather than ¢, directly) and
a decrease in the core value of the density.

Figure S10.5 shows the increase in the size of the central convection zone with increasing stellar mass.
Note that the size of the convection zone mirrors the increase in €, indicated in Figure S10.4. Fig-
ure S10.6 shows the results for parts (v) and (vi).

(e) See Figures S10.7 and S10.8. For the StatStar main sequence, @ ~ 5.3 for M < 1.5 Mg, o >~ 3.9
for 1.5Mp < M <4.5Mg, and ¢ ~ 3.0 for M > 4.5 Mg.

Note: You may wish to review the discussion at the beginning of the solution to Problem 10.27.

Main-sequence models for X = 0.7, Z = 0.01 are given in Table S10.4. Figure S10.9 also compares the
higher-Z main sequence with the one for Z = 0.008, calculated in Problem 10.27. Notice that the higher-Z
main sequence is shifted to cooler temperatures and lower luminosities. This is consistent with the discussion
of Example 9.5.4 regarding the fact that the low-Z subdwarfs are shifted to the left of the main sequence.

(@) The Z = 0.008 model has the largest central temperature and central density.
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Figure S10.3: The results of Problem 10.27(a) for a 1 Mg model with L = 0.859 Lg and 7, = 5402 K.
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Figure S10.4: The results of Problem 10.27(d), parts (i)—(iii), with X = 0.7 and Z = 0.008. Note that the values

plotted are actually the last zone above the central core. This was done because the core extrapolation procedure is
rather coarse.

(b) The Z = 0.010 model has the largest value for the opacity at the center, and throughout the star.
This is due primarily to the bound—free opacity equation (Eq. 9.22), which is proportional to Z (more
electronic transitions are available). A larger opacity results in a slightly inflated star, having a lower
density and temperature near the surface. As a consequence, the temperature gradient (Eq. 10.68) is
shallower there. Integrating inward, the lower density and temperature means that the energy generation
rate is diminished (e.g., Eq. 10.47), resulting in a lower luminosity for the star (Eq. 10.36).

(c) The Z = 0.008 model has the largest energy generation rate because of the larger values for the tem-
perature and density.

(d) The Z = 0.010 model has a lower effective temperature and a lower luminosity. This is because the
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Figure S10.5: The results of Problem 10.27(d), part (iv), with X = 0.7 and Z = 0.008.
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Figure S10.6: The results of Problem 10.27(d), parts (v)—(vi), with X = 0.7 and Z = 0.008.

opacity has inflated the model, decreasing € and consequently decreasing L.
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Figure S10.7: The results of Problem 10.27(e), part (i), with X = 0.7 and Z = 0.008.
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Figure S10.8: The results of Problem 10.27(e), part (ii), with X = 0.7 and Z = 0.008.
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Table S10.4: Input data for Problem 10.27. All models have X = 0.7 and Z = 0.01.

M Mp) T, (K) Lolo) MMe) T.(XK) L(Lo)

0.70  3274.00 0.1100 4.50 18409.20 489.3
0.75  3583.50 0.1610 475 18989.50 593.5
0.80  3901.80 0.2290 5.00 19556.80 710.0
090  4550.85 0.4365 5.25 20092.30 840.3
1.00  5196.30 0.7600 5.50 20610.30 985.0
1.10  5842.30 1.2500 575 2105870  1143.8
120  6486.30 1.9350 6.00 21546.10 1319.0
1.30  7119.90 2.8980 6.50 22444.00 1715.0
1.40  7717.70 4.1300 7.00 23267.50  2178.0
1.50  8219.00 5.6200 7.50 2406250  2711.0
1.60  8714.00 7.5000 8.00 24819.50  3317.0
1.70  9200.50 9.8000 8.50 25539.00  3996.0
1.75 942630  11.1200 9.00 26213.70  4741.0
1.80  9647.10  12.5600 9.50 26847.00 5570.0
1.90 10066.10  15.8300 10.00 27439.00  6475.0
2.00 10514.80  19.8000 10.50 28037.50  7460.0
225 11515.00  32.5800 11.00 28631.00  8525.0
2.50 1244550  50.2000 11.50 29141.00  9656.0
275 13313.20  73.9000 12.00 29640.50 10870.0
3.00 14146.50 104.7000 12.50 30149.50 12164.0
325 14947.10 143.9000 13.00 30663.50 13538.0
3.50 15718.50 192.0000 13.50 31104.00 14972.0
3775 16458.50 249.5000 14.00 31578.50 16493.0
4.00 17164.60 318.0000 14.50 32014.50 18036.0
4.25 17824.00 398.0000 15.00 32423.00 19699.0

Log L/Ly)

4.6 44 42 4.0 3.8 3.6 3.4
Log T, (K)

Figure S10.9: The results of Problem 10.28. Two main sequences are shown, X = 0.7 and Z = 0.01, and X = 0.7
and Z = 0.008.
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From Eq. (3.17), L = 47 R*c T},

T LAY Ro\/2 1 1/2
L el —2) =61 —=] =097
To \Lo R; 0.869

Using To = 5777 K, we find T; = 5621 K, as indicated in Figure 11.1.

(a) The rate at which the Sun is converting its mass into energy is

L
C—S =427x10°kgs™! =6.77x 107" Mg yr .

(b) In Example 11.2.1, the Sun’s mass loss rate due to the solar wind was found to be M@ ~ 3 x
1071% Mg yr~!, roughly one-half the value found in part (a).

(c) The Sun’s lifetime on the main sequence is about 10!° yr. Thus, the combined mass-loss rates of nuclear
fusion and the solar wind would imply a total mass loss of about 10~* Mg over that period, which is
not a significant fraction of the Sun’s total mass.

The ionization potential of the H™ ionis x; = 0.75eV = 1.2 x 107? J. Using Z;4; = Zy = 2,
Zi=Zuy-=1,P, =15Nm 2, and T = 5777 K, the Saha equation (Eq. 8.9) gives

3/2
]i;VH = Z;QZH (27”:;”) e /KT — 55107,
H— e/ H—

From the Boltzmann equation (Eq. 8.6), the number of hydrogen atoms in the n = 3 relative to the number
in the n = 1 state is given by

Ny = 83~ (E—ED/KT 5 5% 10719,
N &

where g3 = 2(3)2 = 18, g; = 2(1)> = 2, E3 = —13.6eV/3%2 = —1.511eV, E; = —13.6 eV, and
T = 5777 K. Assuming that the vast majority of all hydrogen atoms are in the ground state, the ratio of H™
ions to atoms in the n = 3 state is

NH— NH— N1 1 1
~ — | = ~ 79.
N3 Ny N3 5x 107 2.4 x10"10

The combined effects of turbulence and thermal motions results in Doppler broadening of the form (Eq. 9.63).
For Ha absorption in the Sun’s photosphere, A, = 656.280 nm, 7" = 5777 K, and m = mg.

(a) Assuming vy = 0, (AL)1/, = 0.0355879 nm.

(b) From observational data, vy, =~ 0.4 km s~ If this term is included in Eq. (9.63), (AL)i/2 =
0.0356177 nm.
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() vi,/(2kT/m)=0.00168 < I.

(d 8(AX)1/2/(AX)1/2 = 0.084%. Turbulence does not make a significant contribution in the solar photo-
sphere.

11.6 From the data given in the text on page 366 and in the statement of the problem, Eq. (9.62) gives
(AM1/2,., = 0.0123 nm
(AM)1/2,cm = 0.0061 nm
(AM)1/20vi = 0.010 nm
(AX)1/2mMgx = 0.011 nm

11.7 (a) The Planck function (Eq. 3.22) is given by

2he? /03

Bu(T) = ohc/MT _ 1°

Integrating over wavelength between two closely spaced wavelengths, A1 and A,, gives

Ao
/ BA(T)d)LZBA(T)A)L,
A

1

where AL = Ay — Ay. Taking AA to be 0.1 nm over each of two different wavelength regions centered
on A, and Ap, and taking the ratios of the intensities we find

BaAh ()7 T -1 Ay g (k)
By AL Ao ) ehc/hakT _ Aa

(This last expression arises because e”¢/*¥T s 1) Taking the natural logarithm of both sides gives

Ba )\b hC 1 1
n(22) =5m(22)+ = (———).
H(Bb) : n()»a) Tk ()\b )»a)

Using A, = 10 nm and A = 100 nm leads to the desired result.

(b) Substituting the appropriate wavelengths and using the Sun’s effective temperature gives In (B,/Bp) =
—213.

(¢) e? = 10* implies x = y/1In 10. Since y = —213, we find x = —92.6.

11.8 Assuming y = 5/3, Eq. (10.84) gives an adiabatic sound speed of 10 kms~!. From Example 10.4.2, an
“average” sound speed for the Sun is about 400 km s~'. From Example 11.2.2, the sound speed at the top of
the photosphere is about 7 km s™!. The sound speed clearly increases with depth.

11.9 Starting with Eq. (9.15), solving for ds, assuming that «; and p are constants over the interval of interest, and

integrating, ,
0] T
d:/ ds:—/ —dp, = -2~
0 0 Ky p Ky P

Taking 7 = 2/3, the depth observed at A is d; = 117 km and the depth observed at A, is d» = 101 km.
This means that it is possible to probe the atmosphere at a greater depth in A1, by an amount Ad = 16 km.



Solutions for An Introduction to Modern Astrophysics 75

11.10

11.11

11.12

11.13

11.14

11.15

11.16

(a) The pressure scale height is given by Eq. (10.70). From Example 11.2.2, P = 140N m 2 and p =
4.9 x 107 kg m™?. Furthermore, g = GMg/R% = 274 m s™2. Thus Hp = 104.0 km.

(b) Ifa ={/Hp = 2.2, then £ = 229 km. Since the observed Doppler velocity of solar granulation is
approximately vy, = 0.4 km s™!, the time required for a convective bubble to travel one mixing length
isaboutt = £/vyp = 570 s = 9.6 min. This compares well with observed granulation lifetimes of five
to ten minutes.

Beginning with Eq. (11.5), assuming that the gas is isothermal, and integrating over radius, we have

/"(” dn GMgm, / Ly
_— = —dr.
" n 2kT ),y r?

0
This immediately results in

l’l(i’) GM@WZP 1 1 GM@WZP ro
In = -—— :—7(1——>.
no 2kT roro 2kTrg r

Solving for n(r) gives Eq. (11.6).

From Eq. (11.10), P, = B?/2uo. Using B = 0.2 T gives Py, = 1.59 x 10* N m™2. Thus, Pp/Pg ~ 0.8

according to this rough estimate.

(@) FromEq. (11.9), u;, = B?/2u0 = 360 T m™3.

(b) Assuming that the magnetic energy density is constant throughout the volume in question, if E = 1023 J
are to be released, the required volume is V = E /u,, = 2.8 x 1022 m3.

(c) Taking V ~ £3, gives £ ~ 3 x 10* km. Given that large flares can reach lengths of £e = 100,000 km,
£~ 0.30gare.

(d) From Eq. (11.11), and assuming a density characteristic of the top of the solar photosphere (p >~ 4.9 x
107¢ kg m™?), the velocity of an Alfvén wave is

B -1
U = ~ 12kms™ .
v Hop

Thus it would take an Alfvén wave t = £/v,, ~ 2500 s = 0.7 hr to travel the length of the flare.

(e) Based on the “back-of-the-envelope” nature of the calculation, magnetic energy seems to be a reasonable
source of solar flares.

CMEs are responsible for roughly 4 x 10'° kg of mass loss per year. The solar wind mass loss rate is
approximately 3 x 10™'* Mg yr~!, which is equivalent to about 6 x 10'® kg yr~!. Thus, the mass loss from
CME:s is 7% of the total mass loss of the solar wind.

(a) The kinetic energy is approximately K = 8 x 1023 J, which is roughly 10% of the energy of a large
flare.

(b) The transit time is roughly r = 1 AU/400 kms™! = 4 x 10° s = 4 d.

(c) Given that astronomers are constantly monitoring the Sun, the appearance of a solar flare or CME
directed toward Earth gives a warning that charged particles from the Sun are headed toward us.

(a) FromEq. (5.22),if B=0.3T,

eB 9
Av = — =4.2x 10" Hz,
4

where >~ m,.
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(b) Beginning with Av = ¢, dA = — (¢/v?) dv. This can be rewritten in the form
dA A
& L,
A ¢

Using A = 630.25 nm and dv >~ Av = 4.2 x 10° Hz, we find AL /A = 8.8 x 1075,

11.17 The rotation frequency at the base of the tachocline is approximately f = £2/27 = 430 nHz. This corre-
sponds to a rotation period of P = 1/f =2.3 x 10®s = 27d.

11.18 From the thermodynamic work integral, W = f;jf P dV,wehave P = W /dV, which is an energy density.



12.1

12.2

12.3

12.4

12.5

CHAPTER 12

The Interstellar Medium and Star
Formation

(a) According to Eq. (12.1), my = My + 5log;od —5 4+ ay = —1.1 + Slog;, 700 — 5 = 8.1 mag.
(ay =0.)

(b) Usingayp = 1.1 mag, my = 9.2 mag.

(c) Ifextinctionis not considered, using my = 9.2 mag leads to a distance estimate of 1160 pc (see Eq. 3.5),
which is in error by about 65.7%.

The luminosity of the star is given by L, = 4w R20T}}. Letting d be the distance to the star, r¢ be the radius
of the spherical dust grain, and assuming that the grain is a perfectly absorbing black body, the rate at which

energy is absorbed by the grain is
dEabsorb =L, T[I’;
dt drd? |’

If the grain temperature is T, the rate at which the grain emits energy is

dEemit

_ 2 _m4
T _4nrgaTg.

In thermodynamic equilibrium the two rates must be equal. Equating and solving for the grain temperature

gives
R 1/2
Te ==~ T..
2d

For an FO main-sequence star, 7, = 7300 K and R, = 1.4 Rp. Atadistance of d = 100 AU, T, = 41.7 K.

The hydrogen atom’s ground-state spin flip produces a photon of frequency v = 1420 MHz. This implies
that the energy difference between the two energy levels is AE = hv = 9.41 x 10725 J = 5.88 ueV. If
thermal energy is sufficient, then kT ~ AE,or T ~ AE/k = 0.068 K. Yes, the temperatures of H I clouds
are sufficient to produce this low-energy state.

Note that there is an error in the coefficient of Eq. 12.7 in the first printing of the text; the equation should
read
Ny

=52x1072%3 .
tH TAv

Taking 1z = 0.5, T = 100 K, and Av = 10 kms™!, Eq. (12.7) gives Ng = 9.6 x 102* m~2. Since
Ny =ngd,d = 31.2 pc. (Note: Av is expressed in units of km s~ lin Eq. 12.7))

Typically nco ~ 10™*np,, giving nco ~ 10* m™3. Also, the mean molecular weight of the two molecules is
p = muymco/ (mu,mco). Using my, >~ 2uand meo == 28 u, p >~ 1.9 u.
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12.7

12.8

12.9

12.10
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For a total kinetic energy of E in the center-of-mass frame, v = /2 E/u. Taking the translational kinetic

energy tobe E = 3kT /2, we have
3kT
Vayg 2 4/ —— = 450m s L.
I

From Eq. (10.29), the number of collisions per second between two species with number densities 7 and n;
is

o0
Fix =/ nxn,-a(E)u(E)”%dE.
0

Assuming for simplicity that o(E) ~ m(2r)? is roughly constant over the appropriate energies (2 is the
distance between molecule centers for a grazing collision),

o0
nEe
Fix 2 4P nan; vie) — dE ~ 47 r*nn; vaye.
0 n ¢

=3 1

Using the number densities of the two species, together with 7;5 ~ 0.1 nm, 7 >~ 6 x 107> m™3 s

Because CO is much more common than !*CO or C'80, it is much more likely that the GMC will be optically
thick to CO, thereby making it much more difficult to see deeply into the cloud.

(a) The distances of the two masses from the center of mass can be written in terms of the reduced mass
and their separation from each other (r) as r; = (u/m1) r and r, = (u/my) r. Substituting into the
expression for the moment of inertia,

2 2
I =m M—z 12+ m, M—z r? = pur.
my m;

(b) 12 =6.856uand py3 = 7.172u, giving 1, = 1.639x 107* kg m? and I3 = 1.715x 107*® kg m?.

(©  Ewi = L+ 1)h2/21. Thus, E> = 3h2/1 and E5 = 6h2/1, giving AE1, = 3h2/112 = 2.034 x
10722 = 0.00127 eV. This corresponds to a wavelength of 115 = hc/AE}; = 0.976 mm. This is in
the deep infrared.

(d) AE{; = 1947 x 10722 ], giving A;3 = 1.02 mm. Thus, AL = A;3 —A;2 = 0.044 mm. Isotopes are
revealed by subtle wavelength shifts in molecular spectra.

(a) Oxygen is much less abundant than hydrogen, and therefore, any photons emitted by a downward tran-
sition of an oxygen atom are much more likely to escape the cloud, rather than being reabsorbed. The
photons then carry away cloud energy, resulting in cooling of the cloud. Oxygen atoms are also likely
to emit infrared photons, while hydrogen will likely emit visible and ultraviolet photons.

(b) Hot cores are quite optically thick (4 ~ 50 to 1000) and have high number densities. Itis very difficult
for photons to escape from the interiors of hot cores. Hot cores are also the site of mass star formation,
resulting in UV and X-ray photons, along with shocks that can heat the core.

As the density of a cloud increases, the likelihood of excitation collisions increases. As long as the cloud is
not too optically thick, the resulting deexcitations liberate photons from the cloud, resulting in cooling.

Using 7 = 10K, u = 1,and po = 3 x 107'7 kg m™>, Eq. (12.16) gives Ry = 4 x 10'' m = 3 AU for the
dense core of the GMC.
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12.11

12.12

12.13

12.14

Substitution of Eq. (12.18) into (Eq. 12.14) leads immediately to

5\3/2 3\ 1/2
My~|—= V3.
G 47'[,0()

Employing the ideal gas law, Py = pok T /ump along with Eq. (12.18) also leads to

2
po = Po/vr.
Substitution gives the desired result.

Hydrostatic equilibrium is only possible through a pressure gradient, dP/dr. In order for a constant density
cloud to remain static, magnetic fields must be present to trap ions. According to the ideal gas law, constant
mass density in an isothermal gas of constant composition (constant () requires a constant pressure.

(a) From the data given in Example 12.2.1 and the ideal gas law, P. ~ pokT/pumpg = 1.2x 10712 N m™2.
Using Ry = 4 x 10'" m (see the solution to Problem 12.10) gives |dP/dr| ~ P./R; = 3 x

1072 Nm™.
(b) For M, = 10Mgandr = Ry, GM,p/r* =2.5x 107'° N m™3. This implies that
0}
dpjdrl s
GM,p/r? '

The pressure gradient is not sufficient to keep the dense core in hydrostatic equilibrium.
(c) Noting that p oc r =3 gives

dP
’_ LWL —
dr r
Similarly
GM;p 73,
2
This r dependence yields
|dP/dr|
— .
GM,p/r?
Asr — 0,GM,p/r*> < |dP/dr|.
The gravitational acceleration at the surface of a cloud of mass My and radius Ry is g = GM;/ RZJ.

Assuming that g remains constant during the entire collapse, the time for the cloud to fall a distance Ry,

starting from rest, is given by
1 GM.
Ry = —gt* = 21 2.
2 2R5

Solving for the time and using

results in
1/2

1/2 12
L (2R3, ) _ 2R} _ ( 3 )
GMjy G(%]‘[R},Oo) 27‘[G,0()

which differs from Eq. (12.26) for the free-fall time by a factor of

32w _ g
3m/32
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12.15

12.16

12.17

12.18

Chapter 12 The Interstellar Medium and Star Formation

The sound speed is given by Eq. (10.84),
vs = VyP/p.

Assuming an ideal monatomic gas, y = 5/3. Furthermore, referring to Example 12.2.1 and the calculation in
Problem 12.13(a), po ~ 3x 1077 kg m™> and P, ~ 1.2x 107'2 N m~2. These values give vy ~ 260 ms~!.
From Problem 12.10, Ry ~ Ry = 4 x 10'" m, so that t, = 2Ry /vy = 3 x 10° s = 100 yr. The adiabatic
sound speed transit time should be less than the free-fall time, otherwise the free-fall will become supersonic
and shocks will develop.

Beginning with the expression just prior to Eq. (12.28),

5/2 4 9/2 4
MJ _—G3/2RJ eoT”,

and writing Ry = (3M /4mpe)'/? gives

4 (3Ms\?
5/2 _ J 4
MJ =G (471,00) eoT”.

Solving for pg in Eq. (12.14) and substituting leads to

My —
muy

1 1 (SkN\7*1Y2 T
:(4n)1/2G3/2( ) o 1Ol4el/2’

Substituting the values of the constants gives Eq. (12.28).

Suppose that the cloud is spherically symmetric with constant density, then from Eq. (10.22),

[Ug| 3GM?*/SR 9 GM?
V. 4wR3/3  20m R*

Ug =

Using M; = 10 Mg (Example 12.2.1) and R; = 4 x 10'! m (solution to Problem 12.10) gives u, =
1.5x 10° I m™>. From Eq. (11.9), u;, = B%/2u0 = 4 x 10713 I m™>. In this case uy,/ug ~ 3 x 107'% and
magnetic effects are not significant. However, magnetic fields can be important in other situations.

(a) Adding a centripetal acceleration term to Eq. (12.19) gives

d*r . dv, GM,
dr2 — " dr r2

+ w?r.

From conservation of angular momentum (assuming rigid-body rotation), lowy = Iw, where I is the
moment of inertia of the cloud. Since I o r? (the proportionality factor being a function of the mass
distribution), = rgwo/r?. (Note that since the geometry will change from nearly spherical to having
a planar component, the proportionality factor also changes, but only slightly; this effect is neglected in
this calculation.) Substituting the expression for w,

dv, GM, ro*
vy = —
dr r2 r3

Integrating from vy at ro to vy at ry gives

1 L1y 1,1 1
3 (Urz,f - vr2,0> = GM, (; - E) - 5“’3’0 (_2 - r_) '
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12.19

(b)
(©)
(d)

(e

Initially v, 0 = 0, and when the collapse is halted v, s = 0. Thus the left-hand side is zero. Furthermore,
since we are assuming that the initial cloud is much larger than the final configuration, ro > ry, implying
1/rp = 1/ro >~ 1/ro and l/rj% —1/rg ~ l/rj?. Substituting, and solving for ry gives

wiry
rf = —=-
2GM,
wo = \2GM,ry/r2 =2.7x 1071 rad s~".
Vg0 = worg = 4.10 m s~
From conservation of angular momentum, lowo = Ifws. Using o = 2Mr? and Iy = $Mr?,

2
wf = % (m> wo = 2.3x107'%rad s™". This gives vg s = wyry = 3.4kms™'. (Note that this differs

r
from the approximation made in part (a) by a factor of 0.8.)
Py = 2mrr/vg s = 2.8 x 101 s = 880 yr, while from Kepler’s third law, P? = 472r3/GM,
P =3.2x10'%s = 1000 yr. Rigid-body rotation is inconsistent with Keplerian motion.

From Example 11.2.1, M = 4772 pv. Solving for the density, p = M /4wr?v = 2.8 x 10~'7 kg m~>. This
is similar to the density of the dense core of the giant molecular cloud, and exceeds the density of a typical
diffuse hydrogen cloud.



CHAPTER 13

Main Sequence and Post-Main-Sequence

13.1

13.2

13.3

Stellar Evolution

(a) See Table S13.1

Table S13.1: The elapsed time between points in Fig. 13.1 for a 5 Mg star.

Between Elapsed Percentage of
Points  Time (Myr) Main-Sequence Time
2-3 1.5234 1.64
3-4 0.1144 0.12
4-5 0.3483 0.37
5-6 0.2890 0.31
6-7 4.1727 4.49
7-8 1.5045 1.62
8-9 6.3200 6.80
9-10 1.246 1.34

(b) The Hertzsprung gap occurs between points 3 and 5. The total elapsed time is 0.4627 Myr, which is
only 0.49% of the time spent on the main sequence between points 1 and 2.

(¢) The blueward portion of the horizontal branch occurs between points 7 and 8, which amounts to 1.62%
of the main-sequence lifetime.

(d) The redward portion of the horizontal branch occurs between points 8 and 9, amounting to 6.8% of the
main-sequence lifetime.

The Kelvin—Helmholtz timescale is given by kg = AFE,/L, where L is the luminosity of the star and
AE, =3GM?/10R (Eq. 10.23). From Fig. 13.1, for a 5 Mg star on the subgiant branch, L ~ 10> Lg and
T, ~ 103 K, implying a radius of 17 Rg. This gives Eg ~ 1.7 x 104! J. Finally, txyg ~ 4.4 x 10! s =
14,000 yr.

From Table S13.1, the time spent between points 4 and 5 in Fig. 13.1 is roughly 350,000 yr. This is about 25
times longer than the “back-of-the-envelope” Kelvin—Helmbholtz timescale.

(a) Beginning with Eq. (13.7), differentiate with respect to the mass of the isothermal core, M;., and set the
result to zero. This gives

0P 3 (kT,-c 2GM,-C)_0
oM; _47'[Rl-3c MicMH 5 Ric -

Solving for R;. leads immediately to Eq. (13.8).
(b) Substituting the expression for R;. (Eq. 13.8) into Eq. (13.7) and simplifying gives Eq. (13.9).
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13.4  The ratio of X7,/ X1, shouldincrease. This is because the X|, composition “bump” will be mixed in together
with a lower concentration of X7,.

13.5 The “back-of-the-envelope” estimate of the temperature required for nuclear burning (Eq. 10.27) is given by

4 umZiZ3e*
Tquanlum = gT

For the first step of the triple alpha process, two helium nuclei must interact. Setting (4, = muemue/(Mue +
Mye) = mue/2 ~2uand Zy = Z, = 2, gives Tguanum = 6 X 10° K.

13.6 (a) Anincrease in luminosity, L, leads to increased radiation pressure, enhancing mass loss. A decrease in
the surface gravity, g, means that the surface material is less tightly bound, also enhancing mass loss.
As the radius, R, of the star increases for given values of L and g, the surface flux decreases, decreasing
the effect of radiation pressure.

(b) For L = 7000 Lo and 7" = 3000 K, the Stefan-Boltzmann equation (Eq. 3.17) gives R = 310 Rp.
This implies that g/ge = 1.04 x 107>, Assuming thatn = 1, M = —8.7 x 1077 Mg yr~'.

13.7 (a) Since in solar units g/go = M/ R?, direct substitution leads immediately to the desired result.

(b) Multiplying the result of part (a) through by M gives

M LR
am _ iR
d g

where ¢ = 4 x 10'3. Integrating from Mg at t = 0 to M at ¢ gives
1/2
M = (M§ = 2enLRr) .

(c) See Fig. S13.1.
(d) Choosing My = 1 Mg and M = 0.6 Mg, gives t = 369,000 yr.

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0‘0 L L L L L
0 1 2 3 4 5 6

Time (107 yr)

Mass (M)

Figure S13.1: Mass as a function of time, assuming a Reimers mass loss rate, for constant L = 7000 Ly, R = 310Rg,
and n = 1. See Problem 13.7.

13.8 (a) Using 16’ = 0.0047 rad gives d = (213 pc)(0.0047 rad) = 0.99 pc.
(b) The age of the nebula is approximately ¢ >~ d/2v = 24,000 yr.
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13.9

13.10

13.11

13.12

13.13

Chapter 13 Main Sequence and Post-Main-Sequence Stellar Evolution

Color-magnitude diagrams of young galactic clusters, such as h and y Persei (Fig. 13.18), reveal an incom-
plete main sequence. The stars on the lower end of the main sequence are missing while cool stars of greater
luminosity are lying above the main sequence instead. The presence of these stars is not explained by the
old theory. Furthermore, color-magnitude diagrams of old globular clusters, such as M3 (Fig. 13.17) show
that the upper main sequence is missing, replaced by the distinct presence of a red giant branch connecting
the lower portion of the main sequence to the red giant stars. A horizontal branch is also present that does
not lead to upper-main-sequence stars. These observations for old clusters would suggest that red giant stars
cannot be producing upper-main-sequence stars.

(a) The contraction time to the main sequence for a 0.8 Mg star is about 68 Myr while the main-sequence
lifetime of a 15 Mg star (between points 1 and 2 on Fig. 13.1) is about 11 Myr. It takes significantly
longer for the 0.8 Mg star to reach the main sequence than it does for the 15 Mg star to evolve off the
main sequence. This is consistent with the presence of red giants and massive stars leaving the main
sequence before low-mass stars have arrived onto the main sequence in Fig. 13.18.

(b) According to Table 13.1, 68 Myr would be the main sequence lifetime of roughly a 6 M star.

(a) From Table 13.1, the main-sequence lifetime of a 0.8 Mg star is about 18.8 Gyr, which is much longer
than the present age of the universe. This implies that 0.8 Mg stars haven’t had time to evolve off the
main sequence yet. The Sun’s main-sequence lifetime is about 10 Gyr, which is less than the age of the
universe. For stars much below 1 Mg, the universe isn’t old enough yet for those stars to have evolved
off the main sequence, and so there is no observational data to compare with theoretical models.

(b) No, simply because there hasn’t been enough time elapsed for those stars to leave the main sequence,
even if the globular cluster formed very near the beginning of the universe.

(a) From Eq. (3.8),

Mp — Mpo = —2.5log)o (LB/LB,0)

My — My,o = =2.5logo (Ly/Ly,0).
Subtracting and using the identity Mp — My = B — V', we find that
B —V =25logg(Ly/Lp)—2.51l0go(Lv,o/LB.0) + (Bo— Vo).

(b) When placed on the same color-magnitude diagram, the red giant branch of M 15 is shifted noticably to
the left (blueward) relative to 47 Tuc.

(c) Since M15 is less metal-rich than 47 Tuc, fewer electrons are available in the atmospheres of its stars
relative to the stars in 47 Tuc. This means that more atoms are in higher states of ionization because
fewer electrons are available for recombination (recall the Saha equation). As a consequence, the opacity
is reduced in the atmospheres of M15 stars relative to 47 Tuc stars, and we can see down into deeper,
hotter layers of stars in M15 relative to stars in 47 Tuc.

From Fig. 13.17, the turn-off point occurs at about B — V' = 0.4, corresponding to a value of V' = 19.2.
According to the composite main sequence of Fig. 13.19, B —V = 0.4 corresponds to My = 3.6. Assuming
no interstellar extinction between Earth and M3 (a) = 0), Eq. (12.1),

V =My + Slogod — 5+ ay,

implies d = 13 kpc. (Note: The actual distance is estimated to be 9.7 kpc.)
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14.2

14.3

14.4

14.5

CHAPTER 14

Stellar Pulsation

From Fig. 14.1, Mira’s visual apparent magnitude varies between V = 2 (although this varies significantly)
and V =~ 9.5. From Eq. (3.3), the ratio of the radiant flux (which is also the luminosity ratio) received from
Mira is
Foright_ 1 500.5-2/5 — 1000,
dim

Although Mira’s light curve is not sinusoidal, we will approximate it as
V =5.7543.75cos0,

where 0 < 6 < 27 for one pulsation cycle. Mira will be visible to the naked eye roughly when V' < 6, or
when cos 8 < 0.07. This occurs for 86° < 6 < 274°, which is 188°/360° & 50% of Mira’s pulsation cycle.

For an uncertainty of AM = 0.5, the uncertainty in the calculated distance obtained from Eq. (3.5) is about

Ad 10(m—M+AM+5)/5 _ 10(m—M+5)/5
— = = 0.26.

d 10m—M+5)/5

Referring to Fig. 14.22, the two M 100 Cepheids nearest the best fit line have periods and apparent visual
magnitudes of log,q P1 ~ 1.36, Vi ~ 26.3, and log;, P> ~ 1.62, V, =~ 25.5. According to the period—
luminosity relation (Eq. 14.2), the absolute visual magnitudes of these stars are My,; = —5.24 and My, =
—5.97. The distances to these Cepheids obtained neglecting extinction from Eq. (3.5) are d; = 20.3 Mpc and
dy = 19.7 Mpc. Including extinction, as in Eq. (12.1), we find d; = 19.0 Mpc and d, = 18.4 Mpc. One of
these distances lies within the range of 17.1 = 1.8 Mpc, and the other lies just outside the range.

W Virginis stars are about four times less luminous than classical Cepheids, so Eq. (3.7) shows that

L ir
Mw vir — Mcepn = —2.510g (LW—V) = 1.51.
Ceph

From Eq. (14.2) then gives a period—luminosity relation for the W Virginis stars,
My = —2.81log;, Pq + 0.08.
This is plotted in Fig. S14.1.

Assuming that the oscillations of § Cephei are sinusoidal, its radius varies about an equilibrium value Ry as
. (2wt
R(t) = Ry + Asin (7) .

The surface velocity is

o) = dR(1) _ 2mA (an).

dt o “\nm

For a period of IT = 598"48™ = 4.64 x 10° s and a surface velocity amplitude of 19 km s~!

, we find

vmax

2m

A= =1.40x10°m ~ 2.0 Re.
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Figure S14.1: Results for Problem 14.4.

14.6  From Eq. (14.6) withy = 5/3 and p, = 1410 kg m™3, IT ~ 5.48 x 103 s, or 91.4 minutes.
14.7 Setting P = Py + 6P and R = Ry + 6R, we have

(Po +6P)(Ry + 8R)™ = PoRy

SP\ 5 SR\ 3
P14+ = |RY(1+— = PyRY
0(+P0) °(+R0) ((FA%Y

1208y (143, R ) o
Py " Re =

5P SR
Py Ry’
to first order in the deltas.

148 (a) SettingL = Lo+ 6L, R = Ro+ 38R, and T = Ty + §T in the Stefan—Boltzmann equation (Eq. 3.17),
we have

Lo+ 8L = 4m(Ro + 8R)*0(Ty + 8T)*

SL SR\? S§T\*
Loll+—)=47R2 (1 + — TH1+ =) .
0(+L0) n0(+R0)00(+T0)

Cancelling the Lo = 47 R}0 T, we have

1+ o (142%R LI
Lo) Ry To

to first order in the deltas.
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14.9

14.10

14.11

(b) The adiabatic relation TVY~! = constant can be expressed as TR3¥—D = constant. Setting T =
To + 6T and R = Ry + SR, this becomes

(To + 8T)(Ro + SR>~V = T,RIY ™Y

§T _ SRV _
Ty (1 + T) RV (1 + —) = ToRy¥ ™"

0 Ry
§T SR
1+ ) EINLEL I
(+T0)[+3(V )RojL }
§T SR

to first order in the deltas. Substituting this into the result from part (a) gives

SL _6R SR SR
=2k [—3(;/—1)R—0} =2(=67 +7) R~

Using y = 5/3 for an ideal monatomic gas, we find

L R
L _ 8

Lo Ry
Expanding a general potential energy function, U(r), in a Taylor series about the origin results in

n 1d*U
r —
0 2 dr?

dU

U(r) = U(0) + - 2

r _'_’
0

where the higher-order terms may be neglected for small displacements from the origin. Because the origin
is a stable equilibrium point, dU /dr = 0 at the origin and d>U/dr? > 0 there. The force on the particle is
therefore
dUu(r) . d*u
F=- r~—

dr dr?

" d*U
rt=——
0 dr

3

0

which is in the form of Hooke’s law for a spring. The particle will therefore undergo simple harmonic motion
for small displacements from the origin.

See Fig. S14.2.
The condition for convection to occur is that 4 > 0, where A is given by Eq. (14.17). That is,

1d 1 dP
S, B (S14.1)
pdr yP dr
Differentiating the ideal gas law, Eq. (10.11), with respect to r (assuming u = constant) and solving for
dp/dr gives

ldp 1dP 1dT

odr  Pdr T dr’
Using this to replace the left-hand side of Eq. (S14.1) gives

1dP 1dT 1 dpP

Pdr T dr _ yPdr
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1.0

F,/F,

0.0

Wavelength

Figure S14.2: Results for Problem 14.10. Shown are the line profiles for points of view 1-4 of Fig. 14.23; the line
profiles for points of view 5-8 are the same as those for 1-4. Note that the line profiles for points of view 1 and 5 are
not Doppler shifted.

or
I\ TdP dT
l——) =—>—.
y) P dr dr
The quantity on the left-hand side is the adiabatic temperature gradient (Eq. 10.88), while the right-hand side
is the star’s actual temperature gradient. Thus we have the condition for convection to occur,

dT
dr

dT
> —_—
ad dr

act

Recognizing that both temperature gradients are negative, we recover Eq. (10.94).
14.12  Using the data in Table 14.2, we have the average pressure P = 9.1409 x 10> N m~2 and

ar _ AP 0.0605N m~3
— >~ — = —0. m—°.
dr Ar

The average density is p = 2.2108 x 10™* kg m~> and

dp _ Ap —-10 —4
L2l = 763%x107 0 kgm4.
I Ar 7.63 x 10 gm
So fory = 5/3,
1d 1 dP
A== Y _501%x107m .
pdr yPdr

Note that A > 0, as expected in a convection zone. Using a surface gravity of g = GMg/R% = 274 m s~ 2,

the time scale for convection is #, ~ 237 s, nearly four minutes. This falls within the observed range of
3-8 minutes for the Sun’s p-modes.

14.13 (a) Referring to Eq. (14.20),
dv.  GMm 4 ARRP
"a T TR S
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this is just Newton’s second law. The left-hand side is of course ma. The first term on the right is
the inward force of gravity on the shell of mass m2, while the second term on the right is the outward
pressure force acting on the shell of surface area 47 R2.

(b) Substituting V; = 47 R} /3, and similarly for Vy, into P; V) = Pfoy gives, after cancelling the
constants,P,-R?y = PfR}y.

(c) Making the substitutions given in the problem, Eq. (14.20) becomes

—v; GM
mY U T 4R P,
t R}
or
L (4RiPGM
Vv = V; —t |,
S ! m R}
which is Eq. (14.24). Similarly, for v = dR/dt, we have
Ry —R;
vf = -
or
Ry = R; + vyt

which is Eq. (14.25)

(d) See Figs. S14.3-S14.5. Note that the graphs are not perfectly sinusoidal, especially P vs. t. This is a
nonlinear calculation.

1.6 | 1

R (1019m)

14 r b

1.3 L L L L L L L L
0 2 4 6 8 10 12 14 16 18

t (days)

Figure S14.3: R vs. ¢ for Problem 14.13.

(e) From the results of the calculations and the graphs, the period of the oscillation is [T = 5.25d =
4.53 x 103 s, and the equilibrium radius is Ry = 1.52 x 10'° m. Equation (14.14) for the period of the
linearized one-zone model (using po = 0.680 kg m™3) gives IT;, = 4.56 x 10° s = 5.28 d, in good
agreement with the nonlinear period. The parameters used in this problem were chosen to produce a
result close to § Cephei’s measured period of IT,ps = 598"48™ = 5.37 d.
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Figure S14.4: v vs. ¢ for Problem 14.13.
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Figure S14.5: P vs. ¢ for Problem 14.13.
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CHAPTER 15
The Fate of Massive Stars

Using a mass estimate for n Carinae of roughly 120 Mg, the Eddington luminosity (Eq. 10.6) is Lgq =~
4.6 x 10% Lp. This closely corresponds to star’s present quiescent of 5 x 10® Mg; n Carinae is at the
Eddington limit.

(a) The distance to n Car is estimated to be 2300 pc. Assuming that Ay = 1.7, Eq. (12.1) implies that
My ~ My, ~ —13.5. From Eq. (3.8), and using Msy, = 4.74, L =2 x 107 L.

(b) If the luminosity found in part (a) were maintained over 20 yr, the total energy output would have been
4.8 x 1042 7.

() K=12x10*1].
The linear extent of one of the lobes is £ = (8.5”)(2300 pc) = 0.095 pc = 20,000 AU = 3 x 10'5 m.
Assuming a constant expansion rate of v = 650 kms™!, 7 = £/v = 4.5 x 10° s = 140 yr. If the velocity

has been accelerating somewhat over time due to radiation pressure (as in the Crab supernova remnant), this
value would be a slight underestimate.

(a) From Eq. (15.9),

dTN = —At.
Integrating and solving for N gives Eq. (15.10).
(b) Since N = No/2 whent = 115,
l — e—)vfl/z.

2
Solving for A gives the desired result.

Using Eq. (10.23), and letting / = 0.01 be the fraction of the total energy that goes into neutrinos that eject
the remaining mass, the kinetic energy deposited into the ejecta becomes

3 11
AE,,:EfGMé (———),

rf ri

where r; is the radius of the core at the start of the collapse and ry is the core’s final radius.

The amount of energy needed to eject 9 M of material out of the potential well created by the remaining
1 M@ is
2
IGM g
(ro)

where (rg) is an average radius of the 9 Mg before the core collapses.

Epeeq =

Equating the two expressions leads to
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15.6

15.7
15.8

15.9

Chapter 15 The Fate of Massive Stars

Assuming that the initial radius of the core is approximately the radius of Earth (Rg) and that (r¢9) ~ 100 Rg
(roughly the radius of a 10 Mg supergiant; see Appendix G), we find ry = 5000 km = 0.8 Rg. On the
other hand, if we assume that all of the 9 M is located in a thin shell just above the collapsing core, then
(ro) ~ Rg, and ry = 2 km. Using an intermediate and crude “guestimate” of (r¢) = 1 R for a centrally-
condensed supergiant, we have ry = 220 km.

There appears to be plenty of energy available in the graviational collapse of the core to eject the 9 Mg of
overlying material (recall that the final core radius quoted in the text is roughly 50 km).

(a) Using?2' =5.82x10"*radand 4’ = 1.16 x 1073 rad, d, = (2000 pc)(5.82 x 10~* rad) = 1.2 pc and
d4 = (2000 pc)(1.16 x 1073 rad) = 2.3 pc.

(b) The time required for the Crab supernova remnant to travel its longer dimension at an expansion speed
of 1450 km s™! (if assumed to be constant) is roughly  ~ d4/2v = 780 yr. This is a shorter time than
the known age of about 940 yr, and indicates that the expansion is accelerating.

Using Myo1 = —17, Eq. (3.6) gives m = M + 5log,,(d/10 pc) = —5.5, which is brighter than Venus.

Using a central core density of pg ~ 103 kg m™ for a 15 Mg, star, the time for the homologous collapse of
the inner core is roughly given by
3r 1 \'/?
trr = ( i ) =0.021's.

32 Gpo
(a) Letting € be the amount of energy released by the decay of one nucleus, the total luminosity produced

by the supernova remnant is

dN
L=c¢ - = —€eAN = —eANge M.

Using the identity, log,, L = (log;oe)(In L),

dlog,g L _ logjge dL
dt L dt’

Substituting L and dL/dt = eA*Noe ™ gives

dl L
T80~ — _ (log,ge) h = —0.434A.
dt
(b) Beginning with Eq. (3.8),
L
M) = Msyn — 2.51l0g (_) ;
Lo
and solving for log,, L gives

Mbol - M

Sun
logyy L = 55 = +logo Lo

Differentiating with respect to time,

dloglO L _ 1 de()]
dt 2.5 dt
Substituting into the result of part (a) (Eq. 15.11) and rewriting gives Eq. (15.12),
deol

= 1.086A.
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15.10

15.11

15.12

15.13

15.14

15.15

15.16

15.17

For a half-life of 71/, = 77.7 d, the decay constantis A = In2/7;;, = 0.0089 d=!'. Using Eq. (15.12),
dM/dt = 0.0097 mag d~".

The number of 3$Co atoms in 0.075 Mg of cobalt-56 is roughly

_0.075Mg

= = 1.6 x 103,
0 56u
The half-life of ggCo isTy/, =777d=16.71 x 108 s. This corresponds to a decay constant of

In2
A= —1.03x1077 57!
T1/2

The number of decays per second for N nuclei is just AN. Taking the energy released per decay to be
€ =3.72MeV = 5.96 x 10713 J, the luminosity of the supernova remnant is L = eAN.

(a) Just after the formation of the cobalt, the initial decay luminosity is Lo = €ANy = 9.8 X 1034 W =
2.6 x 108 Lg.

(b) Afteratimet, N = Noe ™, implying L = Loe . This gives L = 3.79 x 10> W = 9.9 x 10° L.

(c) These results are in excellent agreement with Fig. 15.12.

The neutrino energy flux at Earth was
E/A=(42MeV)(13x 10" m™2) =87 m 2

Assuming an isotropic emission of neutrinos from SN 1987A, and given the distance of d = 50 kpc to the
LMC, the total energy output was roughly E = (4nd?)(E/A) = 2.6 x 10*° J.

From Eq. (10.22), Uy, = —3GM?/5R = 3 x 10*® J. This is approximately one order of magnitude greater
than the neutrino energy estimate of the previous problem.

A gamma-ray burst is observed roughly once per day. If there are 100,000 neutron stars in our Galaxy, and if
we were to assume that they are responsible for the bursts, each neutron star would need to undergo an event
approximately once every 100,000/365 = 274 yr.

The rest-mass energy of the electron and positron are converted into two gamma-ray photons, or E, =
2 _
mec = 511 keV.

If the number densities of sources with energies E£; and E, are n; and n,, respectively, then the number of
sources with a fluence equal to or greater than S is

4 4
N(S) = gnnlrf(S) + gnnzrg(S).

but r1(s) = (E/47S)*/?, and similarly for r,. As a result,
4z Ei\*? E;\*?
N(S) = — — —— §73/2,
)= ["1(4;1) +n2(4n)
(a) 48]

(b) Assuming that the energy is entirely kinetic energy, v = 25.9 ms~!.

(c) The speed in part (b) corresponds to 58 mph, more than half the speed of a top major-league fastball!
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15.18 Assuming a typical magnetic field strength of 107!° T throughout the Galaxy, r = 3 x 102 m = 10 kpc.
The value obtained by this order-of-magnitude estimate is characteristic of the size of the Milky Way. Lower-
energy cosmic rays are likely bound to the Galaxy.

15.19 From the power law expression, log F' = log C — o log E, implying that for values of F; and F5, correspond-

ing to £ and E, respectively,
log(F2/ Fy)

T log(E2/Er)
The flux at £; = 10'! eV is approximately F; = 107! m~2 sr~! s~! GeV ™! and the flux at £, = 10'¢ eV
is about F, = 5 x 10~!4 with the appropriate units. This yeilds @ = 2.5.
At the “ankle”, E; = 5 x 10'8 eV with F3 = 5 x 10724 in the appropriate units. In the region between the
“knee” and the “ankle”, « = 3.7.

15.20 The Lorentz factor for a 102° eV proton is given by
E

. =1x10'",
mpc

)/:



CHAPTER 16

The Degenerate Remnants of Stars

16.1 (a)

(b)

(©)

(d)

(e

From Eq. (7.2), the ratio of the masses of 40 Eri B and C is

m a
—C =22 037
mp ac

To find a, the semimajor axis of the orbit, the distance to 40 Eri B and C must first be found from
Eq. (3.1),
1 1

P’ 0.201"

=498 pc = 1.535%x 10" m.

The angular extent of the semimajor axis is @ = 6.89” = 3.34 x 107> rad, and so the semimajor
axis is @ = ad = 5.127 x 102 m. Using Kepler’s third law, Eq. (2.37), with an orbital period of
P = 247.9 yr = 7.823 x 10? s then gives the sum of the masses of 40 Eri B and C,

2

gp2“

mp + mc = 3 =1.303 x10°% kg = 0.655 M.

Solving for the individual masses, mp = 0.478 Mg and m¢c = 0.177 Mg.
Using Eq. (3.7),

Lg = 100Msn=Mp)/S T - — 1004 76=20)/5 .0 = 0.0116 L.
From the Stefan—Boltzmann equation, Eq. (3.17),

| [Lg ]
Rp = —| =2 —874x105m.
T3V 4no

This is slightly larger than the size of Earth

Rp = 0.0126 Rg = 1.37 Rg, = 1.59 Rejrius 5.

The average density of 40 Eri B is p = 3.37 x 10% kg m™3. This is less than the average density of
Sirius B (& 3 x 10° kg m™3). Sirius B has a larger mass (1.05 M), and so its electrons must be more
closely confined (greater n.) to produce the greater electron degeneracy pressure required to support the
star.

For 40 Eri B,

mass x volume = 2.69 x 10°! kg m?,

and for Sirius B,
mass x volume = 1.45 x 10°! kg m?.

The lower value for Sirius B is an indication that it is smaller than might be anticipated from the mass-
volume relation. It is sufficiently dense that its electrons are moving at relativistic speeds, providing less
support than expected from the nonrelativistic expression for the electron degeneracy pressure.
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16.2

16.3

16.4

16.5

16.6

Chapter 16 The Degenerate Remnants of Stars

As the temperature of a DB white dwarf drops below 12,000 K, there would be insufficient excitation of its
He I atoms. No absorption lines would be formed without one of the electrons in the # = 2 orbital. Because
DB white dwarfs do not have any hydrogen lines either, the cooling would presumably transform it from a
DB into a DC white dwarf, with a spectrum devoid of lines.

If the entire luminosity of Sirius B were produced by hydrogen burning, then the nuclear energy generation

rate would be about
Lp  0.03Lo

EBR — = ————
Mg~ 1.053Mg

=55x10""Wkg™.

The density and interior temperature of Sirius B are taken to be pp = 3 x 10° kgm™3 and T = 107 K (the
latter value suitable for an estimate of an upper limit for X). We can estimate the value of X for the pp chain
from Eq. (10.47) with ¢,, = €p, Y, = 1 and f,p, = 1. Then

1/2
X = (%) ~4x 107,
fo,pppl/fppﬂwTs

For the CNO cycle, Eq. (10.59) with ecno = €p and Xceno = 1 gives

X = €cno ~3x1075.

/ 19.9
€o,cnoPXeno T

The smaller of these values may be taken as a rough upper limit for X.

Using the average density of 3.0 x 10° kg m™3, a central temperature of 3 x 107 K, and a mean molecular
weight of u = 12/7 = 1.71 for a composition of pure carbon-12 (see Eq. 10.16), the ideal gas pressure at
the center of Sirius B is (Eq. 10.11)

kT
Pe =250 —435%10®° Nm2,
mwmm

The radiation pressure at the center is (Eq. 10.19)
1 4 14 -2
Prg = gaT =2.04x10"" Nm—~.

These are both much smaller than the estimated central pressure of 3.8 x 1022 N m~2 obtained from Eq. (16.1),
so both the gas and radiation pressure are too feeble to support Sirius B.

Using Eq. (16.4) for the electron number density, the pressure of an ideal gas of electrons, Eq. (10.10), is

P =nkT = [(Z) L} kT.
A) myg

If we set this equal to the pressure of a degenerate electron gas, then Eq. (16.12) gives

T R [3x2 (z\1*°
p?* " Smek [ﬂ (Z)} '

This differs from Eq. (16.6) by a factor of 3/5.

Equation (16.7) for the pressure integral is

1
P~ gnepv.
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The electron number density is (Eq. 16.4)

_ (%) »
fle = A) myg’

the momentum is (Eq. 16.8) p ~ hné/ 3, and v = ¢ in the extreme relativistic limit. Substituting these into
the expression for P gives the desired result.

16.7 (a)

(b)

16.8 (a)

(b)

(©)

(d)

The Lorentz factor is given by Eq. (4.20),
1
y = ——
V1—u?/c?
Wheny = 1.1, v/c = 0.417.
Solving Eq. (16.10) for the density and using the value for v/c from part (a) and Z/A4 = 1/2, we find

that y ,
o= (E) mu (mg”) —42%10° kgm™>,

The average density of a 0.6 Mg white dwarf of radius 0.012 Rg is p = 4.89 x 10® kg m™3. The
average separation between neighboring nuclei is, with A = 12,

3/1 1/3
r:( mH) =2.14x10"2m.

4mp

For Z = 6,
Z2e2
T.=——  =176%x10°K.

dregrkI”

From Eq. (16.19), Lyq = CT,'?, where
_ de "
C =6.65x1073 = 0.056 W K~7/2
) ( Mo ) Z( + X)

using X = 0, Z = 0.1, and u = 1.4 from Example 16.5.1. The luminosity of the white dwarf is thus
Lyq=4.0x102°W, orabout 1.1 x 107 L.

The number of carbon nuclei is
Mg 55
N = =59x10°".
Amyg

If each nucleus releases a latent heat k T¢, then the white dwarf could sustain its luminosity for a time

NKT,
t=—"=36x108%s~1.1x10"yr
Lwd

This is about twenty times longer than the period of slower cooling (5 x 10° yr) displayed in Fig. 16.9.
The longer time scale is due to the lower core temperature of the white dwarf considered in this problem.

16.9 The density of the liquid-drop model of the nucleus is

Ampyg Ampyg 3myg
IO = = = =
$nrd 4mw(roA'3) dmrg

2.3 %107 kgm™3.
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16.10 Using pps = 6.65 x 1017 kg m™3 for the density of the neutron star and Mypon = 7.35 x 1022 kg for the mass

16.11

of the Moon (Appendix C), the radius of the Moon would be

3 Myioon \ />
r:( M"") =30 m.

47T 0ns

(a) If the lower mass is at R and the upper mass is at R + dr, then

EOWCT — F(R)
Fupper F(R+dr)

N F(R)
~ F(R) + [(dF/dr)|gldr)

-1
dr:| .
R

14 4F
F(R) dr

Using Eq. (2.11),

and so

Using R = 10* m and r = 0.01 m, thisis
EOW@T

upper

~ 1.0000002.

(b) The iron cube has a mass of 0.00786 kg and sides of length dr = 0.01 m. Imagine that half of the
cube’s mass, m = 0.00393 kg, is concentrated at its top and bottom surfaces. The stress on the cube
may then be estimated as

Flower - Fupper
(1074 m?)

~ Flower (1 _ Fupper)
(10_4 m2) Flower

_GMm 1 1 1 2dr
- Fm[ _( _T)

_ 2GMmdr
~ (1074 m2)R3

stress 2~

=1.46x 108 Nm2.

An iron meteoroid falling toward the surface of a neutron star would be stretched (to the point of rup-
turing) into a thin ribbon.
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16.12 First, estimate the speed of the neutrons using an analog of Eq. (16.10),

h h 1/3
v:iz_wwz_(ﬁ).

npy npy " my \Mpy

Forp=1.5x10"%kgm™3,v = 6x 10" ms~!. Since v = 0.2¢, we can use Eq. (16.12), replacing m, — m,
and Z/A — 1, to obtain an expression for the nonrelativistic neutron degeneracy pressure,

2/3
pP= % Z—i (W%)S/3 = 1.1x10% Nm™2.
This is about 6 x 10! times the central pressure of 1.9 x 1022 N m~2 estimated for the center of Sirius B.
16.13 Use p = 4 x 10" kg m™ for the density at neutron drip.
(a) Equation (16.15) for the relativistic electron degeneracy pressure with Z/A4 = 36/118 gives

372)/3 7 4/3
p— ( ﬂ4) he [(Z) L} =74x10¥ Nm2
my

(b) From an analog of Eq. (16.10), the speed of the neutrons is

h h 1/3
R e A o B

npy my " my \Mpy

For p = 4 x 10 kg m™3, v = 4 x 10® m s~!. From Eq. (16.12) with m, — m, and Z/A — 1, the
nonrelativistic neutron degeneracy pressure is

3772 2/3 B2 5/3

po )2 (i) =12x 10 Nm™2.
5 my, \my

This is comparable to the electron degeneracy pressure found in part (a).

16.14 (a) Using Py = 26d = 2.25 x 10° s for the Sun’s rotation period, Eq. (16.26) gives

R 2
PnszPe( "S) —4.6x107%s.

Coincidentally, this is about the minimum rotation period for a typical neutron star.
(b) For “frozen-in” magnetic field lines,

BoAn Ry = Bn4n R,

Taking Bo = 2 x 10™* T for a typical solar magnetic field near the surface, we find

R 2
By = Bo (RQ) —97x10°T.
ns

16.15 The average density of Sirius B is pyg = 3.0 x 10° kg m™2, and the average density of a 1.4 Mg neutron star
is pps = 6.65 x 1017 kg m~3.
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16.16

(a)

(b)

(©)

(a)

Chapter 16 The Degenerate Remnants of Stars

Using y = 5/3, Eq. (14.14) for the fundamental radial pulsation period may be written as
3

IT =2r .

47 Gp

de =609s

results in

I =4.6x107%s.

Py,q 1s above the period range of 0.25 s to 2 s observed for most pulsars, and Py is below it.

Using Eq. (16.29) with the definition of the star’s average density, p, we find that the minimum rotation
period is equal to the fundamental radial pulsation period,

R3 3
Poin =21y — =27 =11
GM 47 Gp

Pmin,wd = de =609s

So

and
Pmin,ns =1l =4.6x 10_4 S.

The mathematical equality of the model star’s fundamental radial pulsation period and its minimum
rotation period is established in parts (a) and (b). However, the physical basis for this result is found
in the virial theorem. The fundamental radial pulsation period is basically the time for a sound wave
to cross the star, and so is proportional to the star’s radius R and inversely proportional to the speed of

sound vy = /ykT/umpg. Thus
I x R/vgx R//T/m ox R//K/m

(Eq. 10.17), where T is the temperature, m is the average mass of a gas particle, and K is the average
kinetic energy per particle. On the other hand, the minimum rotation period occurs when the star’s
surface is no longer gravitationally bound. That is, a gas particle of mass m at the star’s surface is
essentially orbiting the star. The orbital speed at the surface is vorhic = \/ GM/R = \/ —U/m, where
U is the gravitational potential energy of the particle at the star’s surface (Eq. 2.14). Then

2TfR/Pmin = Vorbit = V _U/m,

Therefore
Poin X R/+/—=U/m.

But according to the virial theorem (Eq. 2.46), —2 (K) = (U), and so IT o« Py;,. The virial theorem
relates the average kinetic energy of the gas particles (which determines the sound speed, and hence the
pulsation period) to the average potential energy of the gas particles (which determines the minimum
rotation period).

The minimum rotation period for a 1.4 Mg neutron star is, from part (b) of Problem 16.15, P, =
4.6x107%s.



Solutions for An Introduction to Modern Astrophysics 101

(b)

Solve
R=05(E + P)

and
E—-P 5022R3

R 4AGM
592R3
E=R
SGM
592R4
P=R

For twice the minimum rotation period,

for E and P to get

and

2 R3
= =2P,,=4n
Q GM
or
,  GM
T 4R3’

The equatorial and polar radii then become, with R = 10 km,
5
E=R|14+—=])=11.56k
( + 32) m

and 5
P=R|(]—-—— ) =2844km.
(1-3)

16.17 At some instant of time, the period of PSR 19374214 was determined to be P = 0.00155780644887275 s.
A change of the last “5” to a “6” is a change of AP = 10~!7 5. With a period derivative of P = 1.051054 x

16.18

10—19

(a)

(b)

s s~1, the time for this change to occur is

AP
At = — =95.14s.
P

From PP = PdP/dt = POPO, we have
P ot
/ PdP = POPO/ dt’,

which results in 1/2
P:(P()2+2P0P01> .

In time dt, the pulsar completes dt/ P rotations, and the pulsar clock (which wrongly assumes that each
pulse has a duration Py) advances a time df, = P, dt/P. When the perfect clock displays a time

t= PO/PO, the pulsar clock will display a time

Py/ Py P,
tp :/ 29 dt
0 P

Po/ Py .o\ —1/2
= PO/ (P3+2Pobot)  dr
0

— /3t
=3 1)}.)0.
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16.19

16.20

16.21

16.22

Chapter 16 The Degenerate Remnants of Stars

Assume that angular momentum, L = Jw with I = %M R?, was conserved during the contraction of the
Crab neutron star. Then

2 5 [ 27
L =1Iw=-MR"|— | = constant,
5 P

where P is the period of the Crab pulsar. Then

4 2RdR R?*dP
5 P P2

Solving for the change in the neutron star’s radius,

_ RdP

dR = .
2 P

Using dP/P = 1078 and R = 10* m, we find dR = 5 x 107> m.

From Eq. (16.33), the magnetic field at the pole of the pulsar is

B 1 3uec3IPP
" 27 R3sinf 27 ’

The moment of inertia of a uniform sphere of radius R = 10 km and mass M = 14 Mg is [ = 1.1 x
1038 kg m?. Using P = 0.237s, P = 1.1 x 107% and 6 = 90°, we estimate B ~ 3.4 x 10® T for the
Geminga pulsar.

(a) The radius of the light cylinder around a rotating neutron star is R, = ¢ P /27w (see Fig. 16.26), where
P is the rotation period. Assume R,; = 10 km for a typical neutron star. The period of the Crab pulsar

(b)

(a)

is Pcrap = 0.0333 s, so
Rc,Crab =1.59%10°m = 159R,.

The period of PSR 1841—-0456 is Pyg4; = 11.8 s, so

Reig41 = 5.6 x 108 m = 5.6 x 10*Ry.

Assuming that the two pulsars have comparable magnetic field strengths at their surfaces, the ratio of

their magnetic fields at the light cylinder is

Be, R 3
Crab :( c’“““) —=44x%10.
Bisgai Rcrab

From Eq. (16.32),
ph—p ar _ 873 B2 RS sin’ 0
dt 3uoec3I
Integrating from # = 0 when the pulsar’s period was Py to ¢ and period P gives
P 3p2 p6 oin2 t
8n°B“R 0
/ pap=""" "1 7 / dr'.
Py 3pocil 0

This results in

1/2
, 1673B?RCsin’ 0t /
P=|P}+ .
0 3uoec3 I

[Note that P P is constant. This relation was seen earlier in Problem 16.18(a).]

(S16.1)

(S16.2)
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16.23

16.24

16.25

(b) If Py <« P, then solving Eq. (S16.2) for ¢ results in

. 3poc3 I P?
© 1673B2RSsin 6

Combining this with Eq. (S16.1) gives
P

= —.
2P
(¢) Using P = 0.0333 s and P =4.21x107!3 for the Crab pulsar results in

t=3.95%x10""s = 1250 yr

for the age of the Crab pulsar. The Crab supernova occurred in A.D. 1054, so its present age (A.D. 2006)
is 952 yr. The value of ¢ is high by about 33%.

The ratio of the magnetic force to the gravitational force is

F, evB

Fy mg

At the neutron star’s equator, the velocity of the charged particle is v = 27 R/ P, where P is the period of the
pulsar. Then, for a proton at the surface of the Crab Pulsar, using R = 10 km, B = 108 T, P = 0.0333 s,

and g = 1.86 x 1012 m 572,
Fn _ 27eBR

F,  Pmpg

=9.7x10°.

The minimum energy required to create an electron-positron pair is
Epmin = 2mec® = 1.64 x 10713 J = 1.02 MeV.
From Eq. (5.3), the wavelength of a photon with this energy is

he

A= =121x10""2m = 0.00121nm.

min
From Table 3.1, this is a gamma-ray photon.

For a 1° subpulse, 8 = 0.5° in Eq. (4.43) for the headlight effect. Using this with the Lorentz factor y

(Eq. 4.20), we have
1
sind = — = /1 —u?/c2.
14

% = V1 —sin 0 = 0.999962.

Solving for u/c,



17.1

17.2

17.3

17.4

CHAPTER 17
Black Holes

This effect is analogous to the motion of two stars in a binary system as they orbit their common center of
mass.

Suppose the photon in Fig. 17.11 travels at an angle & measured from the vertical. Note that the frequency
meter must be shifted along the lab’s ceiling to the endpoint of the photon’s path. According to the observer
on the ground, if the photon travels a distance d from the floor to the ceiling of the lab, then the lab has
fallen a vertical distance i = d cos 6 in a time t = d/c. The downward speed of the frequency meter is thus
v =gt = gd/c = gh/ccosf, and the component of the meter’s velocity in the direction of the photon’s
point of origin is vcos @ = gh/c. The rest of the argument leading to Eq. (17.6) is unchanged.

With £ = 1000 m, the distance fallen is

1 1 /¢
d=—-gt>?=-(-)=545%x10""m.
280 73 (c) x m

Let ¥y = Rg be the position of a person at sea level, let r;, = ry + 3.1 km be the position of a person in
Leadville, and let A7y be the lifetime of that person. According to Eq. (17.13), an observer at a great distance
would measure the person’s lifetime at sea level and at Leadville as

2GMg\ /2
Atos = Aty [ 1 — 3
I'sC
and )
2GMg\~'?
Ato,1 = Al (1 — ;B) ,
rrc
respectively. Thus
[ At
Atoos — Atoop = Aloo | — — 1}
| Atoo,L

[ 2GMg\ /2 2GMg\/?
= Atz | [1- = 1- == —1
sC rre

I GM, GM,
~ Aloor (1+ ;B)(l— f)—l}
| rsC rrc

[GMg (rp — s
jad Atoo,L > ( .
| rrc rstp

Taking Aleo,. > 75 yr = 2.37 x 10° s, we have

Alsos — Atoor =338 x 1073 Ao = 8.0 x 107*s.

104
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17.5

17.6

(a)

(b)

(a)

From Eq. (17.5), the radius of curvature of the light beam is

¢ ¢*R?
rC = — =

g GM

At the surface of a 1.4 Mg neutron star of radius R = 10* m, r, = 4.84 x 10* m. This is comparable
with the 10 km radius of the neutron star, and shows that general relativity can not be neglected when
studying neutron stars.

If A7o = 1 hr = 3600 s passes at the surface of the neutron star, then Eq. (17.13) shows that the time
that passes at a great distance is

26M N\ "V?
Aty = Aly (1 — R—Cz) = 4700 s,
greater than 1 hour by over 18 minutes! The approximate expression, Eq. (17.14), gives

At Aty (1 GM )™ 4540
= -— = S.
o) 0 Re2
The difference between these two results shows that gravity cannot be considered “weak” at the surface
of a neutron star.

1287 172 g(r)7 cos a

To Sun

dz

Figure S17.1: Falling local inertial reference frame for Problem 17.6.

Figure S17.1 shows a rectangular local inertial reference frame of width dz at two times: when the
photon (not shown) enters the left-hand side at time # = 0, and when the photon exits the right-hand
side at time t = dz/c. (For clarity, the figure greatly exaggerates the distance the frame falls.) In this
time, the frame has fallen a distance of

1 2
— t°,
2g(r)

toward the Sun, where r is the distance between the frame and the Sun, and g(r) = GMg/r? is the
local gravitational acceleration. The perpendicular distance of the frame from the z-axis is then

1
zg(r)t2 cos .

Referring to Fig. 17.10 with £ replaced by dz, ¢ replaced by d¢, and %gt2 replaced by %g(r)t2 cos o,

we have . P
[Eg(r)t2 cosa} /dz = [7200s(d¢/2):| / OD.
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17.7

17.8
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Because d¢ is so small, we can set cos(d¢/2) =~ 1 and OD =~ r., the radius of curvature of the photon’s
path. Thus, in radians,

do = = P

dz _ g(r)t*cosa  GMg (%)2 cos
¢

Ie dz 2
Defining g = GMg/ r02, where rg = r cos « is the distance of closest approach, we obtain

3
dp = 80 % 4

c2

(b) To find the total angular deflection, ¢, we integrate d¢ from @« = —m/2 to +m/2. Using z = rg tanc,

we have dz = ry sec? o do. Thus

® gqcos® a goro [™/? 2gor0  2GMg
¢ = —dz = =— cosada = —— = >
o C c /2 c roc
Assuming the photon just grazes the Sun’s surface, we set 1o = R and find
2GM,
= © —4.24x 107 rad = 0.875".
R@C2

(¢c) The answer to part (b) is half of the correct value of 1.75”. In general, the correct result for the angular

deflection of a photon that passes within a distance r¢ of a spherical mass M is

_4GM
}"()C2 ’

twice the previous result. Our derivation in parts (a) and (b) included only the effect of the curvature of

space, and not the equal contribution of time running more slowly in the curved spacetime near the Sun.

The photon spends more time near the Sun (as measured by a distant observer), and so suffers a larger

angular deflection.
(a) Elsewhere: (As)? = (cA1)? — (AL)? < 0.
(b) Future lightcone: (As)? > 0 and ¢ > 0.
(c) Future lightcone: (As)? > 0and ¢ > 0.
(d) Elsewhere: (As)? < 0.
(e) Past lightcone: (As)? > 0and ¢ < 0.
(f) Future lightcone: (As)?> > 0 and ¢ > 0.
(2) Elsewhere: (As)? < 0.
(h) Elsewhere: (As)? < 0.
For this problem, the Lorentz factor (Eq. 4.20) is y = 3.20. It is convenient to express the speed of light as
c=1lyyr L
(a) Atp=11.71y/0.95¢ = 12.3 yr.

(b)

From Eq. (4.27) with Atp = Afnoving,

At
Aty = 7B = 3.85yr.
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(©)
(d)

The elapsed time according to Alice’s watch is 2At 4 = 7.70 yr.

The elapsed time according to Bob’s watch is 2A7p = 24.6 yr. Thus Alice will be 16.9 yr younger than
Bob.

In Fig. 17.14, we can take events A and B to be Alice’s leaving and arriving back on Earth, and C to be
her turn-around at t Ceti. Then Bob’s worldline is the straight segment, A — B, and Alice’s worldline is
A — C — B. The straight worldline has the longer interval.

179 (a)

(b)

(©)

Gravitational time dilation affects both the rate at which photons are emitted by a blackbody and the
frequency of each photon. Both effects decrease the luminosity of the blackbody as measured by a
distant observer. According to Eq. (17.13), if At is the time between photons as measured at the surface
of the blackbody, then the time between photons as measured at infinity is

2GM)‘1/2

Atso = At (1 -

Similarly, if v is the frequency of a photon measured at the surface of the blackbody, then the frequency
of the photon measured at infinity is

2GM N\ /?
=v(1- .
Vo ( = )

From Eq. (5.3), Ephoton = /1v; the energy of every photon is therefore decreased by a factor of

26M "2
1-— .
Rc?
Thus if L is the luminosity measured at the surface of the blackbody, then an observer at infinity mea-
sures

2GM
LOO:L(I— )

Rc?

Both observers measure the same value for the speed of light, s0 ¢ = AxoVoo = Av. Both observers
use Wien’s law, Eq. (3.15), to determine the blackbody’s temperature, 80 Amax,00 700 = AmaxZ . Equa-
tion (17.13) then shows that

Amax Voo 2GM N\ /?
T =T =7(=2)=1(1- .
=7 () =1 () =1 (- %5

Both observers use the Stefan—Boltzmann law, Eq. (3.17). Their values of the radius (determined at
infinity, R, and at the surface of the spherical blackbody, R) are related to their values of the luminosity
and the effective temperature by

Loo  RLTY

L RT4
Using the results of parts (a) and (b), this is

T\?(Lo\'? R
e ()
Too L 1 — 2GM/Re?
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17.10 Start with Eq. (2.17) with r = R for the escape velocity at the surface of a spherical object of mass M and
radius R. This can be written in terms of the object’s average density as

_ [2GM _ |8xGR?p
vesc— R - 3 N

Using p = pg = 5515kg m™3 (Appendix C) and R = 250 R, we find

=3.06x108ms! ~¢.

8 G(ZSORQ)Z,O@
Vesc = 3

17.11 If the Sun were suddenly to become a black hole, there would be no effect on the orbits of the planets. In
either case, the same Schwarzschild metric (Eq. 17.22) describes the curved spacetime through which the
planets move (for r > Rg).

17.12 (a) The Schwarzschild radius (Eq. 17.27), Rs = 2GM/c?, evaluated for these black holes is

Rs =148x107"°m for10'2 kg
=295%x10* m for10 Mg
=295x10% m for 10° Mg
=295%x10" m for 10° Mg.

(b) The average density of each of these black holes is

M
SRS

736 x 10°° kgm™3 for10'° g

1.85x 107 kgm™  for 10 Mg

1.85x10° kgm™ for 10° Mg

1.85x 10! kgm™  for 10° Mg.

17.13 (a) Beginby using Eq. (17.27) for the Schwarzschild radius to express Eq. (17.23) for the differential proper
distance along a radial line in terms of Rg,

dr
JI=Rs/r

The proper distance, AL, from the event horizon (r = Ry) to a final radial coordinate r is then found
by integrating d L,

r d/
AL = a0
Rs v/1—Rg/r

= [M+ Rs ln(M+ \/W)L

N
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_ mﬂsl“(%)

Rs Rgs

2
_ 1—7+71n(\/r/R5—1+ \/r/RS> (S17.1)

RS+R51 1+,/1—R5/r
— 4+ —In| —————— .
re2 1—/1—Rs/r

(b) See Fig. S17.2.
(¢) By inspection of Eq. (S17.1),as r/Rg — o0,

RS 4r
AL —In{—).
—r 4+ > n(RS)

For large values of r, the first term on the right dominates the second term and AL ~ r. So for large r,
the radial coordinate can be interpreted as the proper distance to the event horizon.

12

10

V/RS

Figure S17.2: Results for Problem 17.13.

17.14 From the Schwarzschild metric (Eq. 17.22) with dr = 0 for a spherical surface, we see that the differential
element of area is
dA = (r d6)(r sin@ dp) = r?sin6 db dg.
Setting » = R and integrating this over the usual limits of 6 = 0 to 7 and ¢ = 0 to 27 gives the area of the
event horizon,

2 T
Ahorizon = Ré / / sin 0 d6 d¢ = 4]TR§
¢=0 J6=0

17.15 (a) Equation(17.26) gives the coordinate speed of a particle orbiting a nonrotating black hole, v = /GM/r.
Evaluating this at ¥ = 3Rg = 6GM/c? (Eq. 17.27) shows that v = ¢/~/6.
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(b) The coordinate speed is v = r d¢/dt, so the orbital period at ¥ = 3Ry is

2w 2w R R
p:/ ldd):/ 3 de):@‘
o v o ¢/6 ¢

Using Rs = 2GM/c? = 29.5 km for a 10 Mg black hole, we find P = 4.55x 1073 s.

(a) The coordinate speed of light in the ¢-direction can be found from the Schwarzschild metric (Eq. 17.22)
using ds = 0 for light. Setting dr = df = 0 and 6 = 90° results in

2
0= (c dty/1— 2GM/rcz) — (r do)?.

The coordinate speed of light in the ¢-direction is thus

d
r d_(tp =cy/1-2GM/rc?.

(b) Equation (17.26) for the speed of a particle orbiting a nonrotating black hole, v = \/GM/r, does not
contain the particle’s mass. Setting this equal to the coordinate speed of light in the ¢-direction,

GM 2GM
=y 1 - =,
r rc?

and solving for r gives the radius of a photon’s circular orbit around a black hole,

3GM
I'photon = C—2 = 1.5Rs,

where Eq. (17.27) for the Schwarzschild radius was used.
() Atr =1.5Rs = 3GM/c?, the coordinate speed of light in the ¢-direction is

r‘:;—(f =c\/1=2GM/rc? = ¢//3.

The orbital period at r = 1.5Rg is

P 2
R
P:/ dlzf r d¢:3n\/§ s
0 o ¢/V3 c

Using Rs = 2GM/c? = 29.5 km for a 10 Mg black hole, we find P = 1.61 x 1073 s.
(d) If a flashlight were beamed in the ¢-direction at » = 1.5R g, the photons would orbit the black hole.

Assuming that the maximum angular momentum of a rotating rigid sphere occurs when the surface of the

sphere is the speed of light, .
Wmax = i

Taking the moment of inertia to be I = 2M R?/5, the maximum angular momentum is given by
2
Lmax = Ia)max = gMRC

For a black hole, the radius is the Schwarzschild radius, R = Rg = 2GM/c?. Substituting gives
4GM?

max — 7

5 ¢
This crude estimate is 80% of the general relativistic value given by Eq. 17.29.
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17.18 From Eq. (17.29), the maximum angular momentum of a 1.4 Mg black hole is

GM?

Luax = =1.73 x 10*> kgm? s~'.

The angular momentum of the fastest known pulsar (P = 0.00139 s) may be estimated (assuming a 1.4 Mg
uniform sphere of radius 10 km) as

2 2
L=1lo=MR (?”) = 5.04 % 104 kg m? s,

17.19 For an electron,

GM\*  (Gm,\?
C o C
=4.11x 1078 m*s2

6(2) <o ()

=1.71x107°° m*s2

() - ()

=3.35x 1073 m* s72,

() «o(&) ()

17.20 (a) Assume that £2 is given by an expression of the form

For an electron,

so an electron is not a black hole.

Q2 = constant x GELPr7 8,

where the values of the exponents «, 8, ¥, and § are to be determined. Let [x] designate the units of the
variable x, so

[L]=kgm?s~!
[r]=m
[c]=ms~L.

The units involved in the expression for £2 are therefore

570 = (m’ kg s72)% (kg m? s7HP (m)” (m s,



112

17.21

(b)

(©)

(a)

Chapter 17 Black Holes

which leads to
3a+28+y+6=0
-2+ B =0
—2a—-p—-8=-1.
Four equations with three unknowns cannot be solved. However, if we assume that £2 o L so 8 = 1,

we can solve for the remaining exponents to find @ = 1, y = —3, and § = —2. Therefore,

L
£2 = constant x =3
ric

The angular momentum of Earth may be estimated as

2 2
Lo = love = s Mo R} (P—’;) =7.09% 103 kgm? 57!,

where ¥ = Rg and Pg is Earth’s sidereal day, P = 23"56™04° = 8.62 x 10* s. Then, setting the
leading constant equal to one,
_ GLg

® = 13

vk 2.03x 107571 =133 x 10716yt
GBC

The time for a pendulum at the north pole to rotate once relative the distant stars because of frame

dragging would be

2
= —310x10%s,
g

about 9.8 million years.

From Problem 17.18, the angular momentum of the fastest known pulsar (P = 0.00139 s) may be
estimated (assuming a 1.4 Mg uniform sphere of radius 10 km) is

2 2
L=lo= MR’ (?”) = 5.04 x 10 kg m? s~1.

At the surface of this pulsar,

GL
Q=—"=374s"1 =594 revs!.
R3¢?

Assume that the mass of the least massive primordial black hole, mp, is given by a expression of the
form
mp = h%cPGY,

where the values of the exponents «, 8, and y are to be determined. Let [x] designate the units of the
variable x, so

[mp] = kg
[A] = kg m? s~!
[c] =ms!

[G] = m’ kg~ ! s72.
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17.22

17.23

(b)

(©)
(d)

(a)

(b)
(©)

(d
@)

(a)

(b)

The units involved in the expression for mp are therefore
mp = (kgm? s~ )%m s~ (m3 kg~! s72)”,
which leads to
oa—y =1
20+ B +3y =0
—a—pB -2y =0.

Solving these shows that = 1/2, 8 = 1/2,and y = —1/2. Therefore,

he -8
mp = Vel =2.18x 10" ° kg.

From Eq. (17.27), the Schwarzschild radius for a black hole of mass mp would be

2G
rp = CTP —324x 107 m.
t=rp/c=108x1074s.
3
levap A2 (%) x 1080 yr =13 x107* yr =4.2x 107* 5.
©

On the left-hand side
kT] =] =kgm?s 2

On the right-hand side

2 —1 -1
he _(kgms )(ms )_ .
= =kgm"s " =1].
47‘[RS m

kT =1x 1071 J = 62 MeV. This implies that T = 7.2 x 10'! kg.

113

From Wien’s law, this corresponds to Amax = 4 x 10713 m. This is in the gamma-ray portion of the

spectrum.
344 m.
6.2x107° K.

Beginning with the Stefan—Boltzmann law, and substituting we have

L =4xR%0T*

4 (2GM N\ (27K Y
“T\ T2 15¢2m3 ) \ 8k )

After some tedious rearranging we arrive at the desired result.

[_/Mcsz
= =

The time to evaporate is given by

Integration gives Eq. (17.30).
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(a) From Eq. (7.7), the mass function is the right-hand side of

3

me 3. P,
————sin" i = ——— v,
(mg + m¢) 2 G

Using P = 0.3226d = 2.79 x 10* s and vg, = 4.57 x 10° m s~ !,

m? 3 30
————sin” 7 = 6.35 x 10°" kg.
(ms + mc)? £
Because the left-hand side must be less than m1., the mass of the compact object must be greater than
6.35x 103% kg = 3.19 M.

(b) The ratio of the masses is, from Eq. (7.5),

Ms _ Yer _ 0.0941.
me Usr

Combining this with the result for part (a) and assuming that i = 90° gives
me = 3.19 Mg (mg/me + 1)* = 3.82 Mg.

Because sin® i < 1, me > 3.19 Mg.

(c) If the angle of inclination were i = 45°, then the mass obtained for the compact object would be larger
by a factor of 1/ sin® 45° = 2.83. That is, m. would be 10.8 M.

The KO IV companion has a measured periodic radial velocity of 211 + 4 km s~ and an orbital period of
6.473 £ 0.001 d. The approximate mass of the companion is 0.9 M. Assuming an inclination of i = 90°,
Eq. (7.7) implies

3

my P s 31
T+ ma)? = 2.g0r = 1.25x 107" kg = 6.3 M.

Let
3

m;
(my + my)?

Expanding the expression leads to the cubic expression

k

=6.3Mo.

m3 — km3 — 2kmymy —km? = 0.

This can be solved to give m» = 7.9 Mg.

This result is a lower limit because we simply assumed i = 90°. An improved estimate of i will yield a more
accurate result, as will a more careful estimate of the mass of the KO IV companion.
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CHAPTER 18
Close Binary Star Systems

Because equipotential surfaces are level surfaces for binary stars, we expect the density to be constant along
a surface of constant @. The behavior of the pressure may be deduced from the equation of hydrostatic
equilibrium (Eq. 10.6) combined with Eq. (18.8) for the gravitational potential,

dP do
=—pg = 'Od—'
P

dr

For constant density, the pressure and gravitational potential vary spatially in the same way, so the pressure
should be approximately constant along an equipotential surface. Now consider the ideal gas law (Eq. 10.11),

kT
P, = '0_,
wmg

making the reasonable assumption that the mean molecular weight, w, is constant. This shows that if the
pressure and density are roughly constant along an equipotential surface, then the temperature will also be
approximately constant. The proximity of the other star could cause heating of each star on the side that faces
the other.

For the equilateral triangle formed by M, M>, and L4 (or Ls), we have s; = s, = a in Fig. 18.1. Then
Egs. (18.4) and (18.7) give

M M: 1 M M: 2
¢:—G71+ 2——602}’2:—(;71_‘_ 2 1+_r
a 2 2a?

Equations (18.3) show that

Cary
r =da
My + M,

(77+5%)
rp = d s
My + M,

and so Egs. (18.6) may be expressed as
M. 2 M.
2 =g? (72) +7r? 4+ 2a (;)VCOSQ
M1 + M2 Ml + M2

M 2 M
2 =42 (71) +r2—2a (;)rcos&
My + M, My + M,

| MM,
r=a,/l— ——=—
(M + M>)?

Q
I

Q
|

Solving these for r yields
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and so the gravitational potential at L4 (or Ls) is

®=-G

My + M, 3 My M,
2a (M + M)? |

In units of G(My + M3)/a, this is

& 1 MM,
=—>|3-——— |=-143L
2 (M + M>)

This agrees with the value given in Fig. 18.3.

(a) As the gas passes perpendicularly across the area 4 with velocity v, in time d¢ it will travel a distance
vdt and sweep out a volume vA di. For gas density p, the mass of gas within this volume is dM =
pvA dt. The rate at which mass crosses the area is therefore M = dM/dt = pv A, whichis Eq. (18.11).

d 2
R? = (R—E) + x2

(b) Referring to Fig. 18.5, start with

or
d2
x*= Rd — —.
4
When d < R, we recover Eq. (18.12), x = +~/ Rd.
Let x = R/r, so Eq. (18.19) for the disk temperature is
T = Taax**(1 — V2%

T will be a maximum when d 7' /dx = 0, or when

3 —1/4 1/4 1 —-3/4 1
° |- — - =0,

Thus 7' is a maximum when x = 36/49, or when r = (49/36)R. Evaluating 7' at this point results in
Tmax = 0.488 Tyisk-

Integrating Eq. (18.15) for the ring luminosity, and using Eqs. (18.19) and (18.20) for the disk temperature,
we have
o0 3GMM \ ( R\’ R
/ drro | —— | | — 1—4/— | dr
R 8noR3 r r
3GMM [® ( R\’ R
—_— — 1—4/— | dr.
2R2  Jp \r r

Lgisx

Defining x = R/r, we find

GM M

y 1
L= = [ (1= v3) v = 52

which is Eq. (18.23) for the disk luminosity.
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18.6

18.7

18.8

18.9

18.10

We will use the mass and radius of the white dwarf of Z Cha given in Example 18.4.1: M = 0.85 M@ and
R = 0.0095 Rg. For a mass-transfer rate of M = 10!3-3 kg s™!, the disk luminosity is (Eq. 18.23)

MM 26
Ldisk:GW =2.70x 10> W = 0.705 L@.

In ¢t = 10 days, the total energy released is E = Lgigt = 2.33 x 1032 J. From Eq. (3.8) with Ms,, = 4.74,
the absolute magnitude of the dwarf nova is

L
M = Ms,, — 2.5log;, (L_) = 5.12.
©

(This neglects the small amount of light contributed by the primary and secondary stars.)

During quiescence, the absolute magnitude of the dwarf novais M = 7.5. From Eq. (3.7) with Mgy, = 4.74,
the luminosity of the system is

Lauiet = 100Ms0=M/5 10— 0,08 Lo = 3.0 x 1025 W.

During the outburst, the absolute magnitude of the dwarf nova would be M = 7.5 — 3 = 4.5. Again using
Eq. (3.7), the luminosity of the system is

Low = 100Msn=M)/5 1, - — 125 Ly = 4.79 x 102° W.

The disk luminosity during the outburst is then Loy — Lguiee = 1.179 L. Using M = 0.85 Mg and
R = 0.0095 R with Eq. (18.23) results in a mass-transfer rate of
M= 2 RLgisx
GM

=53x108kgs™ ! =84 x 10719 Mg yr!.

As shown in Fig. 18.12, the binary system and the accretion disk rotate in the same direction.

(a) Fromw = 27/ P, we have

ldo P (2nx\dP 1dP
wdt 2r\ P )dt  Pdt’
Substituting this into Eq. (18.29) and then using Eq. (18.28) shows that
1dP 31d . My — M.
Y Y By
P dt 2 a dt MM,
(b) For M{ = 29Mg, M, = 1.4Mg, P =2.49d = 2.15x 10° s, and dP/dt = (205s)/(100 yr) =
6.3 x 107 ss~!, we have

. 1 dP MM
My =15 —- m =53x10"kgs! =84x1077 Mg yr .

Because dP/dt > 0 and M| > M;, we have M1 > 0. Star 1 is gaining mass.

The subgiant began as the more massive star. It evolved faster and expanded to overflow its Roche lobe while
its companion was still on the main sequence. Enough mass was transferred to the companion to make it the
more massive B8 main sequence star that is observed today.
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The amount of energy released in the fusion of m = 10~* Mg of hydrogenis E = 0.007mc? = 1.25x10*1 J.
For a luminosity equal to the Eddington limit of Lgg ~ 103w (Eq. 10.6), the outburst would last for a time
of

E 10
t=— =125x 10§ ~ 400 yr.
Ed

Typically, a classical nova’s outburst lasts about 100 days, so only a very small fraction of the hydrogen
surface layer actually undergoes fusion. The rest is ejected into space by the explosion.

The gravitational potential energy of m = 10~* Mg of hydrogen on the surface of a white dwarf of mass
M = 0.85Mg and R = 0.0095 R is, from Eq. (2.14),

=-34x10%7

U - GMm
o R

(using values of M and R for Z Cha from Example 18.4.1). With a speed of v = 10° m s~1, the kinetic
energy of the ejected layer is

1
K= Emu2 =9.9x10°7I.
Note that K/|U| ~ 0.029. Since the gravitational potential energy is negligibly small when the ejecta is far

from the white dwarf, we conclude that the total energy given to the ejecta is just barely enough to allow it to
escape from the system.

(a) Intime dt, the amount of mass that passes through a spherical surface of radius r, centered on the nova,
isdM = Mg dt. Intime d¢, the material at r travels a distance dr = v dt as it sweeps through a
spherical shell of volume dV = 4mr?dr = 4r?v dt. The density of the material at r is therefore

_ dM _ Mejecl

P=av = anr2y

(b) From Eq. (9.17), the optical depth of the photosphere at time t = 0 is

R R y
2 M
T :/ E,Od}" = — = / K e]ezcl dr,
Ry 3 Ry 4rev

where R is the outer radius of the shell and Ry is the radius of the photosphere at # = 0. Solving this
for R gives

1 1 v 1 1

R~ Ry 3%Mja Ro R
which defines Ro.

(c) At a later time ¢, the outer radius of the shell is R + v¢ and the radius of the photosphere is R(¢).
[R(t = 0) = Ry.] The optical depth of the photosphere at time ¢ is given by

R+t o) R+t M .
T = / Kpdr=2== / k| =22 ) dr
R@) 3 R() dr2v

As in part (b), this leads to

1 1

1
R+v Rl Re
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(d)

(e

®

(o)

From the answer to part (b),
RO Roo

Roo — Ry’

Substituting this for R in the answer to part (c) and simplifying results in

R =

vt(l — Ro/Reo)?
14+ (vt/Roo)(1 — RO/Roo)‘

R(l) = Ro +

If Ry is comparable to the radius of the white dwarf (i.e., Ryq = 0.0095 Rg for Z Cha from Exam-
ple 18.4.1) and if v = 10® m s~!, then vt < R for approximately 7 s. So except for the first seconds
of the outburst, the first term on the right can be neglected. Also, neglecting terms involving Ro/ Reo

results in
vt

R(lt) ~ ————.
® 1 +vt/Rso

At early times when Ry < vt < Reo, R(f) >~ vt, so initially the photosphere expands linearly with
time. When vt > R, the second term in the denominator dominates the first, and ¢ approaches the
limiting value of Ru.

Using & = 0.04 m? kg ™!, Mejecta = 10'° kg s™" and v = 10% m s~ the value of R is

3% My
Roo = —20eiet _ 4 851010 m,
8mv
As seen in Fig. S18.1, the end of the linear expansion period — the “knee” in the graph — occurs
roughly at # ~ 1 day. This is comparable to the duration of the optically thick fireball phase, which lasts
for a few days.

R (10" m)

t (days)

Figure S18.1: Results for Problem 18.13.

18.14 Equation (18.31) shows that the temperature of the nova’s photosphere approaches

1/2
( L )1/4 swv |
Too = — S — .
4o 3EMejecl
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Adopting Lgg ~ 103! W for the Eddington limit, together with ¥ = 0.04 m? kg™!, Mejecn = 10'° kg 57!
and v = 10° m s7!, results in T = 8900 K.

If a mass of M = 10~* Mg, is ejected at a constant rate over a time of = 100 days, then

. M
Mejecl = T =23x10" kg sl =37x%x107* Mg yl‘_l.

The gravitational potential energy of a realistic model white dwarfis U = —5.1 x 1043 J. For a nuclear energy
productionof E/m = 7.3 x 10137 kg_l, the amount of iron that would have to be produced to cause the star
to become gravitationally unbound is
my = ol 7.0 x 10%° kg = 0.35 M.
E/m

The fusion of this mass of white-dwarf material would supply the ejecta (the entire mass of the star, Myq =
1.38 M) with just enough energy to escape the star’s gravitational pull. However, if the speed of the ejecta
far from the star is v = 5000 km s~!, then the ejecta must be supplied with its kinetic energy,

1
K=3 wav? = 3.4 x 10*3 J.
The additional iron that would have to be produced is

_ K 29 1o —
mg = =4.7x 10" kg = 0.24 Mg.
E/m

The total amount of iron produced is my + mx = 0.59 Mg, a bit less than one-half of the white dwarf’s
mass.

After star 1 explodes, the total energy, E¢, of the binary system is given by Eq. (18.34). For an unbound
system, Ey > 0, so

1 1 MpgrM,
E RU12+EM2U§—GTEO.
Using v, /vy = M/ M, (Eq. 7.4) to substitute for v,, we obtain
U+ Mi) o g MeMe (S18.1)
2 \ MR g, a '

Before star 1 explodes, the total energy, E;, of the binary system is given by Eq. (18.33),

1 1 MgrM, MpM,
—Mv? + ~Mvi -G =-G .
PR 2 2

Again using v, /vy = My /M, to substitute for v,, we obtain an expression for vf,

M2
UIZ—G 2

a(My + My)'
Substituting this into Eq. (S18.1), we find that for an unbound system,

Mpg - 1 <1
My + My — 2+ My/M)(1+ My/My) 27

which is Eq. (18.35).
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18.18 (a) The Alfvén radius, r4, is where the kinetic and magnetic energy densities are equal,

1, B
2PV T 2,

(Eq. 18.36). We now use Eq. (18.37) [derived in part (a) of Problem 18.13],
M

P=

the free-fall velocity v = /2GM/r, and the radial dependence of a magnetic dipole (Eq. 18.38),

R 3
B(r) = B, (—) ,
r
. 2
1 M 26M _ 1|, (R)3
2\ 4nr}i ra  2pmo | \ra ’

which, when simplified, produces Eq. (18.39),

1/7
_ (8x2BR™ /
"= \zemarr)
0

(b) Taking a time derivative of L = Iw for a rotating neutron star gives

to evaluate this. Atr = Ry,

dL  do d (27
i S Rl i
dt dt dz(

P
P :—Zﬂlﬁ,

where [ is the moment of inertia of the neutron star and P its rotation period. Near the disruption
radius, rg, angular momentum is transferred to the neutron star. The angular momentum per unit mass
of gas parcels orbiting with velocity v = /GM/r; at the disruption radius is vry = /GMry. If M
is the rate at which mass arrives at the disruption radius, then the time derivative of the star’s angular
momentum is

dL _ Muvrg = M\/GMrg = —ZnIi.
dt P2
Solving for P/ P gives ) )
PPV
P 2l

Finally, substituting vy = ar4 (Eq. 18.40), with the Alfvén radius given by Eq. (18.39), leads to

P PM 8w2B4R12 Vs
- VGMao | ———— )
P 2l

12GM M2
When this is simplified, Eq. (18.41) emerges.
18.19 If the Alfvén radius, r4, is equal to the star’s radius, R, then from Eq. (18.39),

1/7
872B}R!2 /
rq = R=|——"""F— .
/LgGMMZ
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Solving for the surface value of the magnetic field, we find

. 4
uzem >\
B = 872R5 ’

For the white dwarf in Example 18.2.1, M = 0.85 Mg, R = 0.0095 R, and M. = 10'3 kg s7!, so
B; = 0.366 T. For the neutron star in that example, M = 1.4 Mg, R = 10km, and M = 10'* kg s~!, so
By =4390T.

Using the value of the neutron star’s mass-transfer rate in Example 18.2.1 of M = 10" kg s7!, the time to
transfer M = 1 Mg isroughlyt = M/M = 2.0 x 10'%s = 6.3 x 103 yr.

From Eq. (18.24) with an accretion luminosity in X-rays of L, = 3.8 x 102° W,

RLy _
ns — G—M =20x 1013 kgS 1

for a 1.4 Mg neutron star with a radius of 10 km. If its surface magnetic field is 10 T, then Eq. (18.41) shows
that the neutron star’s rotation period of P = 3.61 s is decreasing as

. . 1/7
(P) _ PJa (2ﬁnB§R6G3M3M6) /
ns

P 2nl Lo

=-7.0x107% yr7!,

using 7 = 1.11 x 1038 kg m? (Example 18.6.3) and & = 0.5 (Eq. 18.40). We now repeat these calculations
for a 0.85 Mg white dwarf with a radius of 6.6 x 10® m and a surface magnetic field of 1000 T. For a uniform
sphere, I = 2M R?/5 = 2.95 x 10*3 kg m?. Witha = 0.5, we find

_ RLy

My Yeva =22x10"%kgs™!
and 7
P P 227 B2RSG3* M3 M©
Py __bve V2nBi R°G =-83x10"7yr .
P 2nl o
The neutron star model is in better agreement with the observed value of P /P =-32x1073yr L,

(a) Using Eq. (18.24) for the accretion luminosity to replace M in Eq. (18.41) gives

. 1/7
P PJa (2J27B2RMLS, /
P 2nl

P 110G M3

or

. 1/7
P Vo (227B2R"?
log (—;) =logjo (PLfg) + logyo 2l (W

(b) We can evaluate the second term on the right using @ = 0.5 (Eq. 18.40) and values from Example 18.6.3
and the solution to Problem 18.22. For a 1.4 Mg neutron star with a radius of 10 km, moment of inertia
I = 1.11 x 1038 kg m?, and a surface magnetic field of 10® T, it is —43.56. For a 0.85 Mg white dwarf
with a radius of 6.6 x 10® m, moment of inertia / = 2.95 x 10*3 kg m?, and a surface magnetic field of
1000 T, it is —45.49. See Fig. S18.2.

(c) See Fig. S18.2.
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18.23

18.24 The SMC X-1 binary pulsar system consists of a neutron star of mass M; =

(d)

(@)

(b)
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Figure S18.2: Results for Problem 18.23 (b) and (c).

Except for Her X-1, the points in Fig. S18.2 lie along the line for the neutron-star model of a binary
X-ray pulsar. According to Rappaport and Joss (1977), for Her X-1 “the value of P/P fluctuates and
its sign even reverses. These sporadic intervals of spin-down, together with the small average value of
|P / P|, are indicative of a near balance between spinup and spindown for this source. Hence, external
torques are probably important for this system.”

The average luminosity of the burster is L = (1032 J)/(5s) = 2 x 103! W. Using a blackbody tem-
perature of T = 2 x 107 K, the Stefan-Boltzmann equation (Eq. 3.17) yields the radius of the neutron
star,

! L 13.2k
= —4/— =132km.
T2V 4rno
The value of R in part (a) corresponds to R, in Eq. (17.33),
R

Rog = ——e,
J1—=2GM/Rc?

as calculated by an observer on Earth at a great distance from the neutron star. A more accurate value
(obtained at the surface of the neutron star) is the value of R found by numerically solving the cubic
equation obtained from the preceding expression for R,

R \? R+
Reo Reo

Assuming a 1.4 Mg neutron star, this has the solution R/ R, = 0.772, or R = 10.2 km. [The other
positive root of this cubic equation, R/ Ry, = 0.358, is too small for a neutron star, and the third root,
R/Ry = —1.13, is unphysical and does not satisfy Eq. (17.33).]

2GM

— =0.
Roc?

1.4 Mg and a secondary

star that has a mass of M, = 17 Mg and a radius of R, = 16.5 Rg. The two stars are separated by
a =0.107 AU = 23.0 Rg. From Eq. (7.1),

M2 ri

a—rp
M1 ry ry

3
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Figure S18.3: Results for Problem 18.25. This scale drawing of the binary pulsar system SMC X-1 shows the center
of mass (“x”) at the origin and the inner Lagrangian point, L (“+4”). The size of the neutron star (right) is greatly
exaggerated.

18.25

18.26

so the distance from the center of the secondary to the center of mass is

aM1

VD = ——
My + M,

=0.0761a = 1.75 Ro.

Equation (18.10) shows that the distance from the center of the secondary to the inner Lagrangian point, L1,
is

M
tr=a [0.500 +0.227 logy, (ﬁz)} =0.746a = 17.2 Ro.
1
Figure S18.3 shows a scale drawing of the SMC X-1 system.

Equation (4.32) for the relativistic Doppler shift with & = 90° for motion perpendicular to the line of sight is

Dobs _ V1 —u?/c2.

Vrest

For SS 433, u/c = 0.26 and so the vops/Viest = 0.9656 for this transverse Doppler shift. If this is wrongly
interpreted as a Doppler shift due to motion along the line of sight, then the radial velocity attributed to the
source would be, from Eq. (4.33),

U_r _ 1 - (Vobs/‘)resl)2 = 0.03498.

4 B 1 + (‘)Obs/‘)resl)2

This corresponds to v, = 10,490 km s~!, in agreement with the value obtained from the crossing of the
radial-velocity curves of SS 433.

SS 433 is r = 5.5 kpc from Earth, and the X-ray emitting regions extend as much as 6 = 44’ = 0.0128 rad
from SS 433. This corresponds to a separation of s = rf = 2.17 x 10'8 m. With a jet velocity of v = 0.26¢,
it would take the jets t = s/v = 2.79 x 10'% s = 883 yr to travel to the edge of the X-ray emitting regions.
The jets must have slowed as they penetrated the gases of the supernova remnant W50, so this may be taken
as a lower limit for the amount of time the jets have been active.
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18.27

18.28

18.29

18.30

Using
P
= —
2P
from Problem 16.22 with P = 6.133 ms and P = 3 x 10729, the age of PSR 19534+29is7 = 1.02x10!7 s =
3.24 x 10° yr. Adopting 1.4 Mg and 10 km for the mass and radius of the neutron star, its moment of inertia

is I = 2MR?/5 = 1.11 x 10*® kg m?. The magnetic field at the pole of the neutron star comes from
Eq. (16.33) with 6 = 90°,

1 3ugc3IPP

= =9.16 x 10* T.
2w R3sin 6 21 x

Such a small magnetic field (compared with ~ 108 T for longer-period pulsars) distinguishes the millisecond
pulsars.

Equation (18.41) may be written as

where

. 1/7
P 227 B2ROGP MM ®
2nl Mo ’

Adopting M = 1.4Mg, R = 105km, I = 2MR2/5 = 1.11 x 103 kg m?, M = 10" ke s~!, By = 104 T,
and @ = 0.5 (Eq. 18.40) results in K = 1.75 x 10713 s72. We now integrate from an initial period, P;, at
t = 0 to a final period, Py, at some final time 7:

Pfdp t
[T [ kar
p, P 0
l_1 1 1
CK\Pr P

For P; = 100 s and Py = 1 ms, t = 5.72 x 10'* s = 1.81 x 10% yr. Assuming a constant value of M, the
total mass transferred is M = Mt = 5.72 x 10?° kg = 0.288 M.

so the spin-up time is

The semimajor axes and orbital periods of the planets orbiting the pulsar PSR 1257+12 are a; = 0.19 AU,
Py =2534d;a, =0.36 AU, P, = 66.54 d; and a3 = 0.47 AU, P; = 98.22 d. According to Kepler’s third
law, Eq. (2.37), P2/a® = constant. In the units given,

P?/a3 = 9.36 x 10* d> AU?
P?/a3 = 9.49 x 10* d> AU?
P2/a} = 9.29 x 10* d> AU™?
To the precision of the values of @ and P, these three planets obey Kepler’s third law.

(@) The masses of the two neutron stars in the binary Hulse-Taylor pulsar PSR 1913416 are M| =
1.4414 Mg and M, = 1.3867 M. For an orbital period of P = 27907 s, Kepler’s third law (Eq. 2.37)
gives the semimajor axis of the orbit as

L _[GOy + M) P2
o 472

1/3
} =1.949 x 10° m.
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(b) Taking a time derivative of Kepler’s third law in the form of P? = Ka3, where K is a constant, results

in
p dP 3K da
— =3Ka" —.
dt dt
Dividing by the third law and using P = —2.4056 x 102 for the time derivative of the orbital period
produces

2aP

da _ 20 _ 120 x 107 ms
dt 3P

During one orbit, the semimajor axis changes by

da
Aa =P — = —3.12 mm.
dt

20

19 | 1
—— Eq. (18.14)
8 Best-fit straight line |
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Figure S18.4: Results for Problem 18.32.

(a) See Fig. S18.4. The slope of the best-fitting straight line is 5.14, so M o d31 for this simple model.
(b) The ideal gas law (Eq. 10.11) states that p o« P/T. Combining this with Eq. (18.14) for the mass-

transfer rate,

. kT
M ~ zRdp,| —,
mg

shows that M « Pd /NT. From Eq. (L.1), the pressure near the surface of a star depends on the
temperature as P o< T*2°, so M oc T>7°d. Finally, according to Eq. (L.2), the temperature near the

surface is . . R
T=6M(20) (- -2 ) =am () (520 ),
425k \r R 4.25k R
where M is the star’s mass and R is its radius. If the overlap distance is d = R —r, withd < R, we
have (R —r)/rR ~ d/R?*, and so T o d near the surface. The result is that M oc d*75.

18.32 The Schwarzschild radius of a black hole of mass 3.82 Mg black hole is (Eq. 17.27) Rs = 2GM/c? =

11.3 km. The inner edge of the disk is at /Rg = 3. To find the outer edge of the disk, we first use Kepler’s
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Figure S18.5: Results for Problem 18.33.
third law (Eq. 2.37) to determine the semimajor axis,

L [G(M1 + M) P?

1/3
o } =2.22x%10° m,
T

where P = 0.3226 d, M| = 3.82 Mg, and M, = 0.36 M. Equations (18.25) and (18.26) then locate the

outer edge of the disk at
4
M2 M2
Rdisk ~ 2a|0.500 — 0.227 loglo E 1 =+ E

=1.40x10°m = 1.24 x 10°Rg.

The disk temperature, 7' (), comes from Eq. (18.19) in the form

.\ 1/4 3/4
T(r):(3GM1M> (ﬁ) (1_\/@)1/4’

8moR3 r

where M = 10'* kg s~! and r varies from 3Rg to Rgi. The peak wavelength, Amax(r), is obtained from
Wien’s law, Eq. (3.15). Figure S18.5 shows the resulting graphs of log; o 7" and 10g;¢ Amax (Amax in nm). The
regions of the disk that emit X-rays, ultraviolet, visible, and infrared radiation are indicated.



CHAPTER 19

Physical Processes in the Solar System

19.1 (a) The masses are (in terms of the mass of Mercury):

Myioon = 0.223 Mvercury
Mio = 0.270 Mytereury
Meyropa = 0.148 Mytercury
MGanymede = 0.452 Myiercury
Mcanisio = 0.327 MMercury
Mritan = 0.409 Myiercury
Mriiton = 0.065 Myercury
Mpiyo = 0.040 Myvrercury

(b) The radii are (in terms of the radius of Mercury):

Rumoon = 0.712 Rytercury
Rio = 0.744 Rytercury
REuropa = 0.643 Ryvtercury
Raanymede = 1.078 Rytercury
Reanisio = 0.984 Ruercury
Rritan = 1.055 Ryvtercury
Rriiton = 0.555 Rytercury
Rpyyo = 0.460 Ryvercury

19.2 (a) See Fig.S19.1.

(b) SeeFig. S19.1. Using a least-squares fit to the data, log;y A = 0.2333068 (or A = 1.71) and log, 70 =
—0.670528 (or rg = 0.214).

(c) See Table S19.1.

19.3 (a) See Fig.S19.2.

(b) SeeFig. S19.2. Using a least-squares fit to the data, log;y A = 0.21506 (or A = 1.6408) and log;, 70 =
0.5476 (or ro = 3.5286).

(c) See Table S19.2.

128
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Figure S19.1: The least-squares fit to data for Problem 19.2.

Table S19.1: The results of Problem 19.2(c).

Object _n__rqa (AU) logjora_Ar/r (%)

Mercury 1 039 0412 —5.579
Venus 2 0.72 —0.141 —13.514
Earth 3 1.00 0.000 7.002
Mars 4 1.52 0.183 20.147
Ceres 5 2.77 0.442 13.117
Jupiter 6 5.20 0.716 3.053
Saturn 7 9.54 0.980 —-3914
Uranus 8 19.19 1.283  —18.182
Neptune 9 30.06 1.478 —10.619
Pluto 10 39.53 1.597 16.309

Logjo (r,)

Figure S19.2: The least-squares fit to data for Problem 19.3.
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Table S19.2: The results of Problem 19.3(c).

Moon n rp(Ry) logiora Ar/r (%)
Io 1 5.91 0.772 —1.985
Europa 2 9.40 0.973 1.063
Ganymede 3 14.99 1.176 3.973
Callisto 4 2634 1.421 2.906

19.4 Using the small-angle relations cos ¢ ~ 1 and sin¢ >~ Rsin#/r, and substituting into Eq. (19.2), produces
the x and y components of the differential force as

GM 2R
AF, >~ m [— cos 9}
¥

72

GM 2R Rsin@
AFy, ~ — z [1+—cos€}( - )
r

r?2 r
GMmR
-

~

sin 6
where the last approximation is because R < r.

19.5 (a) Angular momentum is given by Lot = Iwror. Assuming constant /7,

d Lot —J dwyor

_ ,dQn/Pw) _ 211,

dt dt dt p2 ot

rot

For Earth (assuming constant density),

2

I gM@Rfe =9.7x 103 kg m?

Pior = 86,164 s
Pt = 0.0016 s century™! = 5.070 x 1073 s 571,

Note that Pyo, > 0 (the period is lengthening). Combining

dL,
= _4.16x10"kgm?s72 <0.
dt
(b) Treating the Moon as an orbiting point mass, and assuming a circular orbit, Lowix = Mpuvr =

27 Myv? [ Pogir. Assuming constant My, this leads to

dLorbit d (Zanrz/Pmbi[)
dt dt

AxMoyr dr 27 Mpyr? dPomic
Porbil dt P2 dt ’

orbit

From Kepler’s third law, P2, = 47%r®/G (Mg + My,), where r = a,

d Popit _ 67%r? ﬂ
dt B G (M€9 + Mm) Porbit dt ’
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19.6

19.7

19.8

19.9

19.10

19.11
19.12

From the text, dr/dt ~ 3.5cm yr~! = 1.1 x 107 m s~!. Substituting, d Poii/dt = 1.0x 10711 s 571,
and

dL orbit

S =16x 10" kgm? s2 —4.0x 101 kgm? s™2 = 1.2x 107 kgm? s2 > 0.

(c) The crude estimates of the change in angular momentum of Earth and the Moon are roghly consistent
with a total change of zero for the system.

(a) Earth’s spin is decreasing at a rate of 0.0016 s century™' = 1.92 x 107% d yr™!. If this rate were to
remain constant, then the length of the day would reach 47 days when

47d=1d+ (1.92 x 10710 dyr_1> At.

Solving for the time interval gives A = 2.4 x 10'! yr.

(b) Since the entire main-sequence lifetime of the Sun is on the order of 1010 yr, Earth will likely not
become fully synchronized before the Sun becomes a red giant star.

(a) Substituting P = 47 d and Mg + Myioon = 6.05 x 102* kg into Kepler’s third law (Eq. 2.37) results in
a=55x108m.

(b) The radius of the Moon is Ryigon = 1.74x 10% m. Thus, its angular diameter would be § = 2 Ryioon/a =
0.0063 rad = 0.36°.

(¢) For comparison, the Sun’s angular diameter is 0o = 2Rg/1 AU = 0.53°. Since the angular diameter
of the Moon would only by 68% of this value, the Moon would not completely cover the solar disk, and
a total eclipse would not be possible.

(a) Letrga and rgs be the distances from Earth to the Moon and the Sun, respectively. Then, considering
the x-component of the tidal force given in Eq. (19.3) for a given value of 6, the ratio of the tidal forces

is
AFy _ MM/R%M _ (MM) (VE5)3 —95
Fo Mo/RY ¢ Mo ) \rEm o

(b) Since, for spring tides, the Sun and the Moon are both along nearly the same line relative to Earth’s
center (either aligned or anti-aligned), the tidal force contributions are additive. At neap tide, The Sun,
Earth’s center, and the Moon form a right angle and the differential force vectors are perpendicular, so
that each body partially negates the effect of the other.

Near the poles 8 = £+90°, the differential tidal force goes to zero in the direction parallel to the Earth-Moon
axis (e.g., Eq. 19.3). The component of the tidal force perpendicular to the axis is directed toward the center
of the planet.

Using p, = 3933kgm™>, p,, = 2000kgm™, R, = 0.533Rg = 3.4x 10 m, and fz = 2.456, Eq. (19.4)
gives r < 1.05 x 107 m.

Phobos is currently orbiting at essentially the Roche limit for the Mars—Phobos system. As Phobos continues
to spiral in toward Mars it will likely become disrupted in the future.

An artificial satellite has a significant amount of structural integrity beyond internal gravitational effects.

Rotation implies an additional term that self-gravity must overcome. Therefore, for disruption to occur,

2GM,R GM,,*>
P m 2R, > m -
r3 R
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If the moon is in synchronous rotation, its rotation period is equal to its orbital period, or from Kepler’s law

(Eq. 2.37),

Since w =27/ P,

Substituting,

Solving for 3,

Since for a spherical body,

we find that

or

where

P? = —4712 .
G (Mp + M)
W= G (M, + My,)
3

r3 r3 R2,
GMp Ry, ) 1+% GM,,
r3 M, R2,

If M/ M, < 1,then fg ~ 3!/3 =1.44.

19.13 (a) According to the Stefan—-Boltzmann law (Eq. 3.17), the luminosity of the Sunis Lo = 4nR2®aT®4. At
the radius of the planet’s orbit, the amount of solar energy received per second is

P = Lol 7R)
n=Loll=a) | Zp |-

where « is the planet’s albedo, an, is its cross-sectional area as seen by the Sun, and 47 D? is the
surface area of a sphere of radius D centered on the Sun. Assuming that the planet radiates as a spherical
blackbody, its luminosity is given by

Poy =47 R30T,.

If the planet is in thermodynamic equilibrium, then P, = Py Solving for T}, leads to Eq. (19.5).
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(b) The energy radiated into space from the top of the greenhouse gas layer is Py, = 4nR§eaTe‘;. However,
if the temperature of the layer is to remain constant, the energy per second radiated into the layer from
Earth’s surface minus the energy per second radiated out of the layer toward Earth must give Pqy, or

4nRyoTg = 4nRGo T,

surf

2 4
—4nRgoTg.

Solving, Tyt = 21/4T@. From the result of Example 19.3.1, Tg = 255 K, which gives Tgs =
303 K = 30°C. This temperature is just slightly higher than the average temperature of Earth’s surface;
good agreement given the crude nature of the calculation.

19.14 Using M, = Mg, Ry, = Rg,and m = mpg, Tee > 140 K. Thus, the surface temperature of Earth is well
above the value needed for atomic hydrogen to escape.
19.15 (a) For Jupiter,a = 0.343 and D = 5.2 AU. Thus, according to Eq. (19.5), Ty >~ 110 K.

(b) Given My = 317.83 Mg and Ry = 11.21 Rg for Jupiter, and m = 2mpg for molecular hydrogen,
Tese > 7950 K.

(¢) Since T.sc > Ty, molecular hydrogen has not had time to escape the atmosphere of Jupiter. Fur-
thermore, since the primary constituent of the solar nebula was molecular hydrogen, Jupiter should be
composed primarily of hydrogen.

19.16 Eq. (19.8)is

. naR? m \3/2 [® 2
N = ( ) / 4 3 —mv=/2kT dv.
4 \2gkT e € v

The formula for integration by parts is
/udw:uw—/wdu.

Letting u = v? and dw = ve—mv/2kT dv, imply that du = 2v dv and

_ 2
w:/ve mv=/2kT

k_Te—mvz/ZkT‘
m

Substituting into the integration-by-parts formula,

o0
+ kT p e~mv*/2kT dv]
m

Vesc Vesc

. nmR%:, m \3/2 kTv? 2
N ( ) 4 _ —mv=/2kT
4 \ogkT ”[ m

4 2nkT m m?

m 32 (kT 2kT
= () () (e S5 )

nw m 1/2 2kT
_ Mt (_) R2 gsc + 2 e—mvezsc/ZkT
2 \2nkT m

_ I’lT[RZ ( m )3/2 4]-[ [kTvezsce_mvezsc/ZkT + zszze_mvezsc/sz}

4w R*vn(z),

where

1 1/2 2kT
. B ( m ) vgsc + e—mvezsc/ZkT‘
8 \2xkT m
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19.17

19.18

19.19

19.20

19.21

19.22

Chapter 19 Physical Processes in the Solar System

Approximately 78% of Earth’s atmosphere is N, and 21% is O,. Assuming for simplicity that the remainder
(roughly 1%) is water,

Pair = 0.78nmy, + 0.21n,mo, + 0.01n,mu, 0.
where n, is the total number density of all air molecules. Taking i = 1.3 kg m, mn, =~ 28 u, mg, >~ 32 u,
and my,o =~ 18 u, we find n, = 2.7 x 102> m™2. Thus, nn, = 0.78n, = 2.1 x 10*> m™3.

According to Eq. (9.12), £ = 1/no. Assuming that the separation between atoms in a diatomic molecule is

roughly d = 0.2 nm, the cross section of a diatomic molecule is (very roughly) o = m(d/2)? = 3x1072% m?.

Taking £ = 500 km, we findn = 1/£o ~ 6 x 10> m™3. This is slightly more than two orders of magnitude

greater than the value quoted for N, in Example 19.3.3. Note that in our estimate here we only calculated

collisions of particles without distinguishing between species. The difference can be explained in part by

gravitational separation.

(a) Usingvese = 11.7kms™ !, myg = 1.67x 10727 kg, and T = 1000 K, Eq. (19.9) gives v = 1.24 ms~'.

(b) From Problem 19.18, 1 ~ 6 x 103 m™3.

() FromEgq. (19.8), N = 47RLvn =4 x 108 571,

(d) Taking No = 9 x 103 (see Example 19.3.3), 7 ~ No/N = 2 x 1015 s = 7 x 107 yr. Since the age of
Earth is 4.6 x 10° yr, the hydrogen atmosphere would have leaked off by now.

Taking the logarithm of Eq. (19.9),

log;q €.

2kT mv2
2kT

1 m
log;gv = —log; 8 + 3 log;, (m> + logy (vfsc + o esc

For Jupiter, Eq. (2.17) gives vese = +/2GMy/Ry = 59.7 km s7L. Furthermore, using m = mpg and
T = 1000 K gives log;o v = —10.9. Thusv = 10719 ms™! = 1.3 x 107! ms71.

(a) The initial eastward velocity of a projectile launched straight south from the North Pole is zero. Thus it
gets “left behind” as observers at lower latitudes move with the planet’s rotation. This makes the motion
of the projectile appear to drift to the right as viewed from the launch point (i.e., westward drift).

(b) As a particle “falls” into a low pressure region, it’s motion deflects to the right if it is moving either
northward or southward. This sets up a counterclockwise rotation about the center of the low pressure
region in the Northern Hemisphere (a consequence of the Coriolis effect).

(¢) clockwise
(a) Atsome latitutde L, @ = w (cos Lj + sin Lﬁ). The Coriolis force is then
F, = 2mw xv
= -2mw [(cos Lj + sin Lﬁ) X (vxi + vyj + vﬂ%)]
= 2mw [(vz cos L — v, sin L) i+ vy sin Lj — vy cos Lﬁ] )

(b) wg =21/Pg =729 x 10 rad s~ .
o Ifv= vxi at a latitude of L = 40°, where v, = 30 ms™!, then

a=F./m=-2w [vx sinLj— Uy COS Lﬁ]

=— (2.8 mm s_2> j+ (3.3 mm s_2> k.

The ball is deflected southward and upward (neglecting gravity of course!).
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(d) Ifv=u,j, where v, = 30 ms~!,

a = 20v, sin Li = (2.8 mm s_2>i

The ball is deflected eastward.

(e) Ifv = v,k, where v, =30 ms~!,
a = —2wv; cos Li=— (3.3 mm s_2> i

The ball is deflected westward. This is because during the time the ball is in the air, Earth has rotated
under it.



20.1

20.2

20.3

20.4

CHAPTER 20

The Terrestrial Planets

To find the velocities of the approaching and receding limbs of the planets, we need their rotation periods and
radii: Pyercury = 58.65 d = 5.067 x 10° s, Pyepys = 243.02d = 2.100 x 107 8, Ryercury = 0.383 Rg =
2.440 x 10° m, and Rvenys = 6.052 x 10® m. These values imply that Umercury = 27R/P = 3.026 ms™!
and Vvenys = 1.811 m s™!. Thus, given the opposite signs for the velocities of the receding and approaching

limbs,
A 2
(—”) == —19x1078
¢ Mercury ¢

A 2
(—v) =Y —12x107%
¢ Venus 4

The component of the differential force per unit mass lying along the line connecting the centers of mass of
the Sun and the planet is (see Eq. 19.3)
’ 2GM@

From Eq. (2.5) and the data in Appendix C, rp mercury = a(1—€) = 4.60x10'° m and rp parn = 1.47x10'' m
These values, combined with the planets’ radii give

[AF/m]Mercury
[AF/m]Earlh

The significantly greater tidal force per unit mass on Mercury relative to Earth has resulted in Mercury’s
current 3-to-2 spin-orbit coupling.

=12.5.

(a) The amount of solar energy absorbed per second by a surface of area A at a point on the planet at the
latitude 6 is

Lo
Ly, = (4 D2) (AcosO) (1 —a).
At equilibrium, this value must equal the amount of energy radiated per second by that surface, Loy =

Ao T*. Equating and solving for the temperature gives the desired result.

(b) See Fig. S20.1. (Note that there was an error in the first printing of the text, the albedo should be 0.119,
as in Appendix C.)

(c) T =0)=0614K.
(d 6 =287.8".

(e) The effect of sublimation should diminish the amount of ice found on the surface.

(a) From Eq. (6.6), the Rayleigh criterion is

A _
Oradar = 1.22B =6.1 x 107 rad.
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Figure S20.1:
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Results of Problem 20.3 for the approximate temperature on Mercury’s surface as a function of latitude.

The angular size of Mercury is

2 RMercury

— Y —53%x107° rad.
1 AU — AMercury

QMercury =

The fraction of the original signal striking the surface of Mercury was about

2

0
[=— = 0.0076.

radar

This implies a total amount of power received by Mercury of Pyercury = f Pradar = (0.0076)(S00 kW) =
3.8 kW.

Assuming that Mercury acted like a point source radiating energy back into the hemisphere facing Earth,
the flux received at Earthis F = f Pragar/27(1 AU—0.3871 AU)?. This gives F = 4.4x 1072 W m™2.

It is estimated that the impactor had a mass approximately one-fifth of Mercury’s present mass and a
velocity of about 20 km s™'. Using these values K = 1mv? = 6.6 x 103! J.

Assume that the extra mass was initially a uniform-density shell sitting on the present-day Mercury, and
that the density of the shell was p. The gravitational potential energy of that shell would have been

R
s GM
Us:—/ MEav = -2 GMup (R - Ryy).

Rps r
where Rj is the outer radius of the shell, Ry is the present-day radius of Mercury, and My is the mass

of the present-day Mercury. Rj is determined from

4 My
My = oo (R - Ry ) = 55

If p = 3350 kg m™?, the density of Earth’s Moon, then Ry = 2.7 x 10® m = 0.42 Rg. This implies
that
Ug = —5.7x 10*° I.
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If we assume that the entire mass of the impactor was also ejected from the surface of the present-day
Mercury, its potential energy at the time of impact would have been

My M;
Ui=-G—"L = _60x10%1].
Ry
Thus the energy required to eject the shell and the impactor would have been £ = —(Us 4+ U;) =

1.2 x10%°7J.

There would have been plenty of energy available from the kinetic energy of the impactor to eject both
the impactor and the extra shell of material.

20.6 The surface pressure on Venus is 90 atm = 9 x 10® Nm™2. From the ideal gas law (Eq. 10.10) with
T =740K,n = P/kT = 8.8x102% m~3. This value is roughly 44 times the value quoted in Example 19.3.3
for Earth’s surface.

20.7

20.8

20.9

20.10

(a)

(b)

Image that the atmosphere is composed of 7 layers (assumed to be an integer for simplicity), each of
optical depth unity. Further assume that each layer has a different constant temperature. Let 71 = Tpp
be the blackbody temperature at the top of the atmosphere (i.e., in the top-most layer). Since the layer
has two surfaces, top and bottom (each of essentially the same area), the energy per second radiated out
of that first layer is 2A0Tb4b while the energy radiated into it from the second layer is A0T24. Equating
the two rates gives T24 = 2Tb4b. Similarly, the next layer down (layer 2) loses energy at the rate 204 T24
but gains energy from its neighbors, or

20AT, = 0 AT} + 0AT;.

This implies that
Ty = (273 = T}) = 4T3, — T, = 374,

Continuing down through the atmosphere, we find that in general for layer n, T} = nT;b. Now, at the
surface,
20AT} = Ao T

surf

+ AoT? |,
or
Tho= (21i=12,) = [2 (1) - e = DT | = e+ D T3,
Thus
Tourt = (1 4+ 0)V* Ty (S20.1)

From Eq. (19.5), Tpp = 226 K for Venus. According to Eq. (S20.1), this value for Tpp, combined
with 7 = 70 implies that T+ = 658 K. Given the crude nature of the approximation, this result is in
reasonable agreement with the observed value of 740 K.

Taking Av ~ 0.03myr~ ', = d/v = 1.6 x 108 yr.

Following the approach taken in Example 10.1.1, P ~ GMgp/Rg = 3.4 x 101! Nm™2 = 3.6 x 10° atm,
remarkably close to the detailed computer simulation.

(a)

(b)

From Eq. (16.30), dK/dt = —4n2I P/ P3. Making the approximation that the moment of inertia of
Earthis I = 2MgR%/5 = 9.7 x 10*7 kg m?, and using the values of P = 0.0016 s century™! and
P ~ 24 hr = 8.64 x 10* s, the rate of decrease of rotational kinetic energy is |dK /dt| = 3.0 x 1012 W.

The value obtained in part (a) is approximately 7.5% of the observed rate of energy outflow from the
interior (4 x 1013 W).
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20.11

20.12

20.13

20.14

20.15

The converging B-field lines produce a force that acts to retard the motion of the particles, ultimately changing
their directions. For most particles, the change in direction occurs before they strike the atmosphere.

(a)

(b)

(©)

(a)

(b)

(b)

Using a weighted average for the average density of the “two-zone” model,

PcVe + omVm

A T

AwRp, + (47RY — 47R) B

Il
~—
&l=
SN——

w
k)
o
+
—
|
~—
=
& |&
N——
w
| IS
|
3

Solving for the radius of the core,

Re
For the two-zone model,
12 zone — IC + Im
8 1_ _
15 [PeRE + 7 (RS - R2)
8.48 x 10%7 kg m?.

This implies that 7/ M R? = 0.349.

For a constant-density sphere, I/ MR? = 2/5 = 0.4. The lower value found in part (b) reflects the
centrally condensed nature of Earth’s interior.

Since the moment-of-inertia ratio is very close to the constant-density value of 0.4 for a sphere, the
Moon must be only very slightly centrally condensed.

The result is consistent with the lack of a detectable magnetic field. A strong magnetic dynamo requires
a fluid, conducting (presumably molten iron-nickel) core of significant size. If such a core existed it
would imply a much higher core density relative to the mantle. This would then imply a smaller value
for the moment-of-inertia ratio than is observed.

See Fig. S20.2.

The slope of the best-fit straight line is m = e* — 1 = 0.023698. Given the value of 7172 = 106.0 Gyr

for the half-life of I‘éZSm (see Table 20.1), A =1n2/7y/5 = 6.539 x 1073 Gyr_l. Thus, t = 3.582 Gyr.

This is much younger than the lunar highlands sample of 4.39 Gyr.

Equating the centripetal force to the gravitational force,

Muv>  GMgM,y,

leads to

2 9
Rg R%
and substituting the velocity of Earth’s surface at the equator in terms of its rotation period, v = 2nRg/ P,
27 RY?
P=—"2_=5060s=14hr.

 (GMg)'?
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20.16

20.17

20.18

20.19
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0.5145

0.5140 1

0.5135 1

0.5130 1

143N d/144Nd

0.5125 1

0.5120 1

0.5115 : ; ; : ;
0.18 0.20 0.22 0.24 0.26 0.28 0.30

147Sm/144Nd

Figure S20.2: The results of Problem 20.14(a).

Using pg = 5520 kg m~? and PMoon = 3340 kg m™?, the Roche limit is (Eq. 19.4)

Pe

PMoon

1/3
r= 2.456( ) Rg = 1.85x 10" m = 0.048an00n,

where danoon 1S the semimajor axis of the Moon’s orbit. The Moon is not in danger of being tidally disrupted.

Tp T'a I+e
Lt S L. = 1.098.
A Vi g

(b) The southern hemisphere’s polar ice cap varies more dramatically.

Priobos = 7" 30™ = 2.75 x 10* s and Ppeimos = 30" 17™ = 1.09 x 103 s. Then, from Kepler’s third law
(Eq. 2.37),

@Phobos = 9.36 X 10° m = 2.75 Ryfurs
ADeimos = 2.34 % 10" m = 6.89 Ryars.

Since Pphobos = 7" 30™, Ppeimos = 30" 17™, and Pyars = 24" 37™, Phobos will appear to move eastward and
Deimos will appear to move westward.
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CHAPTER 21

The Realms of the Giant Planets

Following the procedure given in Example 10.1.1, P, ~ GM p/ R, and using the data found in Appendix C,
P jupiter ~ 2.4 x 1012 Nm™2 and P saum ~ 4.5 x 10" N m™2. For comparison, the central pressure in the
Sunis 2.5 x 10'7 N'm™2 (see Table 11.1). The central pressures of Jupiter and Saturn are significantly less.

(a)

(b)

(©) k=n/Ry=450x108m™! and K = 27G/k? = 2GR?/w = 2.07 x 10° Nm* kg 2.

Beginning with Eq. (10.6) for hydrostatic equilibrium,
dP M
- _G rP

dr r2’

and substituting the polytropic relation, P(r) = Kp2(r), leads to

do_ G M,
dr ~ 2K r?2°

Differentiating again,

dr2 2K \r2 dr r3

Using the mass conservation equation (Eq. 10.7),

d’p G(ldM, 2M,)

dM,

ar = 4nr2,0,

rewriting Eq. (S21.1),
M, 2K dp
= =G ar

and substituting into Eq. (§21.2) leads to the desired result,

d’p 2dp 2rG
zﬁ+w7(i7ﬁ—a

Starting from

sinkr
p(r) = pe (T),

and differentiating,

@ . coskr B sinkr
dr P r kr2 )’

The second derivative is

d?p (2sinkr 2coskr ksinkr
Pc -

dr? kr3 r?2 r

(S21.1)

(821.2)

(S21.3)

(S21.4)

(S21.5)

(S21.6)

Substituting Egs. (S21.4), (S21.5), and (S21.6) into Eq. (S21.3) verifies that the equation is satisfied.

141
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(d) Integrating Eq. (10.7),

,
M; = / drripdr
0

4 r
— TP r(sinkr)dr
kJo

4mpe

= 7 [sinkr — (kr)coskr]

(e) Substituting r = Ry and recalling that k Ry = 7 leads to

T[MJ -3

(f) See Figs. S21.1 and S21.2.
(g P.=Kp?=36x10"2Nm2.

4.0 g
's
on
2 30 .
[
S
=
Z 20 |
g
@]
1.0 g
0.0 Il Il Il Il

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0
Radius (107 m)

Figure S21.1: A polytropic model of the variation of density with radius for Jupiter’s interior according to Prob-
lem 21.2(f).

21.3 (a) Consider a ring of mass dm and radius a centered on the rotation axis, with the edge of the ring a

distance r from the center of the planet. Then, for an angle 6 measured from the rotation axis, a =
r sin §. Furthermore, for a density distribution of p(r), the mass of the ring is given by dm = pdV =
pQmardfdr). Substituting into the expression for the moment of inertia,

1:/ a’>dm
vol

= / (r sin6)? [2nr2 sin Qp(r)] dr do.
vol
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1.0
09
0.8
0.7
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Figure S21.2: A polytropic model of the variation of interior mass with radius for Jupiter’s interior according to
Problem 21.2(f).

Introducing the polytropic result,

sinkr
p(r)—pc( o )

the moment of inertia becomes

4 R] H
I :f / 21 sin® Ope Smkr) dr do
=0 Jr=0 kr

2 4 R]
= I sin39d9/ r3sinkr dr.
k Jo 0

Recalling from Problem 21.2 that k Ry = 7, the expression for the moment of inertia reduces to

8¢ 6 5
1=2Lc(1-2) RS
371( nz) !

(b) Using the estimate from Problem 21.2(e) that p, = 4100 kg m~3 and the data in Appendix C, the
moment-of-inertia ratio of this polytropic model of Jupiter is

5 = 0.134.
JRJ
(c) The polytropic model overestimates the central mass concentration.

21.4 (a) Firstconsider the case of a uniform density, peny (in other words, let f = 0 initially). Then

Rp Rer/1—(z/Rp)?
I = 4n,oe,w/ / adadz
0 0

4 Ry VT
= T[Re,oenv o 1-— R_P dz

8
= ERp R:,Oenv
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21.5

21.6

21.7
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The core can be included by subtracting the moment of inertia of a constant-density spherical core of
density peny and radius f'R., and replacing it with the moment of inertia of the constant-density spherical
core of density pcore having the same radius. Thus,

8 2 4
I = ERpR:penv + g (,Ocore - ,Oenv) (?) fSRS-

Simplifying results in Eq. (21.5).

(b) If the planet is spherical, b = 0. Furthermore, if the planet has a constant density, pcore throughout, then

f = 1. Also, in this case
M

Pcore = W‘
Substituting these values gives the usual result, I = 2M R2/5.
(@) Meore = ,Ocorchore = 47Tf3 Rglocore/3~
(b)  fR. =9.8 x 10 m, implying that f = 0.138.

(c) The mass of the planet as a two-component model can be expressed as

Rp pRer/
M:4n/ /
0 0

1—(z/Rp)?
pla,z)adad:z.

Using a procedure similar to finding the moment of inertia in Problem 21.4, we find

4
3

4
= TRS [(1 = b) peny + f3 (Pcore — :Oenv):l :

Mol = I:Rg Rploenv + f3R3 (,Ocore - ,Oenv):l .

Solving for peqy,
_ Mlolal/(4nRg/3) - f3locore
Penv = 1— b — f3

Applying the result from part (a), we find

_ Mlolal/Mcore -1 f3
Penv 1 —b— f3 Pcore-

For Jupiter, My = 317.83 Mg and b = 0.064874 (see Appendix C). The density of the two-zone
envelope is then pepy = 1300 kg m™3.

(d) From Eq. (21.5), I/ M R? = 0.393.

(e) The measured moment of inertia ratio for Jupiter is only 0.258. This points out that the envelope struc-
ture must be must more centrally condensed than the constant value assumed here.

The diameter of Jupiter’s magnetosphere is Dyay = 3 X 10'° m. At opposition Jupiter is at a distance of
d =52AU—-1.0AU = 42 AU = 6.3 x 10'" m. Thus, the angular diameter of the magnetosphere is
Omag = Dmag/d = 0.048 rad = 2.7°. Since the angular diameter of the Moon is about Oyeon = 0.5°, we find
Qmag ~ 5.591\/{00“.

Assuming a spherical fragment of diameter ¢ = 700 m and a constant density of p = 200 kg m™?, the mass
of the fragment was mg = 4 (d/2)*p/3 = 3.6 x 10'! kg. The escape velocity of Jupiter is (see Eq. 2.17)
Vese = v2GMj/R; = 60 km s~!. These values imply a kinetic energy of £ = %mgvfsc =64x10"°] =
15,000 MTons.
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Figure S21.3: The results for Problems 21.8(a) and (b) for the gravitational potential of Saturn.

(a) See Fig. S21.3.

(b) The gravitational potential is largest at = 90° and smallest at & = 0° and 180°. At 0° and 180° the
deviation is approximately 0.4%; at 90° the deviation is approximately 0.2%.

(a) From Eq. (10.23) and following Example 10.3.1,

3 GM?
10 Ry

AE = =1.0x10%7.

(b) The average rate of gravitational energy output from Jupiter over the age of the solar system is
<dE > AE

—)=—————=70x10"W.
ar | T assxi0oyr - OxI0TW

(c) The current intrinsic power output of Jupiter is 3.3 x 10'7 W. This value is roughly one-twentieth of
the average output over the planet’s lifetime, implying that the output must have been much greater in
the past. The larger rate for the energy output in the past would have contributed to early heating of the
Jupiter subnebula, helping to deplete volatiles near o and Europa.

The rate at which solar energy is absorbed by Neptune is

dE Lo
- — R2 l—a :2X1015W,
(dl )abSOrbed (n N) (4,”2) (1-a)

N

where Ry is Neptune’s equatorial radius, ry is its orbital radius, and « is its albedo (see Appendix C). Since
roughly an equal amount of energy is emitted by internal sources, the total energy per second given off by

Neptune is
E E
(d—) :2(d—) =4x10"°W.
dt emitted dt absorbed

Assuming that the energy is emitted as blackbody radiation,

dE
(—) =47 R{oTy.
di emitted

Solving for the temperature, 7 = 55 K. This crude estimate is about 7% less than the observed value of
59.3 K.
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21.11

21.12

21.13

21.14
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Consider the upper value given in the text of dN/dt = 10%° ionss™! leaving To. Assuming that all of
the ions are sulfur, the mass of each ion is mjo, >~ 32 u = 5.3 x 1072° kg and the rate of mass loss is
dm/dt = 5300 kg s~!. Over 4.55 billion years, the amount of mass lostis Am = 7.5 x 102° kg. This value
is roughly 0.85% of Io’s present mass. Hence, lo is in no danger of vanishing any time soon.

(a) The approximate volume of the disk is

Viings = (30 m) (nR2 - ann) —23x10"% m’.

out

From Eq. (9.12), the number density of ice spheres in the rings is

1 1 5
n=—=———— - =110m"".

to [n (1 cm)z]
Given that the mass of an individual ice sphere of radius rjce = 1 cm is

4
Mice = gnriiepice = 0.0042 kg,
the mass of ice in the rings is

18
Mtings = ,OringsI/rings = nmiceI/rings =1x10 kg

(b) 62km.

2

Figure S21.4: The sketch for Problem 21.13.

The sketch is shown in Fig. S21.4. Mimas and a characteristic ring particle are depicted at three points in
their orbits, labeled 1, 2, and 3, respectively. For each one-half orbit that Mimas completes, the ring particle
completes one full orbit. Also drawn are force vectors (not shown to correct relative lengths) between Mimas
and the particle at each of the three locations. Given that the force vectors are longer at positions 1 and 3 than
at 2, Mimas systematically elongates the orbit, resulting in an ellipse.

Saturn’s rotation period is 0.444 d = 3.84 x 10* s. From Kepler’s third law (Eq. 2.37), this corresponds to an
orbital radius of @ = 1.1 x 103 m = 1.9 Rs. According to Table 21.4, a portion of the B ring, as well as the
A, F, G, and E rings exist beyond this radius.
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21.15

21.16

21.17

(a)

(b)

(a)

(b)
(©)

(a)
(b)
(©)
(d)

The energy absorbed by the grain per unit time is

(dE) Lo
- =0 ,
dt absorbed ¢ dmr é

where rg is the grain’s distance from the Sun.

The angular momentum of the dust grain is £ = muvr, where r is the distance of the grain from the
object that it is orbiting. Therefore, the rate at which the angular momentum decreases is given by

ar dm
— x| —)r,
dt dt

where we have assumed that v and r are essentially constant. Considering the energy radiated away by
a photon as being associated with an effective mass, the angular momentum loss rate is

df _vrdE,

dr T e dt
Atequilibrium, dE, /dt = — (dE /dt)4meq- Substitution leads to the desired result for the case where
the particle is orbiting the Sun, or r = rg.

Beginning with Eq. (21.6), setting r = rg (assumed essentially constant), and integrating gives

£f Og L@
In({— ) =- —ISaturns S21.7

(ACO) 47'[7% WlC2 Satu ( )
where Lo and Ly are the initial and final angular momenta of the particle, respectively, and fsyurm is the
elapsed time. The initial and final angular momenta can be found from £(r) = mvr, where

4 3
m=p gnR ,

and R is the radius of the grain. Furthermore, v = 27r/ P, and from Kepler’s third law (Eq. 2.37),

P _ 27[ r3/2
(GMs)'/?

so that
v = (GMs)"/? r=1/2,

Combining, the angular momentum is
4
L) = smpk’ (GMs)' /2 11/,

Setting Lo = L (Ro), Ly = L (Rs), and 0 = 7R?, and substituting into Eq. (S21.7) gives the desired
result.

fsaum = 2 X 1013 s = 6 x 103 yr.

The estimate is much less than the age of the Solar System. Hence, the E ring cannot be a permanent
feature unless the particles are replenished.

From Eq. (2.17), Vee = 0.213 km s~ !,

v=2GMy/ry = 9.4kms L.
\Ug| = 3GMG/5Ry = 1.09 x 10%47.
Beginning with

2 2\3
and solving for the radius gives R = 14.3 km.

3
K = |Ug| = lmv2 = l (in,oR3) v2,
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222

22.3

224

CHAPTER 22
Minor Bodies of the Solar System

(a) From Eq. (3.13),
(S)4 Lo (7R?)

4rc

Frag = cosf = =14x 107" N,

where R = 100 nm and r = 1 AU. Given a density of p; = 3000 kg m ™3, the mass of the grain is
Mg = pg (%nR3> = 1.3 x 107!7 kg. Thus, the acceleration is a = Fya/mg = 0.011 ms™2.

(b) g=GMg/r?>=0.0059ms2.

(a) Beginning with Eq. (21.6),
dLr _ Og L@
dt — 4nr2me?
where r is the orbital radius of the grain. After substituting 6 = 7 R? (where R is the grain radius),
L = mvr,and m = $7R*p, and simplifying,

d(vr) R? Lo
a = arme

Using Kepler’s third law (Eq. 2.37), P? = 4n%r3/GMg, and substituting P = 27r /v for a circular
orbit, the velocity can be written as v = /GMg/r. Placing the result into the differential equation,
simplifying, and integrating from the initial orbital radius to the solar radius we find

Ro tSun RZL
/ rdr = —/ © it
, o 2mc?

1, , o RlLg
2 (RQ -7 ) T T ome? fsun-

Making use of the approximation » > R, and writing the mass in terms of the density of the spheri-
cally symmetric grain, m = %nR3,o, leads to the desired expression for the time required for the dust
grain to spiral into the Sun.

(b) 0.92m.

Evaluating,

Combining the rates of mass loss for dust and gas, dm/dt = 2.5x 10* kg s~!. In one year (the active portion
of one trip around the Sun), Am/trip = (dm/dt) At = 8 x 10'! kg. Taking the mass of the nucleus to be
m ~ 10'% kg, we find N = m/(Am/trip) = 125 trips.

The mass-loss rate, dm/dt, combined with the gas velocity, v, implies a rate of change of momentum (i.e.,

a force):
dm _d(mvg) dp

F = muycleus@nuctens = Vg W = T =i

Measurement of the acceleration of the nucleus gives an estimate of the mass.
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22.5

22.6

22.7

22.8

22.9

(a) From Kepler’s third law [Eq. (2.37) written in the form P? = a*, where P and « are in years and AU,
respectively], a = 64 AU.

(b) FromEq. (2.5), 7, = a(l —e) = 0.0055 AU, and from Eq. (2.6), r, = a(1 + e) = 128 AU.

(¢) The Kuiper belt.

The orbital period of Jupiter is P; = 11.8622 yr (see Appendix C). Thus, an object with a 2:1 orbital

resonance with Jupiter has a period of P,y = P;/2 = 5.931 yr. This corresponds to a semimajor axis

of 3.28 AU [Eq. (2.37) written in the form P? = a3, where P and « are in years and AU, respectively].
Similarly, for a 3:1 resonance, P = P;/3 = 3.954 yr and a = 2.5 AU. These values agree with Fig. 22.13.

R
Ty = To(l —a)l/“,/%

(a) From Eq. (19.5),

1/2
6.96 x 108 m
= (5777K)(1 —0.38)/4 | =———
( ) " | 26362 A0)
=161 K.
dE
(b) = Ly = 4nR%0T) =2 x 1013 W.

(a) The total volume occupied by the asteroids is

4
Vasleroids =N (§R3) =1.3x 1021 m3.

(b) The volume of the belt in this crude estimate is
Voere = hre (Rg - Rf) = 4.9 % 10°2 m?.
(¢) 2.6x 10712
(d) This is unrealistic, at least in our Solar System! You would have to go out of your way to hit an asteroid.

(@ my =3%7R}py =19 x10% kg.
(b) Nsi =my/mgi =4.1 x 1043,
() AE = (Am)c? = (25.986892 u — 25.982594 u)c? = 6.4 x 10713 J.

8680
@ Nagy = (5%1079) ( )Nsi = 1.8 x 10%.

10¢
(e) The amount of energy released per second is
dE
— = AE d—N
dt dt
However, from Eq. (15.9), dN/dt = —AN, and from Eq. (15.10), N(z) = Noe . Substituting,
dE
— = —MAE)Noe™.
= ANy
For a half-life of 7,/ = 716,000 yr, the decay constant is
In2
A= 22 —97x1077 yr L.

T1/2
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Furthermore, A(AE)No = 3.5 x 10'3 J. Thus

dE
dt

— (35 X 1013 W) 6,—(9.7X10_7 yr_l)t‘

The plot is given in Fig. S22.1.
(f) 5.6x10°yr.

Log, L (W)

-9 ! ! ! !
0 1 2 3 4 5

Time (107 yr)

Figure S22.1: An estimate of the energy output from Vesta as a function of time [see Problem 22.9(e)].

22.10 Earth spins on its axis in the same direction that it orbits the Sun. Hence, on the side of Earth away from
the Sun, the rotation and velocity vectors add, implying a larger value for the net relative velocity between a
meteoroid and Earth. Also, the sky is dark on the side of Earth away from the Sun.

22.11 The energy released in the Tunguska event was roughly £ = K = mv?/2 = 10'3 J. If the impact velocity
was Earth’s escape velocity of 11.2 km s™! (see Eq. 2.17), the mass was 2 x 107 kg. Assuming a density of
2000 kg m ™3 and spherical symmetry, the radius of the impactor was 12 m.



CHAPTER 23

Formation of Planetary Systems

23.1 (a) Both HD 80606 and HD 80607 are G5V stars, implying that their masses are each just slightly less than
1 Mg. If we adopt 1 Mg for the mass of each star in this example, and we use Kepler’s third law in the
form (M + M,)P? = a>, where the masses are in solar units, P is in years, and a is in astronomical
units, we find P = 63,000 yr.

(b) Ifa = 0.44 AU, then the orbital period of HD 80606b about HD 80606 (neglecting any influences from
the companion star) is P = 0.29 yr. This would imply roughly 220,000 orbits of the planet for each
orbit of the two stars about their common center of mass.

(c) The ratio of the two forces is roughly

Fso607/ Frosos = A4 2—5><10—8
80607 80606 — 2000 - .

23.2 Comparing densities:

Object  density (10> kgm™>) class

Pluto 2.1 planet

Ida 2.2-29 asteroid

Vesta 2.9 asteroid

Halley <1 comet

Triton 2.1 moon of Neptune

(Note that the data on Vesta is given in Problem 22.9.)

Comparing radii:

Object radius (km) class

Pluto 1135 planet

Ceres 500 asteroid

Vesta 250 asteroid

Ida 55 asteroid (long axis)
Halley 15 comet

Triton 1353 moon of Neptune

(Note that the data for Ceres was found in Section 19.1.)

Pluto is very similar to Triton, in terms of density, radius, and composition. Comets are icier and smaller than
Pluto, while asteroids tend to be rockier and smaller. Pluto is consistent with being formed farther out from
the Sun than were the hotter asteroids. Pluto grew larger than cometary nuclei.

233 (a) According to Fig. 23.8, Lo/ Mo = 1072, Taking My, >~ Mg gives Lioy = 3.2 x 1043 kg m? s71.
From the definition of the moment-of-inertia ratio given in Problem 20.12, the Sun’s moment of inertia
is Io = 0.073MoR% = 7 x 10*6 kg m*. Furthermore, since Lioy = low = 21lp/P, where
and P are the angular velocity and rotation period, respectively, solving for the rotation period gives
P=14x10*s=0.16d.
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23.4

23.5
23.6

23.7

23.8

23.9

(b)
(©)

Chapter 23 Formation of Planetary Systems
Ve = 2mRo/P =3.2x 105 ms~!.
Setting the centripetal acceleration equal to the gravitational acceleration,

vez,max _ GM@
- 2
Ro R}

3

and solving for the maximum velocity gives

GMo
Ro

=44%x10°ms .

Ve,max =

This corresponds to a rotation period of P = 27Rg /Vemax = 1 X 10*s = 0.12 d.

If we simply add up all of the mass of planets, comets, asteroids, and moons, we get (very roughly) M =
2.6x 1027 kg for the planets, 6.3 x 1023 kg for the largest moons in Appendix C, 6x 1026 kg = 100 Mg for the
Oort cloud, perhaps 1000 Mpy,, = 10%° kg in the Kuiper belt (wild guess), and 5 x 107* Mg = 3 x 10?! kg
for the asteroid belt. Combining gives a very crude estimate of Mysy = 4 x 1027 kg.

Ry = 0.5 AU = 1000 R;.

(a)

(b)

(©)

(a)
(b)
(©)

The mass of a K4V star is roughly 0.7 Mg. Using Kepler’s third law with an orbital period of P =
2.81782d implies ¢ = 0.035 AU = 5.2 x 10°m.

If the planet produces a radial reflex velocity of 64.3 m s~! on the star, and the planet’s orbital speed is
vp =2mwa/P = 134 km s, the mass of the planet is about

Ustar

Mo = 6.7 x 10* kg = 0.35 M.

mpy =
14
Up

The orbital radius of the star about the center of mass is ¥ = vy P/2m = 2.5 x 10® m. This implies a
maximum wobble of
_2r  5x 10® m

0 = 4~ 358pc =4.5x107"2 rad = 9.7 x 1077 arcsec = 0.97 JLas.

The mass of a KOV star is approximately 0.79 M. Therefore, a = (P2/M)'/? = 3.1 AU.
ra =1+ e)a=4.2AU.
From Eq. (2.33),vp = 2.1 x 10*ms™! = 21 kms™'.

High metallicity implies that the formation of dust grains will be more effective. The merger of grains will
lead to the build-up of planetesimals.

If Jupiter and Saturn were originally at 5.7 AU and 8.6 AU, their orbital periods would have been 13.6 yr
and 25.2 yr, respectively, corresponding to a period ratio of (Ps/Py)o = 1.85. Today’s period ratio is
Ps/Py = 29.46 yr/11.86 yr = 2.48. At some point during their migrations they would have passed through
a period ratio of 2.
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24.4

CHAPTER 24
The Milky Way Galaxy

Using Ry = 8 kpc and @ = 220 kms™!, P = 27 Ry/®y = 220 Myr. Taking the age of the Sun to be
4.56 Gyr, the Sun has made approximately 20 trips around the Galactic center.

(a) See Table S24.1.
(b) Lbol, tot = 3.6 x 1010 L@.

Table S24.1: Results for Problem 24.2(a).

component Lp(10'° Lg) %
gas 0 0
thin disk 1.8 81
thick disk 0.02 0.9
bulge 0.3 13.5
stellar halo 0.1 4.5
dark matter halo 0 0
Total Lp ! 2.22 100

I Note that the value in the text is
Lp=2340.6x101°Lg.

(a) Beginning with Eq. (24.1) and solving for ay,
ay =V —My +5—5log,,d = 2.38.
(b) ay/9.0 kpc = 0.26 mag kpc™ .
From the discussion leading up to Eq. (3.5),
F = Fjo 100~ (m=M)/5

is the flux received from a star of apparent magnitude m relative to a star of absolute magnitude M located
10 pc from Earth.

Next, from Eq. (24.4), the number of stars with absolute magnitudes between M and M + d M found
within a solid angle 2 and having apparent magnitudes between m and m + dm is given by

dNy = Apg dm.

Thus, the total flux due to all stars with apparent magnitudes between m and m + dm is

dF, = Fig100~™=M)/5 40 dm.
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24.5

24.6

24.7

Chapter 24 The Milky Way Galaxy

Substituting the expression for Ay given by Eq. (24.5), and adding up the contributions from all stars between
the observer (m — —oo) and some distance d corresponding to an apparent magnitude 1,

" —2(m—pry/s | [ In10 3(m—M+5)/5
F, :/ Fip1075V" ?QnMIO " dm

—0o0
m
= C/ 10™5 dm,
—0o0

where C is a constant. After integrating,

5C
F = ——10m°.
" Inl0 0

As d — 0o, m — 00, and F,;, — oo.

(a) From Eq. (24.5),
3 In10
logo Am = g(m — M +5)+logy 5 + log;o 2 + log o npr (M, S).

(b) Alog;o Ay (m) = 0.6.

(c) The distribution of stars is not constant, but decreases with increasing distance.

6
5
4
3
2

Logio Ay

_3 | | | | | | |
4 6 8 10 12 14 16 18

Vv

Figure S24.1: Results for Problem 24.6(a).

(a) See Fig. S24.1.

(b) The slope of the curve over the range 4 < V' < 11 is 0.6. This implies that no interstellar extinction is
present, or ay = 0.

(¢) FromEq. (24.1) witha = 0, d = 631 pc.

(d) From Table 24.2, V = 11 corresponds to log;q Apr = 1.89. Employing the result of Problem 24.5(a),
we find np (M, S) = 2.9 x 1073 pc3.

(e) A monotonic decrease in the stellar number density with increasing V' or interstellar extinction.
(a) Returning to the derivation of Eq. (24.5), if interstellar extinction is included

In10
Ay = —

QnM103(m—M—a+5)/5
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or

3 In10
log,o AM = g(m — M —a+5)+log, ?QnM .

If we consider the values at V' = 15 and V = 11, and noting that « = 0 for V' < 11 (i.e., in front of the
cloud), we find the difference

3 3
logio Anr(15) ~logy An(11) = S(15—a) = <(11) = 3.29~ 1.8 = 1.4 = 7/5.

Solving, we find a = 5/3.
(b) Ifda/dl = 10 mag kpc™', AL = 40 pc.

1.6 — T T T T T T T T T 1
14 E
~ L2t E
";‘o -
o
J.q® 1.0 [ B
S |
~ 08 B
w I
g
g 06 4
x L
3
04 -
0.2 -
0.0 R R R T T 1

20 -15 -1.0 05 00 05 10 15 20
z (kpe)

Figure S24.2: Results of Problem 24.8(a).

24.8 (a) See Fig.S24.2.
(b) Beginning with the expression for sech (z/z¢) found immediately after Eq. (24.10),

4
e2z/z0 +e—22/zo + 2°

sech? (z/z¢) =

In the case where z > zg, sech? (z/z9) ~ 4e~2%/?0_ Substituting into Eq. (24.10) gives the expected
result.

249 (a) The number of hydrogen atoms is given by N = Mg,/mp = 6 x 1096 atoms. Assuming that each
atom has a thermal energy given by £ = %k T, the total thermal energy content of hydrogen gas in

the Galaxy is Eperma = 1.86 x 10%3 J. Dividing by the volume of the of the disk V ~ 7 R?h gives
Uthermal = 2 x 10_15 J 1’1’1_3.

(b) Using B ~ 0.4 nT, Eq. (11.9) gives u,, >~ 6 x 107'* T m™>. In this rough estimate, t,, >~ 30unermals
implying that magnetic field effects should play a significant role in the structure of the Milky Way.

24.10 £ =10.944°,b = —0.0461°.

24.11 (a) Forthe NCP: ¢ = 123.932°, b = 27.128°.



156
(b)
(©)
2412 (a)
(b)

Chapter 24 The Milky Way Galaxy

For the vernal equinox: £ = 97.337°, b = —60.185°.
For Deneb: £ = 85.285°, b = 1.9976.

For M13, z = d sinb = 4.6 kpc and for the Orion Nebula, z = d sinb = —149 pc.

M13 belongs to the Galactic stellar halo and the Orion Nebula is a member of the thin disk. These
conclusions are supported by their heights above the Galactic midplane and by their classifications as a
globular cluster and a young star-forming region (a nebula), respectively.

Apex A Antapex

Figure S24.3: The results for Problem 24.13. (a) The solid-line arrows represent the apparent motions of the stars,
while (b) the dashed-line arrows represent the radial and transverse velocity components.

2413 (a)
(b)
(©

(d)

See Fig. S24.3.
See Fig. S24.3.

Stars near the apex (approaching) have the largest negative radial velocities and stars near the antapex
(receding) have the largest positive radial velocities.

Stars located at the apex have no measurable proper motions due to the solar motion with respect to
the LSR. As we consider stars farther from the apex, the proper motions increase, and appear to move
directly away from the apex. Stars 90° from the apex have the largest proper motions due to the solar
motion relative to the LSR, and stars near the antapex appear to be converging at the antapex.

24.14 12km s~ !

2415 (a)

(b)

(©)

From Eq. (2.17), Vese = +/2GM/Ry. Using vese = 300 km s7!and Ry = 8.0 kpc gives M =
8.3 x 10'% M. This result agrees well with the value of 8.8 x 10! Mg found in Example 24.3.1.

Using a value of vese = 500 km s7! leads to a mass of M = 2.3 x 10!! Mg. The dark matter halo
could account for the extra mass.

Since much of the mass in the Galaxy is located at » > R, and appears to be approximately spherically
distributed, dynamic motions in the solar neighborhood do not reflect the existence of that matter.

24.16 Begin with Egs. (24.37) and (24.38), respectively:

vy = (Q — Qo) Ry sin’
vy = (2 — Qo)Rocosl — Qd.
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Substituting the first-order Taylor expansion,

dQ
Q-Q =~ ~——| (R—Ro)
dR|g,
and using the approximation
Q ~ Q().
gives
dQ .
Vp = d_R & (R — R()) R() sin £
dQ
Vy = ——— (R—R())R()COSZ—Q()d.
dR g,
But Q = ®/R. Differentiating,
dQ 1 doe ©o
dR|g, ~ Ro dR|g, ~R2
Substituting leads to
de N
= — — | (R— Rp)sin/
vy [dR " R0:|( 0) sin
de N
= —— | (R—R £ —Qod.
v, [ 7R |1, RO] (R~ Ro)eos £ = R

Using the geometry of Fig. 24.22, Ry = d cos{ + Rcos 8 >~ d cos{ + R implies that R — Ry = —d cos{.

‘We now have
[d@ O
v = —

—] d sinf cos?{

dR
de
dR

Employing the trigonometric relation, sin£ cos { = % sin 24, leads us to Eq. (24.41),

R, Ro

e
-2 d cos® £ Oyd.
R, Ro

Uy

v, = Ad sin24,
where
_1]de N
~ 2| dR g, Ro
is Eq. (24.39).
Invoking another trigonometric relation, cos? £ = % (1 + cos 2¢), substituting the definition of A4, and

using Q¢ = O/ Ry, gives

e
vy = Ad (1 + cos2l) — R—Od
0

= Ad cos 2l + (A——) d.
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But
4_Bu__L1[do| o] 6
Ry 2| dR|g. Ro| Ro
__1ldo] o
2 dR|g,  Ro
= B,

which is Eq. (24.40). Substituting, we finally arrive at Eq. (24.42),

vy = Ad cos2{ + Bd.

24.17 Since from Earth we measure Av,, the maximum values occur at £ = 0° and 180°, and minima occur at 90°
and 270°.

24.18 (a) From Kepler’s third law (Eq. 2.37),

P= 2 R,

(G (my + m)]'/?

However, P = 2w R/®. Substituting and rearranging,

o= [G(Wu +m2)}1/2.
R

(b) Differentiating our expression for @ gives
de _ 1[Gm+m)]* 16
dR 2 R3/2 2R’
Substituting into Egs. (24.39) and (24.40) leads to

_ 360
T 4Ry
1 ©

4Ry

A

(c) Using the Keplerian expressions, we find 4 = 20.6 kms™ kpc™' and B = —6.88 km s~! kpc™!.
(d) The values do not agree because they assume that all of the Galaxy’s mass resides interior to Rp.

24.19 (a) Combining Egs. (24.39) and (24.40),

de
dR

=—(A+B)=—-24kms ' kpc L.

Ro

The orbital velocity is decreasing with increasing R.

(b) IfA=—B=13kms ' kpc!, then
de
dR

=0.
Ro

This implies that at, least within the solar neighborhood, the rotation curve is flat.
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2420 (a) Equating the expression for centripetal acceleration with the gravitational acceleration,

02  GM,
R R’
or
o=
R

Assuming a constant mass density, M, = %n,oR3 and
O = /4rGpR x R,
which is rigid-body rotation.

(b) The model for the distribution of dark matter described in the text is given by Eq. (24.51),

_ Po
O T e

When r < a, the density distribution approaches p(r) ~ po = constant. As was shown in part (a), a
constant density distribution implies rigid-body rotation.

24.21 In the solar neighborhood, r = Ry and V' = ®y. Thus
9%
47 GR;

p(Ro) =

9.5x 10722 kgm™3
=0.014 Mg pc 3
= 1.6 x107¥ Mg AU3.
The stellar mass density is approximately 0.05 Mg pc™2 in the solar neighborhood.

2422 (a) The amount of mass located between r = 0 and r is given by integrating Eq. (10.7), or

M, :/ dmr?p(r)dr.
0

Substituting the mass density of dark matter (Eq. 24.51),

2 r
r = 4mpya® [r —atan™! (—)] .
a

.

.

M, =4npga® | ————d
rm /01+(r/a)2

(b) Usinga = 2.8 kpc, M, = 5.5 x 10! Mg, and r = 100 kpc, gives po = 5.9 x 107 Mg kpc 3. If
M, = 1.3 x 10'2 Mg within r = 230 kpc, then we also find that py = 5.9 x 107 Mg kpc ™.
(c¢) Using the value of pg found in part (b), M, = 2.6 x 10" Mg . From Table 24.1, the mass of the stellar
halo is 3 x 10° M. Apparently the mass of dark matter far exceeds the mass of the stars in the Galaxy.
2423 (a) Ifr <a,thenl+r/a >~ 1and pnrw X r~L Ifr > a,then 1 + r/a >~ r/aand pxpw o< 173,
(b) For the spherically-symmetric distribution

}"2

o0 ) 3 o0
M = 4 dr =4 a —dr.
/(; p(r)dmr=dr 00 j(; @t )?

For r > a, the integral looks like fooo r~Vdr, which is lnr|8°. Since Inr is unbounded, the mass is
infinitely large.
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24.24 Referring to Table 24.1, the mass of the dark-matter halo interior to 50 kpc is about 5.4 x 10! Mg, while it

24.25

24.26

is estimated to be 1.9 x 10'2 Mg, interior to about 230 kpc. These values imply
p(50) = 1.0 x 10® Mg kpc ™3
p(230) = 3.7 x 10* Mg kpe™>.

Using Eq. (24.52) and taking the ratio of the results gives

— (230/a)(1 +230/a)®> (230 [ (a + 230)2
T (50/a)(1 +50/a)2 50 (a+ 502 |°
This gives
2452 4230
a+50

ora = 73.9 kpc. Solving for the density immediately gives po = 1.9 x 10® Mg kpc™>.

(a) Weneed to put together all of the pieces to the structure of the Galaxy from Table 24.1, as well as include
the contribution of dark matter to the total mass of the Galaxy. To include the later, we can integrate the
NFW distribution (Eq. 24.52) from r = 0 to some r = ry:

ro
Mxygw (ro) =/ pnew () dmr? dr
0

ro r2
= 4”“/0 waa+rjar "

o rdr
=4 3 -
Thod /o (@+r)?

ro
= 4mpoa’ [ln(a +r)+ ¢ :|
a+r |

Vo/a
= dnpoa’ | In(1 + ro/a) — —— |.
700 [(+0/) 1+r0/a}

This expression can be evaluated for various values of r¢ using the results obtained from Problem 24.24;
a=73.9kpcand pg = 1.9 x 10 Mg kpc ™. For ro = 25 kpc, Mxpw = 3.7 x 10! Mg.

The mass of the visible components of the Galaxy interior to 25 kpc is (from Table 24.1) is 7.9x10'° Mg
(the stellar halo was neglected for r < 25 kpc but represents only a small component to the total mass).
The B-band luminosity for those components totals Lp = 2.1 x 1010 L. Thus, the mass-to-light ratio
interior to ro = 25 kpc is approximately M/Lp = 21.4 Mg /Lo

(b) For ro = 100 kpc, Mxpw = 2.7 X 1012 Mg. This implies that the total mass interior to 100 kpc
(including the stellar halo) is approximately 2.78 x 10! M. The B-band luminosity is (again including
the stellar halo) Lp = 2.2 x 10'% Mg, implying a mass-to-light ratio of 126 Mg /Lg.

The presence of dark matter increases the mass-to-light ratio significantly throughout the universe.

Integrating the gravitational “Gauss’s law” gives
4nr2g = —4x GM,,.

Solving for g then gives g = —GM,,/r?; the expected result.
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2427 (a) Consider a cylinder centered on the midplane with its ends oriented parallel to the midplane. Each end
has an area A and is located a distance z from the midplane. Then, integrating Eq. (24.56) gives

24g = —4nGM;, = —4nGpA(2z).
Solving for the gravitational acceleration gives

g =—4nGpz. (S24.1)

(b) The gravitational acceleration is just ¢ = d2z/dt?. Substituting the expression for g given in Eq. (S24.1)
and rewriting gives
d?z
— 4+ kz=0,
dr?
where k = 47 Gp.

(c) The solutions for position and velocity are of the form
z(t) = zo cos(wt + §)
w =z = —wz sin(wt + §),

where w = vk = 4r Gp, and § is a phase constant.

2
(d)  Posc = ;ﬂ = 6.8 x 107 yr.

(e) Lett = 0 when the Sun passes through the midplane, heading north. Then § = —nx/2, and at the
present time, zo = zo sinw? and we = wzy cos wt, where zg = 30 pc (see Section 24.2) and we =
7.2 km s™! (Eq. 24.35). Combining the equations leads to

wt = tan™! (wz—Q) = 0.36 rad.
wWe

Therefore, zog = zg/sinwt = 85 pc. This rough estimate compares well with the scale height of the
thin disk (350 pc) quoted in Table 24.1.

(f) Since the Sun’s orbital period is Py = 2.2 x 108 yr, the number of oscillations per orbital period is
Porbil/Posc =3.2.

24.28 Carrying out the unit conversions:

— 3 m
(vy (km S 1)) tan ¢ (llokm ) (3.08>1<1p(§16 m)

d —
) (a) (3 ) (355°) (s77s)
_ {vy)tang
CA4T74(py

24.29 For Altair, d = 5.14 pc, i/ = 0.66092” yr~! and v, = —26.3 kms™'.

4.74d(u”)) 315
(vr) o

(b) vy =v,tan¢g = 16.1 km slandv = Vv + v,2 =30.8kms™'.

(a ¢= tan™! (



162

24.30

2431
2432

24.33
24.34

24.35

24.36

Chapter 24 The Milky Way Galaxy

Using Newtonian gravity for a black hole of mass My, = 3.7 x 10 Mg and Schwarzschild radius Rs =
16 Rg (see Eq. 17.27),
1

1
AU = —GMym (— - —) =9x10%%7.
rf RS

(This crude estimate is approximately two orders of magnitude larger than the value quoted in Section 24.2.)
The typical kinetic energy of a Type II supernova is 1044 J, far below the estimate obtained here.
AM = M At = 5x10° Mg, which is consistent with the estimate of a supermassive black hole.
(a) Assuming a maximum possible radius of Sgr A* equal to the closest approach of S2 (1.8 x 10!3 m, the

density would be 3 x 10™* kg m ™.
(b) Assuming a maximum possible radius of 1 AU, the density would need to be 530 kg m™>, 8.8 x

10° Mg AU3, or 1 x 10719 Mg pc3.
From Eq. (2.33) for Newtonian mechanics, v, = 7.1 x 10°ms™! = 0.024c.

According to Eq. (17.27), the Schwarzschild radius of a My, = 3.7 x 10® Mg black hole is Rs =
2G My, /c? = 16 Rg, implying that the average density of this supermassive black hole is
3.7 x 10 Mg

=1.35%x 10® kgm™>.
47 (16Ro)’

Pobh =

The average density of the Sun is

1 Mo

———— — = 1400 kgm°.
47 (1Ro)’

PSun =

Thus, from Eq. (19.4) the Roche limit is,

Pbh
PSun

1/3
r= 2.456( ) Rs =242 Rs = 380Rg.

Assuming ¥ = 0.02 m? kg™!, the Eddington luminosity (Eq. 10.114) gives 9 x 1037 W = 2 x 10'! Lg.
However, observations put an upper limit on the luminosity of 3 x 104 L. The Eddington luminosity exceeds
the upper limit by 8,000,000 times.

(a) The isothermal component has a density of p;(r) = C’/r?, where C’ is a constant. The interior mass
due to that component is

,
M,; = / drr?pi(r)dr = 4xC'r.
0
Adding a single point mass (M) at the center gives
Mr = k}’ + M(),

where k = 4nC'.

(b) For Newtonian gravity and perfectly circular motion,

mv:  GM,m

r r2

3

or,
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() k=1v2/G—My/r =52x10""kgm™!.
(d) See Fig. S24.4.

(e) See Fig. S24.5
r =3 pc.

Logio M, (M,)

v(knls‘H

. The central black hole begins to become important at approximately log;, * = 0.5, or

Log o (pc)

Figure S24.4: The solution for Problem 24.36(d).
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Figure S24.5: The solution for Problem 24.36(e).
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CHAPTER 25

The Nature of Galaxies

Taking d = 100 kpc, or r = 50 kpc, and & = 0.02” yr~! implies v = ur = 4730 km s™!. For the Milky
Way, Umax = 250 km s

(a) R25 =227 kpC
()  Viax ~ 181 km s™! for an Sc galaxy with Mp = —21.51.
() Q=v/R=2.6x10""rads™! = 0.00168" yr~'.

(d) It would have taken 600 yr to rotate through 1”. Since maximum resolutions observable from the ground
today are roughly 0.5”, it is unlikely that van Maanen could have detected the rate of rotation.

(a) Forthe Sun, Lp = 2.3 x 10!° Lg. Since My,syy = 4.82 and B — V = 0.65, we find Mp syn = 5.47.
Thus, from Eq. (3.8), Mp = Mp sun —2.5l0og,o(LB/Lo) = —20.4.
1

(b) Using the relation for an Sb galaxy, Viax = 184 km s7L. Observationally, Viyax = 250 kms™ .

Surface brightness is given by the amount of light contained in a cone of solid angle Q = A /4w d?, where
A is the surface area of the galaxy contained within the cone. For a given value of Q, A increases as d?,
implying that the light-producing area increases as d?. Therefore, the amount of light produced by area 4,

divided by A4, is a constant.
1 r 1/4
1 — ) =-33307 | — —1].
o810 (Ie) (”e)

Since the intensity is the luminosity per unit surface area of the galaxy,

AL
AA’

I 1 I AL/AA I AL I AA
0 — | =lo —— | =1lo — ) —lo — .
g10 1, g10 AL,/ AA, 210 AL, g10 AA,
Assuming for simplicity, that A4 = A A4, (the same unit surface area is being considered in each case), then
1 AL
logyo I_e =logjo A—Le :

From M = Mgy, —2.5log,y (L/Lo) (Eq. 3.8),

AL AM, — AM
logy =
AL, 2.5

Begin with Eq. (24.13),

I =

3

where AM and A M, are the absolute magnitudes of the small regions of the galaxy associated with A 4 and
A A, respectively. Making the appropriate substitutions,

AMe =AM _ pe—p _ | (1 Y
2.5 2.5 ’ Te ’
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25.6

25.7

25.8

259

25.10

where we have replaced AM by p and AM, by . since (1) we have assumed the same associated surface
area, and (2) the solid angle is proportional to the surface area (assuming the same distance to any appropriate
sample). Rearrangement leads immediately to Eq. (25.2).

According to Eq. (24.10),
L(R,z) = Loe ®/"R gech?(z/z0).

Considering the case where z = 0,

L(R) R R
loglo L—O = — E 10g10€:—0.434 E .

Following the procedure outlined in the solution to Problem 25.5 leads directly to Eq. (25.3).
(a) Eg. (24.13) leads immediately to

I(}") = 1e10_3‘3307[(r/r9)1/4_1] = ]ee_b[(r/re)l/4_1]

where b = 3.33081In10 = 7.67.
(b)

00 b o b 1/4
LlO[:/ anl(r)dr :27T]e€ / re” (r/re) dr.
0 0

Letting x = b(r/r.)"/* implies r = r.(x/b)* and dr = 4r.x>/b* dx. Substituting,
b

o e
Lu = 871eebr2/b8 f Vet dy =815
0

nrZl, = 722712 1,.

(c) If the integration is carried out from » = 0 to r = r,, then the limits of integration of the last integral of
part (b) become x = 0 to x = b. Evaluating,

b

b ; 7 . x7—i 1 o) ;
Fdx=T|e™* 1) =057 == *dx.
/0 x'e X e Z( ) T 0 (0.5) 2/(; x'e X

i=0
Therefore L(r,) = %L[m.

(a) From Egs. (25.4), Mp = —21.8.

(b) According to Eq. (3.6), B— Mp = 5log;4(d/10 pc), or d = 6.45 Mpc.

(c) From Eq. (25.11), Rys5 = 26.8 kpc.

(d) Mjs = 6.5x 10" Mg from Eq. (25.10).

(e) From Problem 25.3, Mg sun = 5.47. Then, according to Eq. (3.8), Lp = 8.1 x 1010 Lo.
(H) M>zs/Lg=38.0.

For Sa, (B — V') = 0.75, corresponding to spectral class G8; for Sb, (B — V') = 0.64, which corresponds to
spectral class G2; and for Sc, (B — V) = 0.52, corresponding to F8.

The rotational velocity at 1” (3.7 pc) is about 50 km s™!. From

v?  GM

r r?2

we find M = 2.2 x 10% M, well within the uncertainty range.
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25.11

25.12

25.13

25.14

25.15
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(a) The rotational velocity at 1” (3.7 pc) is roughly 200 km s~!. This implies a mass of M = 3.5x 107 M.
This value is roughly four times smaller than the value quoted in the text.

(b) The peak of the velocity dispersion is almost 400 km s™'. Again using R = 3.7 pc we find a virial mass
of Mvirial =69 x 108 M@.

(c) Recall that M31 has a complex, multi-component core.
Beginning with the Cartesian representation, r = xi+ yj+zﬁ, and substitutingx = Rcos¢ and y = Rsin¢
gives

r=R (cos ¢>i + sin ¢3) + zk.
Identifying ég = icos¢ + jsin¢ and &, = k lead to Eq. (25.16).
Starting with Eq. (25.16),

r = Rep + zé,,

and differentiating gives ) ] ]

I = Reg + Reg + ze, + ze,.
However, since the unit vector in the z direction always points in the same direction (i.e., it is not time
dependent), €, = 0. Thus, differentiating again

i = Rég + 2Rég + Rég + Zé,. (S25.1)

Now, differentiating the unit vector ég =icos ¢+ j sin ¢, realizing that i andj are constants, and noting that
€, = —isin¢ + jcos ¢, gives
er = —ising ¢ + jcosp ¢ = é¢.
Taking the second time derivative, . o .
ér = é¢¢ + é¢¢

However, éd) = —e R(f), )

er = —€rg> + &40. (S25.2)
Substituting Eq. (525.2) into Eq. (S25.1) and rearranging leads to Eq. (25.18).

According to Eq. (25.34) for the Sun, p(f) = Apg sinkgr, so p(t) = ko Ag cos kot. From Example 25.3.1,
ko = 35.6 kms™! kpc™!, and from Eq. (24.33), p = ueo = —9 km s™'. Assuming that the Sun is currently
passing through equilibrium in its radial (epicycle) oscillation, Ag = p/ko = 250 pc.

(a) Beginning with Eq. (25.22), @etr = @ + J2/2R?, where J, is the constant angular momentum per unit
mass. Differentiating,

(S25.3)

PP I (P 3J2
dR2 ~— OR \ 3R R4

But & /9R = ©?/R, so that
i 09\ 20 00 6?
R\dR) R OR R¥
Furthermore, J, = R®. Making the appropriate substitutions into Eq. (525.3) and simplifying gives

R0:|

0% Degr Oy | © 00
K2 = eff — 2_0 _0 + 0
oOR? Ro | Ro oR

which is Eq. (25.37).
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(b) By combining Egs. (24.39) and (24.40),

90
—| =—(4+B)
OR |,
S _4_3B
Ro ‘

Substituting into Eq. (25.37), we arrive at Eq. (25.38):

kg =2(A— B)[(A—B)— (A + B)] = —4B(4 - B).

25.16 For a Keplerian orbit, ©2/R = GM/R?,
GM\'/?
o=(2=) .
(%)

00 1(GM)'?
R 2 R3/?

Differentiating,

Substituting into Eq. (25.37) leads to
(GM)I/Z
ko = 3/2
Ry

However, we also have that Q¢ = &/ Ry = (GM)I/Z/R?)/Z. Thus, Xmax/Pmax = 2@0/ko = 2.

I1(r) r\ V4
loglo[ 7. :| = —3.3307 (Z) -1,

1) =1 10—3.3307[(r/re)1/4—1]
=1, .

25.17 According to Eq. (24.13),

implying

This can be rewritten in terms of a power of e by realizing that if 10¥ = e¢”, then y = In10* = xIn10 =
2.3026x. Therefore,

16y = Leele/m0" 1]

3

where o = (2.3026)(3.3307) = 7.6692.
Now, the integral average of the intensity is given by
1 e _ 1/4_
()= —5 | ILe alC/r0 1] 5y
T[re 0

The integral can be evaluated by recalling that integrating the intensity over the surface area between r = 0
and r = r, (the effective radius) yields one-half of the entire luminosity of the galaxy, or

re 1 00
Le:/ I(r)2nrdr = —/ I(r)2nmrdr.
0 2 Jo
Substituting into our expression for the average intensity,

o) /4 a poo
(I) Lo / e_a[(r/"’)l -1] 2nrdr = Lee / et/ gy
0

= 2 2
27y} e Jo
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25.18

25.19

25.20

25.21

25.22

25.23
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1/4

Making the substitution, # = « (r/r.)'/* within the integral implies that r/r, = u*/a* and rdr =

4r2u’ o8 du. Therefore

4J,e* [° 41,¢e% 4)(7))e*
1= 2 [Tt an =255 ) = [%} I, = 3.6071.

0[8 0
; 1/4
1(r) = e +0.3268 [(r—) - 1] .
e

2

Equation (25.2) states that

Setting 1 (rg) = wg = 26.5 B-mag arcsec™ -, and solving for rg gives

H = Te (M;;;;e + 1>4

26.5 e 4
- 1
e (8.3268 83268 )

=re (4.18 —0.12p0)* .

(a) From Problem 25.17, (I) = 3.6071,, implying that log,, (/) = log;, 3.607 + log;, /.. Following the
procedure described in Problems 25.5 and 25.6, we arrive at (1) = i —2.5log; 3.607 = p, —1.393.

(b) e = () +1.393 = 21.52 + 1.393 = 22.913 B-mag arcsec™ .

(©) ru =re(4.18—0.1211.)* = 42.1 kpc.

The virial theorem implies that o oc M2/ R? [the square of Eq. (25.13)]. If the mass-to-light ratio is roughly

the same for all elliptical galaxies, then M/L = Ky is a constant. Thus, o, o< K3,, L?/R?. But, assuming

that the average surface brightness is also essentially constant for all elliptical galaxies, then L/R? o [ is

constant. Therefore, o7 o< L.

(a) m = —0.115.

(b) The slope of Eq. (25.41) is m = —0.1. The slope of Fig. 25.33 is close to, but not exactly the same as
the slope of Eq. (25.41). The difference is due in part to systematic variations in surface brightness.

(a) From Eq. (25.15), Sy = N,10%4Mp+15) — (350) [00-4(=21.7+15) — (.73,

(b) Sy =18.6.

(c) The relative abundance of globular clusters per luminosity interval in CDs far exceeds the values found
in spirals. If CDs are produced via mergers with spirals then apparently globular clusters must be formed
in the process.

(a) Assuming that all terms beyond first-order are zero, Eq. (25.44) becomes
a(@) = ag + az cos(26).

But, from Eq. (25.1), B/a = 1 — ¢, where « = a(0°) = ag + a; and B = a (90°) = a¢ — as.
Substituting,
ap —az = (ao + az)(l —e).

€
a2:(2_6>a0.

Solving for a, gives
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(b) For an E4 galaxy with ag = 30 kpcs and € = 0.4, a, = 7.5 kpc. The polar-coordinate plot is shown in

Fig. S25.1.
(c) See Fig. S25.1.
(d) See Fig. S25.1.

(e) a4 = 40.1ap looks more like a lenticular galaxy than does a4 = —0.1ay.

a4=0
T = 0.ld0
******* ay=-0.1a,

Figure S25.1: The results of Problem 25.23.

25.24 See Fig. S25.2. The results look qualitatively similar to Eq. (25.46).

—— Local Field
——— Virgo Cluster
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o0 /)
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S25.2: The results of Problem 25.24.
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(a) From Appendix G, the mass and radius of a main-sequence MO star are M = 0.51 Mg and R =
0.63 R, respectively. If the mass density of stars near the Sun is p = 0.05 Mg pc™2, then the number
density of stars may be estimated as n = p/M = 0.098 pc~>. The average volume of Galactic space
per star is Vipace = 1/1, and the volume of a single MO star is

4
Vitar = g”R3 =3.5%x10%m? = 1.2x 1072 pc3.

The fraction of Galactic space occupied by stars is

Vistar
= = Vi = 1.2 x 10724,

Vspace

(b) If an intruder MO star travels through the Galactic stars, the mean free path between collisions is given
by Eq. (9.12), £ = 1/no, where the collision cross section is

0 =mQ2R)? =24x10"m? =2.5x107"13 pc2.

The mean free path is therefore £ = 1/no = 4.0 x 10'3 pc. If the thickness of the Galactic disk is
about z &~ 1 kpc, then the probability of a stellar collision with the intruder star during its perpendicular
passage through the disk is only z/£ ~ 2.5 x 10713,

Assume that the force of dynamical friction is given by a expression of the form
Ja = C(GM)* (um)Pp”.

where C is dimensionless and the values of the exponents «, 8, and y are to be determined. Let [x] designate
the units of the variable x, so

[fa] = kgms™?
[GM] =m’ s>
[vmr] = ms™!
[p] = kgm™.

The units involved in the expression for f; are therefore
kgms2 = (m?s72)%(ms )P (kg em™3)”.

which leads to

y =1
3a+ -3y =1
20— =-2.

170
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26.3

26.4

26.5

26.6

Solving for the exponents, we find « = 2, 8 = —2, and y = 1. Therefore,

G2M2
fa~C 2P

3

Vit
which is Eq. (26.1).

From Eq. (26.3), the greatest distance from which a globular cluster could have spiraled into the Galactic

nucleus is
tmaxCGM
=\
M

Using C = 76 for globular clusters, with #,x = 13 Gyr for the oldest globular clusters, M = 5 x 10® Mg
for the cluster’s mass, and vy = 220 km s~! for the orbital speed of the local standard of rest (Eq. 24.36), we
obtain e = 1.2 x 102 m = 4 kpc. This is similar to the size of the Milky Way’s central bulge (Table 24.1).

(a) The time for the LMC to spiral into the Milky Way may be estimated from Eq. (26.2),

L 2opr}
‘T CGM -

With vps = 220 km s™!, r; = Sl kpe, C = 23,and M = 2 x 10!° Mg, thisist. = 5.4 x 10'®s =
1.7 Gyr.

(b) The time quoted in the text, some 14 billion years, is about eight times longer than our estimate here.

Treating the Milky Way and the LMC as a binary system with a separation of dpyc = 51 kpe, we can
use Eq. (18.10) to estimate the tidal radius of the LMC due to the Milky Way. From Table 24.1, we take
M; = 5.4 x 10! Mg for the Milky Way within 50 kpc of the center (including its dark matter halo) and
M, =2 x 10'° Mg for the LMC to find

M,
0> = dinc [0.500 +0.227log,, (V)} — 8.9 kpc.
1

If the angular diameter of the LMC is & = 460’ = 0.134 rad, then its linear radius is rpyc = dimcf/2 =
3.3 kpc. Since rpme < €3, the LMC lies within its tidal radius.

In this problem, we treat the LMC and the SMC as a binary system.

(a) Applying the law of cosines to the triangle formed by the LMC, the SMC, and Earth, the present distance
between the LMC and the SMC is found to be

1/2
ag = [(51 kpe)? + (60 kpe)? — 2(51 kpe)(60 kpc) cos 21°]
= 22.3 kpc.

(b) The present tidal radii of the LMC and the SMC due to the other may be estimated from Eqgs. (18.9) and
(18.10). We find

M,
ome = do [0.500 —0.227log;, (MSMC)] = 16.2 kpc
LMC

M.
Losmc = do [0.500 +0.227log, (MSMC)] = 6.1 kpc,
LMC

using MSMC/MLMC =0.1.
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26.8

(©

(a)

(b)
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The distance between the LMC and the SMC varies with time as a(t) = ao+vt, wherev = 110 kms™!.
The tidal radius of the LMC as a function of time may therefore be estimated as

M
bive(t) = (@0 +v1) [0-500 —0.227log; (%)} :
LMC

Setting £ vc(f) = rume = 3.3 kpe (from Problem 26.5) shows that the LMC last extended beyond its
tidal radius when

. rive — Lo,Lvc _
v [0500 —0.227 loglo(MSMC/MLMC)]

—5.0x 10 s = —1.6 x 108 yr.

At a distance of dsmc = 60 kpc, the angular diameter of the SMC is § = 150" = 0.0436 rad, so its
linear radius is rsmc = dsmcf/2 = 1.3 kpc. The tidal radius of the SMC as a function of time may be
estimated as

M.
Lsme(t) = (ao + vi) [0-500 +0.227log;, (MSMC)} )
LMC

Setting £syvc (1) = rsme = 1.3 kpc, we find that the SMC last extended beyond its tidal radius when

rsmc — eO,SMC

t= =—49x10"%s=—1.6x10%yr.
U[OSOO + 0.227 loglo(MSMC/MLMC)] J

According to these results, the Magellanic Stream was formed before about 160 million years ago by
the LMC and the SMC.

The semimajor axis of the gaseous ring orbiting the central galaxies of the M96 group is a = 101 kpc.
The motion of a parcel of gas obeys Kepler’s third law (Eq. 2.37). With P = 4.1x10° yr,m; = M gaaxies
and my = Mgas K Mgaraxies, the combined mass of the central galaxies M105 and NGC 3394 is

4723

g = 1.07 x 10*? kg = 5.38 x 10'! M.

Mgalaxies =

Mgalaxies/L =23.

Making the assumption that » > a, Eq. (24.51) becomes

Co
p(r) ~ ol

For a spherically symmetric mass distribution, only M, (the mass interior to r) will affect a test particle’s
motion, where

,
M, :/ p(r)amr?dr = 4nCyr.
0

Thus, the radial equation of motion becomes

d*r GM, 4r GCy
dr2 ~— r2 ro

Multiplying through by v = dr/dt, and integrating,

t r4
/v@dzz—/ 79 4y,
0 dt 1% r

0

which gives

v2 = 87GColn (rr—o)



Solutions for An Introduction to Modern Astrophysics 173

Taking the square root and choosing the minus sign since the nebula is collapsing,

% — — (87GCy)'/? [m (’7")]1/2.

Integrating again,

0 dr it
/ —— = —/ (8w GCo)'/? dt.
o [in ()] o

Setting u = r/rg, and solving for # gives

1 1 rodu o
=8RG 727 (8GCo)?
BrGCo) 0 [ln (%)] (8GCo)

The free-fall time is proportional to rg.

26.9 There was an error in the first printing of An Introduction to Modern Astrophysics. The value of x should
have been x = 1.8.

(a) Integrating Eq. (26.5),

M
Nam = CM~ Ut gy =
M,

C
— (M = M;").

© (e - m5)
Thus, the ratio of the number of stars formed with masses between 2—-3 Mg and 10-11 Mg is

NAM|2—3 _ 2—1.8 _ 3—1.8
NAM|10_11 - 1018 —11-1.8

= 59.5.

(b) Writing Eq. (24.12) in solar units, L = M *. Solving for M and differentiating,

dM _ 1oy

dL o
Applying the chain rule,
dN dN dM 1
S — CM—(1+X):| —p-aje |
dL  dM dL [ o
Replacing M using the mass—luminosity relation leads to

dN _C

i A GV
dL o

(c) Following a procedure similar to part (a),
C _ _
Npp = —— (sz/ot _le/a).
X
Therefore,

NarLl,—3 2—1.8/4 _ 3-1.8/4
Narlio—y;  1071:8/4 _11-1.8/4

= 8.20.

(d) More massive stars are much brighter.
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26.10 The star formation rate is roughly 5.0 Mg pc~2 Gyr~!. Assuming that most of the dust and gas within the
thin disk is located inside the solar circle, the total mass of stars formed in one year would be

26.11

26.12

26.13

M = (5 Mg pc2 Gyr—l) (1) (8000 pc)? (10—9 Gyr) = 1 Mo,

Assuming that the average mass of each star formed is approximately 0.5 Mg, then roughly two stars are
formed per year in the Milky Way Galaxy.

(a)

(b)
(©)

(a)

(b)
(a)

(b)

From the data in Example 26.2.2, Tyia = 6 x 10° K, & = 0.6, and n = 5 x 10* m—3, implying
p = pumgn = 5x 10723 kgm~>. Then from Eq. (12.14),

SkT 3/2 3 1/2
M,:( ) ( ) =53x10'"! Mg.
Gumpg 4700

Assuming that Tyiria =~ 10 K and all other values are as given in part (a), then My = 1.1 x 10° M.
Using T ~ 6 x 10° K, Eq. (12.16) gives

1skT \'/?

Ry = (7) = 55 kpc.
AnGumpm po

This value is comparable to the radius of the stellar halo (R = 50 kpc).

The cooling time scale is given by Eq. (26.8),

3k Tvirial
2 nA

leool = s

and the free-fall time scale is given by Eq. (12.26),

. 3r 1 172
T\ 326Gp )

Equating the two time scales, replacing Tyiia With the expression for the virial temperature given by
Eq. (26.7),
2
UmMHC
Tvirial = 5

3k

3GM\'?
o=|-— ,
(%)
and noting that pg = 4M /37 R3 (assuming spherical symmetry) and n = p/umpg, leads to the desired
result.

where (see Eq. 26.6)

Assuming j1 = 0.6 gives M = 7 x 10'? M.
Taking M = 3 x 10! Mg and R = 300 kpc, Kepler’s third law (Eq. 2.37) implies an orbital period of

47 R3?

— — 17 « —
This is roughly one-third the age of the Milky Way Galaxy.

MS87 is not in virial equilibrium. Objects near the outer edges of the galaxy take too long to orbit relative
to the age of the universe.
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26.14

26.15

26.16

26.17

26.18

(a)
(b)

(©)

(d)

v=27R/P = 27(300 kpc)/5.6 Gyr = 330 km s~ .
If v >~ o, then from Eq. (26.7),

2
UmMygo 6
Tviri = —— =2.6x10 K,
al 3k
where i = 0.6 has been assumed.
The number density of particles is roughly
M
n=—L_— = 1.8 10* m™>,

WME iy (%nR3>

Substituting this value into the expression for the cooling time scale (Eq. 26.8) gives

3k Tvirial
2 nA

=9.5x10% yr.

leool =

Using po = umpgn = 1.8 x 10723 kg m™2, the free-fall time scale is (see Eq. 12.26)

3r 1 \'/?
t = (_T[_) =5x%x108% yI.

This is approximately one-half of the cooling time scale.

Using T ~ 10* K, m ~ mpy, and py =~ 0.15 Mg pc—? gives h(T) = 0.22 kpc. This corresponds to the
neutral gas component of the Milky Way (see Table 24.1).

The current rate of star formation is SFR = 5 Mg pc2 Gyr™!, and the mass of neutral gas in the Galaxy is
5 x 10° Mg (see Table 24.1). If we assume uniform star formation within the Galactic disk interior to the
solar circle (Ro = 8 kpc), then the time remaining for star formation is

Mgy

~ —= — = 5Gyr.
"= SFR) (1 R2) yr

This would be prolonged by capturing other small galaxies, as well as adding new material to the ISM via
stellar mass loss.

(a)

(b)
(©)
(d

(a)

Choosing the upper limits for dwarf elliptical galaxies listed in Table 25.4, M ~ 10° Mg and R ~
5 kpc. Then Eq. (2.17) gives vese ~ 42 km s,

From the information given in Section 15.3, vgy =~ 0.1¢ = 3 x 10* km s~'. Thus, USN > Vesc-
The thermal velocity iS Vgperma = 3k T /myg = 160 km s7!, and SO Vihermal > Vesc.

These galaxies lost their gas early in their histories and have ceased forming new stars. Hence they are
now primarily composed of ancient stars.

At about 210 million years (step 175), a spiral structure begins to develop, becoming clear by 240 million
years (step 200). The appearance of the target and intruder galaxies begins to resemble the Whirlpool
galaxy and its companion as an apparent bridge of stars connecting the two galaxies develops sometime
around 270 million years (step 225). It reaches a “best match” between approximately 300 million years
(step 250) and 330 million years (step 275). The apparent bridge begins to fade around 360 million
years (step 300), becomes disrupted by about 420 million years (step 350), and is nearly gone after
about 450 million years (step 375).
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26.19

26.20

(b)

(©)

(a)

(b)

(a)

(b)

(©)
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Near the end of the 648 million-year time period, the spiral arms begin to dissipate, and many of the
stars have apparently escaped from the central nucleus of the target galaxy.

In this case, the intruder galaxy passes by in a direction opposite to the orbital motion of the stars in the
target galaxy. Small, relatively tight spiral arms begin to develop around 240 million years (step 200),
but they tend to wind back up again and are gone by 330 million years (step 275). The final result is a
galaxy with a disrupted disk. No stars escape from the central nucleus of the target galaxy.

The initial speed of the intruder galaxy matches the orbital speed of the nearby stars in the outer ring.
Stars behind the intruder gain energy as they are pulled forward and up out of the plane of the disk.
They form the “bridge” of stars that appears to link the target galaxy with the intruder. Stars behind the
intruder are pulled backward; they lose energy and drop into lower orbits with larger angular velocities.
As a result, these stars overtake the stars in higher orbits to form a loop of stars. These loops comprise
the spiral arm that develops opposite the “bridge.”

In this case, the intruder galaxy passes by in a direction opposite to the orbital motion of the stars in
the target galaxy. The intruder spends a relatively brief time near any single star, and succeeds only in
pulling a “spike” of stars up out of the plane of the target galaxy. Orbital motion carries the spike away
from the intruder galaxy, and differential rotation causes the development and then the winding up of a
tight spiral feature. Less energy is transferred to the stars in their short encounter with the intruder, and
no stars escape from the gravity of the target nucleus.

The intruder galaxy pulls rings of stars up and away from the nucleus of the target galaxy. At first
these stellar rings contract, and then expand. Such a process could produce a ring galaxy such as the
Cartwheel.

As the intruder galaxy pulls inward on a star in the ring, the force of gravity does positive work on the
star and increases its energy as the star approaches the target nucleus. The star’s orbit becomes more
energetic, with a larger semimajor axis (c.f., Eq. 2.35), and it also becomes elongated (¢ # 0). After
reaching perigalacticon, the star’s new orbit carries it away from the nucleus, and the ring expands. If
the star gains enough energy, it may no longer be bound to the target nucleus. [To see these effects,
rerun the program with just two rings containing one star each, changing v, from —1 to —2. Follow the
motion for at least 720 million years (600 steps).]

A nearly head-on collision is usually required to produce a ring galaxy, with values of the initial x-
coordinate ranging from O to 2. Although values of 3 or greater typically result in a significant disruption
of the target galaxy, an elliptical ring may be produced by larger values, such as 7.5.
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The periods of classical Cepheids range from 1 — 50 days (Table 14.1). Setting Egs. (14.1) and (27.1) for
My equal to each other,

—2.811og;g Pg —1.43 = —=3.531log;o Pg —2.13+2.13(B—V),
and solving for (B — V') gives the estimates
B —V =0.3381og;, Pq + 0.329
=0.329 for Py =1d
=0.903 for Py = 50d.

(a) On Fig. 15.14, the major axis of the ring of SN 1987A measures ¢ = 19 mm, and the minor axis
measures b = 14 mm. Thus if 6 is the angle between the plane of the ring and the plane of the sky,
cost = b/a=0.7368,s0 0 = 42.5°.

(b) If D is the linear diameter of the ring, then light from the far side must travel an extra distance of D sin 6
to reach Earth. It took light an extra Az = 340 days to make the trip, so D sin 6 = cAt, or

cAt
sin

D= =1.30x 10" cm = 0.422 pc.

(c) Since the long axis of the light ring has a length D and subtends an angle @ = 1.66” = 8.05 x 107° rad,
the distance to SN 1987Aisd = D/a = 52.4 kpc.

The average visual absolute magnitude of a galaxy’s three brightest red stars is My = —8.0. We can use
Eq. (12.1) to find the distance to M101,

d = 10(V—My—a+5)/5 — 10[20.9—(—8.0)—0.3+5]/5 pc = 50 MpC

This is about 30% below the value of 7.5 Mpc obtained using classical Cepheids.

The distance modulus (Eq. 3.6) is
m—M = 5logy(d) - 5.

Let A(m — M) represent an error in the distance modulus. Then

Ad Ad

Solving for the fractional error in d we find

Ad — A(m—M)
d 217
An error in m — M of 0.4 results in an error in the distance estimate of 18.4%. To produce a 5% uncertainty
in the distance, the error in m — M would be 0.11. For an uncertainty of 50%, A(m — M) = 1.1.
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From Eq. (27.5) with Cromax = —1.264, Cvirgo = —1.237, Ccoma = —1.967, we find

m — IOCF()rnax_CVirg(’ = 0.940
dF()rnaX

and
m — 1OCF()rnax_CCOma = 505
dF()rnaX

From Hubble’s velocity—distance diagram, Fig. 27.7, the solid line extends from the origin and reaches
1000 km s~! at a distance of 1.96 Mpc. The slope of the line is Hy = 510 km s~' Mpc~!. This is much
larger than today’s WMAP value of Hy = 71 kms™' Mpc~'. In 1929, when Hubble published his first
velocity—distance diagram, Trumpler’s demonstration of interstellar extinction was still a year in the future,
and Baade’s distinction between classical Cepheids and W Virginis stars would not be made until 1952. Hub-
ble calculated that his galaxies were closer than their actual distances, so his diagram showed that velocity
increases more rapidly with distance than it actually does.

Use Eq. (27.16),

v

, 2GM (2nGM)2/3
- + = 05

P

r

with r = 770 kpc, v = 119 km sland P =ty +1, = tg + r/v. For h = 0.5, the Hubble time
is tg = 6.18 x 10'7 s (Eq. 27.14). Numerically solving this cubic equation for M, we find that M =
6.62 x 10*2 kg = 3.33 x 10'2 Mg. Using the total B-band luminosity for the Milky Way and Andromeda
given in the text of about L = 6.9 x 10'° Lo, we find M/Lp = 48 Mp/Le.

(a) From Kepler’s third law, Eq. (2.37),

P2 (2na)2 472 3
= | — = ——————4a.
v G(MMW =+ Mgas)

Using a = 75 kpc and v = 244 km s~!, we can solve for the mass of the Milky Way, Myw (assuming
that the mass of the clump of gas is negligible compared with that of the Milky Way). We obtain

v2a

Myw = < = 2.06 x 10*? kg = 1.04 x 10'2 Mg
Taking L = 2.3 x 10'° L from Table 24.1, we find M/Lp = 45Mg/Lg.
(b) From conservation of energy and Eq. (2.14),

1 M 1 M
om (02 407) =G = (v +0F) - G2
2 i T 2 f Iy

where M and m are the masses of the Milky Way and the clump of gas, respectively, and v, and v; are
the radial and transverse components of the clump’s velocity. The initial radial velocity is zero and the
transverse velocity does not change, so

2
Uy

M=—"
2G(1/rg = 1/r;)
With r; = 100 kpc, rr = 50 kpc, and a final radial velocity of v, = —220 km s~! the mass of the

Milky Way is estimated as M = 1.1 x 10*? kg = 5.6 x 10" M. Using Lp = 2.3 x 10!° L, for the
Milky Way (Table 24.1), we find M/Lz = 24 Mo/Lo.
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27.10

27.11

27.12
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The distance to the Sculptor group is d = 1.8 Mpc, and the group subtends an angle of about § = 20° =
0.349 rad. The distances to the front and back of the group are dgone = d(1 — 0/2) = 1.49 Mpc and
dpaek = d(1 + 6/2) = 2.11 Mpc. For two identical stars with the same absolute magnitude, M, located at
the front and back of the group, Eq. (3.6) for the distance modulus, m — M = 5log;y(d) — 5, shows that

@) = 0.755.

Mpack — Miront = 3 lOglo (
front

Start with Eq. (10.6),

arp M, p
dr r2’
and use the ideal gas law (Eq. 10.11) to substitute for P. Assuming that x is a constant, we have
d (pkT\ _ GM,,o
dr \umpg ) r2
k d dT M
_r T_p+p_ - _G Y
WMy dr dr 2
kTr rd rdT
Mr = — — _'0 + -
umgG \pdr T dr
_ kTr (dnp n dinT
~ umpgG \dlnr  dlnr )’

The use of partial derivatives in the text’s Eq. (27.17) is unnecessary, except as a reminder that 4 = constant
in our derivation.

For a flat rotation curve, Eq. (24.49) shows that M, = Cyr, where Cyps is a constant, and similarly
Eq. (24.50) shows that p = C,r~2, where C, is a constant. (These expressions are assumed to apply to
both dark matter and interstellar gas.) Let T = Crr®, where Ct and « are constants. Equation (27.17) is
then

o kCrre fdInCr?)  dIn(Crr®)
Mr = umgG dlinr dlnr
kCT}’a_H

Thus we must have « = 0, and so 7' = Crr® = Crr® = Cr for an isothermal gas.

There were errors in the first printing of An Introduction to Astrophysics in Eqs. (27.18) and (27.19). The pow-
ers of 10 in the coefficients should have been 10732 and 1074°, respectively. The error was also propagated
into the equation for n, in Example 27.3.2, although the result of 7, = 300 m~3 is correct.

(a) From Eq. (27.20) with L, = 1.5 x 103® W and R = 1.5 Mpc for the Virgo cluster, the luminosity

density is
3L -33 -3
£V01:m:3.6X10 Wm™.
Then, using Eq. (27.19) for the luminosity density with 7 = 7 x 107 K, the electron number density is
found to be

n _( £V01
¢ 1.42x 10-40T1/2 W m™3

1/2
) = 55m73.
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If the Virgo cluster is filled with completely ionized hydrogen, then the mass of the hydrogen is
4 3 43 13
My = gnR mgne = 3.8x 10" kg =19 x10"° Mg.

(b) Using M/L ~ 3 Mg/Lg for the Milky Way’s luminous matter (Table 24.1)and Ly = 1.2x10'2 L, for
the Virgo cluster’s visual luminosity, the amount of luminous matter in the Virgo cluster is approximately
Mym = (M/L)Ly = 3.6 x 10'2 Mg, roughly 20% of the mass of the intracluster gas.

(¢) Equation (10.17) states that the average kinetic energy per particle is 3k 7 /2, so the energy density, u,
of the intracluster gas (including both protons and electrons) is approximately

3
u=2n, (EkT) =1.6x1073Im™3.

The gas will lose its energy by emitting x-rays in a time of roughly

u

=44x10"%s=14x10"2yr,
£V01

=

which exceeds the Hubble time of 7 = 1.38 x 10!° yr by two orders of magnitude.

The diameter of the Coma cluster is D = 6 Mpc. Setting the speed of a galaxy equal to the cluster’s radial
velocity dispersion, so v = 977 km s~!, shows that the galaxy would travel across the cluster in a time of
t =D/v=19x10"7s =6.0x 10° yr. This is about one-half of the Hubble time (157 = 13.8 Gyr). The
Coma cluster must be gravitationally bound, because otherwise there has been sufficient time for its member
galaxies to have escaped.

The radius of the Virgo cluster is R = 1.5 Mpc and its radial velocity dispersion is o, = 666 km s™'. The
virial mass (Eq. 25.13) of the Virgo cluster is therefore

5Ro?

Myiial ~ =1.5x10% kg =7.7x 10'* Mg.

In Section 25.2, we used Eq. (2.44),

1/d?I
G )20 = ),

with (d?1/dt*) = 0 to derive the virial mass,

5Ro}

Mvirial = G

(S27.1)

To see the effect of a non-zero (d 2/ dtz), repeat the derivation of the virial mass, keeping this term to arrive
at

M = - (=
G 6GM \ dt?

Multiplying by M results in a quadratic equation that has the solution

5R62 SR <d21>

1/2
1 | 5Ro2 5Re2\’> 10R [d?I
M=z + - R
2] G G 3G \ dr?

If (d21/dt*) = 0, we recover Myiria. However, if (d21/dt?) > 0, then M < My, and the virial mass
would be an overestimate. Similarly, if (d 2]/ dtz) < 0, then M > M;;a, and the virial mass would be an
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27.16

27.17

27.18

27.19

underestimate.

Assume that the Coma cluster is in virial equilibrium before the motion of its galaxies is miraculously
redirected radially outward, so —2 (K) = (U) and (d 2]/ dtz) = 0. Immediately after the redirection there
would be no change in the cluster’s kinetic or potential energy; (d 2]/ dtz) is still zero and M = Misal.
However, this situation does not last, as seen by writing Eq. (2.44) as

1/d?*I
—({—)=(K E).
(5 ) =+ 8)
Here, (E) = (K) + (U) < 0 is the total mechanical energy and remains constant. This shows that as

time passes and (K) decreases due to the cluster’s gravitational attraction, (d 2/ dtz) becomes negative.
Observations made at this later time to calculate M,;sa via Eq. (S27.1) would therefore underestimate the
cluster’s mass. On the other hand, if the motion of each of the Coma cluster’s galaxies was redirected radially
inward, again there would be no initial change in the cluster’s kinetic or potential energy and so My;sa would
be valid. However, in this case as time passes and (K) increases due to the cluster’s gravitational attraction,
(d 2 / dtz) becomes positive. Calculations of My, made at this later time would therefore overestimate the
cluster’s mass.

The Tully—Fisher relation, Eq. (27.5), with 2v, /sini = 218 km s~! for NGC 5535, shows that the galaxy’s
absolute /-magnitude is

2v,
Mg = —10.0log;( | — ) +3.61 = —19.77.
sin i
Then the distance to NGC 5535 is, from Eq. (3.5) with H = 9.55,

d = 10H=Mu+5/5 — 731 Mpc.

The average absolute visual magnitude for the brightest galaxy in a cluster is My = —22.83 £ 0.61. Using
V' =10.99 and Eq. (3.5) with My = —22.83,

d =10V ~Mv+39/5 — 58 1 Mpc.
If My = —22.83 + 0.61 = —22.22, then
d =10V "Mv+3/5 — 439 Mpc.
If My = —22.83 —0.61 = —23.44, then
d = 10V"Mv+3/5 — 76.9 Mpc.
Use Eqs. (24.12) to convert £ = 309°, b = 18° into equatorial coordinates. We find & = 200° = 13"20™ and
8 = —44°. This is in the constellation of Centaurus.

(a) For the minimum A, dy. = 15.8 Mpc; see Fig. S27.1.

(b) The weighted mean value of the distance to the Virgo cluster is d,, = 15.8 Mpc. This is the same as
was found in part (a).

(¢c) The minimum value of A will occur when

dA d di —due\* | _
A ) [Z( 5 )]_0’

di - dave
i i

or when
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This can be solved for the value of d,y. that minimizes A,

S

dave min — =
(orchn = 5 0/82)

w-e

140

120 | b

100

80

60

40

20 b Minimum A i

'

0
15 16 17 18 19 20 21 22
dyye (Mpc)

Figure S27.1: Results for Problem 27.19. The minimum value of A occurs for d,. = 15.8 Mpc.
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28.1 Using z = 0.00157 for Centaurus A, the distance to Cen A is, from Eq. (27.8), d = c¢z/Hy = 6.6 Mpc.
Following the procedure of Example 28.1.1, integrating from v; = 107 Hzto v, = 3 x 10° Hz,
L 47d?(9.12x 107 Wm™2 H _1)/v2( e )_0'6 d
radio = A2 % m TYSVTE v
wio = 7 “ 7)., 1400 MHz
28.2

=1.0x10*r2W=2x10"*W forh=0.71.
A frequency of v = 1400 MHz corresponds to log;, v = 9.15. Referring to Fig. 28.14 for the spectrum of
3C 273, the slope of the curve at this frequency is approximately

A(l F,

(ogio /o) _ g g5,
A(logyo v)

From Eq. (28.1), if F,, o« v™%, then

dl F,
o810y 1 —a =085,

dlogiyv
so the spectral index is @ = 0.15, somewhat smaller than the value of « ~ 0.24 given in Example 28.1.2.
28.3

the quasar 3C 273 seen in Fig. 28.14.

See Fig. S28.1, which shows a spectrum that is much more sharply peaked than the very broad spectrum of
28.4

(a) Choose two points from the left-hand side of Fig. 28.16: L; ~ 2x103°* Watz; = 2.2and L, ~ 103% W
at z, = 0.3. So

Ly = Lo(1+z)*
Solving for o, we estimate that

and L2 = L()(l +Zz)a.

o= In(Ly/L>) —133
In[(1 + z1)/(1 + z2)]
(b)

L(z=2) _ Lo(1+2)*3

= = 38.
L(z=0) Lo(l+0)3?
28.5

The Schwarzschild radius of an M = 108 Mg black holeis Rg = 2GM/c? = 2.95 x 10! m (Eq. 17.27).
The average density is

10:

4

e =1.85gcm™3,

3T R
slightly greater than the Sun’s average density of 1410 kg m™* given in Example 8.2.1. The “surface gravity”
of the black hole is (Eq. 2.12)

M 5.0 1
g:GR—2:1.52><10 ms™ ',
S
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16 T T T T T T

Log, vB () (W m” sr'l)

15.5 16.0 16.5 17.0 17.5

Log,, v(Hz)
Figure S28.1: Results for Problem 28.3, log,, vB,(T) for T = 7.3 x 10° K.

which is about 550 times greater than the Sun’s value of

Mo _
go=G—=274ms .
R5

Using Eqgs. (17.27) and (18.23), the efficiency of the accretion luminosity is, from Eq. (28.6),
_ Lgx GMM/2R  Rg
M2 M2 4R

For the inner edge of a nonrotating black hole, R = 3Rg and we estimate = 0.0833, while for the inner
edge of a maximally rotating black hole, R = 0.5Rs and n = 0.5.

(a) Setting
GM?
Linax = I0max = MRéwmax = s
c

and using Eq (17.27) for the Schwarzschild radius, for an M = 108 Mg black hole we find

3
Oy = —— = 5.1 x 10~ s™1.

4GM
(b) The Schwarzschild radius (Eq. 17.27) is Rs = 2GM/c? =2.95x 10" m.
Divide the wire into elements of length dr. The motional emf between the ends of the wire element
located at a distance r from the axis of rotation is d€ = Bvdr = Bowr dr for the wire rotating
perpendicular to the magnetic field. Integrating from» = 0 tor = Rg, we find that the induced voltage
is
Rgs 1
E= / Bwmaxt dr = EmeaxRé =22x10"%Vv
0

forB=1T.
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28.8

28.9

28.10

() P=E2/(30L) = 1.6x 1037 watts.

This is about 6% of the power generated by the Blandford—Znajek mechanism.

Define n, and ny as the electron and proton number densities in a cloud of ionized hydrogen gas, and let
agmieny be the number of recombinations per unit volume per second in those clouds. If the clouds of
ionized hydrogen fill only a fraction, €, of the total volume of the narrow-line region, then agnen.ng is the
number of recombinations per unit volume per second for the entire volume. We now model the narrow-line
region as a sphere of radius rnpr and assume that the clouds are pure hydrogen, so n, = ng. Assuming

equilibrium, the number of ionizing photons produced per second by the central source, N, is equal to the
number of recombinations per second. We then have

2[4 3
Qgmen, g”VNLR =N,
which yields Eq. (28.13) when solved for rnpr.
In Example 28.2.2, the number of photons emitted per second in the continuum and capable of ionizing

hydrogen was found to be
Y2 0.029L 0.029L
N :/ 2 d\) = )
vy hv hvg

where vy = 3.29 x 10'3 Hz and v, = 10%° Hz. In the same manner, the total number of photons emitted per
second in the continuum is

¥2 0.029L 0.029L
N = d = s
! L hv? Y h\)l

1

where v; = 10! Hz. So N/N; = v; /vg = 3.04 x 1076,

Defining B = v/c and Bapp = vapp/c, Eq. (28.15) shows that 8 < 1 when

Bapp < sing + Bapp cos ¢

Bapp < /1 —c0s? ¢ + Bapp cos P

2 2 2
ap(l —€osP)” < 1—cos” .

Divide by (1 — cos ¢) (we are requiring that cos ¢ < 1) to get

2

app(1 — €08 @) <1+ cos¢
2

app — |

2
aPP+1

<cos¢ < 1,

which is Eq. (28.16). To find the value of ¢ for the minimum S, use Eq. (28.15) to set d8/d¢ = 0 (holding
Bapp constant) to obtain

i ( :Bapp ) -0
0¢ \ sing + Bapp cos ¢

_:Bapp (COS ¢min - ,Bapp sin ¢min) _

0.
(Sin ¢min + ,Bapp COS ¢min)2
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This reduces to cot ¢pmin = ,Bapp, which is Eq. (28.18). Note, from sin? Gmin + cos? Pmin = 1, that

. 1 1
SIN Qpin = =
¢ \/ 1+ cot? ¢umin \V 1+ 8%,

cot? Pumin 2
Ccos ¢min = 1 3 A — ; aPP2 )
+ cot ¢m1n + :Bapp

Inserting these into Eq. (28.15) shows that the minimum value of § for the source is

,3 app

: +:Bapp —ﬂazpp
1485 1485
2
IB - app
min — ’
I+ I%PP

which is Eq. (28.17). The minimum Lorentz factor is, from Eq. (4.20),

1 1 1
min = = =/ 1 = .
' \/1 - B \/1 _ P * IBapp $11 Pmin

min
1+B"‘2PP

and

,Bmin =

which quickly reduces to

which is Eq. (28.19).

(a) Start by dividing each side of the relativistic velocity transformation, Eq. (4.40), by ¢ to get

v ux/c—ujc

¢ l—uvy/c?’

Referring to Fig. 4.2, let Earth be at the origin of frame S and the QSO be at the origin of frame S’
moving with speed u/c = vg/c = B relative to Earth. The ejecta has speed vy/c = vej/c = B
relative to Earth, and speed vy'/c = v’ /c = ,Bej/ relative to the QSO. (Note that v, < 0 if the material
is ejected by the QSO in the direction of Earth.) The velocity transformation is therefore

o IBej _IBQ
Ps = T Bupe

From Eq.(4.36) for the redshift parameter,

1+IBQ 1+,Bej
1= d zgj+1=,/———,
R 7 R ¥

_(ZQ+1)2—1 d g
T (g + 1241 ?

Inserting these into the velocity transformation results in

or
_ g+ D1

Po TR

(zg+1)°—1 _ (zo+1D>-1
(z+1D%+1  (zo+1)3+1

1— [(zej+1)2—1] [(zQ+1)2—1]
(zg+1)2+1 ] [ zo+D2+1

:Bej/ =




Solutions for An Introduction to Modern Astrophysics 187

OI‘IBej/ =
[(ze + D2 — 1l(zg + D? + 11— [(zj + D> + 1][(zg + D? — 1]
[z + D? + 1[(zo + D? + 1] = [(z¢f + D? = 1][(zg + 1)> — 1]

or
g ot Pt D2
T o+ D2+ (2 + D

On left-hand side we have ,Bej/ = vy'/c, the x’-component of the ejecta velocity relative to the quasar.
Because vy’ < 0, the speed of the ejecta relative to the QSO, is —,Bej/ = —vy’/c, which is the desired
result.

(b) Weuse zg + 1 = 1.158 for the quasar 3C 273 and, with B.; = —0.9842 for the approaching knot,

1+,Bej
1_:Bej

for the ejecta. The speed of the knot relative to the quasar is therefore

= 0.08924

Zej+1:

1 2 _ R 1 2
v Lot =Gt D gg)
¢ o+ 1D+ (zg+1)?

which corresponds to a Lorentz factor of y = 1/\/1 —v2/c? = 6.53 (Eq. 4.20).

28.12 Using Eq. (4.31) with 8 = 180° and Eq.(4.20) for the Lorentz factor, we have

Ategt (1 — u
Atops = M = )/Alrest (1 — ;> .

But
_1—u?/c* 1 1

u
¢ l4ujc _(1+u/c)y2_)ﬁ
17

as u/c¢ — 1. Therefore, when y >

28.13 With M = 10'* Mg and r = 10* pc,

26M\ !
n= (1 - ) = 1.000958.

re?

28.14 From Eq. (28.20) with M = 1 Mg and o = 1 R,

_ 4GM
T rec?

= 8.49 x 107 rad = 1.75".

28.15 Referring to Fig. 28.35, let P be the point at the apex of angle ¢, directly above L. Since SO = dg and
SP = dg — dr, for the small angles involved, applying the law of sines to the triangle SPO gives
sin(f —B) _ sin(wr —¢) _ sing

ds —dp. ds ds
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Using Eq. (28.20), ro = 6df, and sin x ~ x for small x,
0—p ¢ 4GM 4GM

ds —dy _ ds  roc’ds  Odpcids’

4GM (ds —df,
6% — B — —— ] =0,
p c? ( dsdrp )

which is Eq. (28.21). Consider two solutions, 8; and 8,. They satisfy

AGM (ds —d
o3 - pon - 25 (B ) =0

or

c? dsdp,
4GM (ds —dr,
2 _
0y — B2 — 2 ( dsdy )—0,

so subtracting leads to
0 — 03 — B(61 —6,) =0,

or 0 + 6, = B, which is Eq. (28.22). Substituting for 8 in the preceding quadratic equation for 6, we find

4GM (ds—dL) —0

02 — (6, + 6,)6; — -~ =
i — (01 + 62)0; 2 dsdy

which yields Eq. (28.23) when solved for M .

The images are located at §; = —0.8” = —3.88 x 107% rad and 6, = (2.22 — 0.8)” = 6.88 x 107° rad.
(Which angle assumes the minus sign is arbitrary.) The distance to the source (Q0142—100 with zg = 2.727)
is, from Eq. (27.7),

¢ (zs + 1)2 —1
 Ho(zs + D)2+ 1

and similarly, the distance to the lensing galaxy (z;, = 0.493)is dy, ~ 1140h~! Mpc. Equation (28.23) then
gives the mass of the lensing galaxy as approximately

ds = 26004"" Mpc,

919202 dsdr 417 —1 117—1
M =— =56x10"h""kg=28x10"h"" Mgp.
4G (ds —dr x & x ©

The distance to the source (zs = 1.74) is, from Eq. (27.7),

¢ (Es+)?-1

dg ~
ST HyGes + )2+ 1

= 22904~ Mpc,

and similarly, the distance to the lensing galaxy (zz = 0.25) is d; ~ 660A~! Mpc. From Eq. (28.24) with
O =2.1"/2 = 5.1 x 107° rad, the mass of the lensing galaxy is about

Wy B2 ( dsdy

=25x104"" kg =13x 104" Mg.
4G ds—dL) x & x ©

The mass of the MACHO is assumed to be, from Appendix C, M = 1.90 x 10?8 kg (ten Jupiter masses). The
distance to the source star in the LMC is ds = 52 kpc, and the distance to the lensing MACHO is assumed
to be dr = 25 kpc. Then, from Eq. (28.24),

AGM (ds—d
eE:\/ ( s L) =1.91 x 1010 rad.

c? dsdy,
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28.19

28.20

Moving with a speed of v = 220 km s~!. the MACHO will travel a distance of 20gd;, in a time of t =
20pdr /v = 1.34 x 10% s = 15.5 d. Comparing this time with the time shown in Fig. 24.15, we see that the
temporary brightening of a lensed star in the LMC lasted for roughly 20 days, in good agreement with our
crude estimate.

(a) Ifwesetrg = Rs, Pgy = Mpn/(4nR%/3), and Rs = 2GMpgy/c* (the expression for the Schwarz-
schild radius), the mass of the black hole is found to be

1/2

2.43¢6
Mpy=|——-—"-—- =1.6 1010__1/2M .
Bt [(3271/3)6?35*} e Mo

(b) If the Sun falls in, p, = 1410 kg m~—3. This implies a mass required for the black hole of Mpy =
4.2x 108 Mg.

(c) For a more massive black hole, the star would not be disrupted prior to falling through the event horizon.
As a result, the liberation of the gravitational potential energy would be very inefficient, meaning that
there would be little gravitational energy available to power an AGN.

(a) See Fig. S28.2. From Eq. (28.1), using the two points on either side of log;, v = 8.0 in Table 28.2,

1 F, —1 F
o =— 0810 f'2 — 10810 £1 _ 0.7
logo v2 —log; Vi

atlog;o v = 8.0.

(b) The distance to Cygnus A is d = 170h~! Mpc. As in Example 28.1.1, we integrate over radio fre-
quencies from vy = 107 Hz (log;o v1 = 7, log;q F, = —18.88) to v, = 3 x 10° Hz (log;q v2 = 9.5,
log,, Fv = —20.17, obtained by interpolating the data in Table 28.2). A numerical integration results
in

V

2
Lyagio = 4nd2/ Fydv =4rd*(9.0 x 107" erg s~! cm™2)

Vi
=31x107h7%2wW.

This is in reasonable agreement with the estimate for Cyg A obtained in Example 28.1.1, 2.4x1037h72 W.
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Figure S28.2: Results for Problem 28.20 for Cygnus A.
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Cosmology

The total number of stars in a thin spherical shell of radius r; and thickness Ar that contains 7z stars per unit
volume is Ny = 4nr12nAr. Assuming stars of luminosity L, the radiant flux received from a single star is,
from the inverse square law (Eq. 3.2),

Fo— L
1_471;’12'

Therefore, the total flux received from this shell is F; = N;F; = LnAr. This is independent of r, so the
same result would be found for a shell of radius r,.

Assume a WMAP density of baryonic matter of pp o = 4.17 x 10728 kg m™>. Setting the corresponding rest
energy density (Eq. 4.47) equal to the blackbody energy density (Eq. 9.7), we have ,01,,002 = aT*. Solving
this for 7" to find that the temperature of the universe gives

1/4

2
T — (M) — 149K,
a

According to Wien’s law, Eq. (3.15), the blackbody radiation would have a peak wavelength of Ay, =
(0.00290 m K)/ T = 0.19 mm, in the infrared part of the electromagnetic spectrum (Table 3.1). Even if all
of the matter in the universe were converted into the energy of blackbody radiation, there is too little matter
to cause the sky to glow. There would not be visually detectable amounts of blackbody radiation at visible
wavelengths.

We want to show that Egs. (29.32) and (29.34),

4n G
R = ;ch,go [1 —cos(x)]
47 G,O() .
1 = m [X — SIH(X)] .
are solutions to Eq. (29.11),
dR\?> 87Gpo _ e
dt 3R ’
for a closed universe. For the first term on the left, we use
dR _ dR/dx
dt  dt/dx
with
d—R _ 476G sin(x)
dx ~ 3kc?
dt 47 Gpo
a = m [1 —COS(X)].

191
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d_R 2 s sin?(x)
( dt ) = ke {[1 —cos(x)]z} ‘

The second term on the left in Eq. (29.11) is

8nGpy  2kc?
3R 1 —cos(x)’

This results in

Inserting these results on the left-hand side of Eq. (29.11) and simplifying leads to —kc?2, the term on the

right.
29.4 We want to show that Egs. (29.36) and (29.38),
4 G,O()
R = 3kc? [cosh(x) — 1]
4 G,O() .
t = —————— [sinh(x) — x].
e B0 =]
are solutions to Eq. (29.11),
dR\* 87Gpo _ ,
dt 3R '
for an open universe. For the first term on the left, use
dR _ dR/dx
dt — dt/dx
with
dR 4nGpy .
- = h
dx = 3jk|ez Smh)
dt 47 Gpo
E = W [COSh(X) — 1]

This results in
(d_R)2 _ e sinh? (x)
) [cosh(x) — 1] |
The second term on the left in Eq. (29.11) is

8nGpy  2lk|c?
3R cosh(x)—1’

Inserting these results on the left-hand side of Eq. (29.11), simplifying and noting that |k| = —k since k < 0,
leads to —kc?2, the term on the right.

29.5 To go from Eq. (29.32) to Eq. (29.33), we must show that the coefficients of [1 — cos(x)] are equal. Use
Eqgs. (29.15), (29.19), and (29.25),

3H?
Ped = 532G
Qo = Lo

Pec,0

Hy(Qo — 1) = kc?,
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29.6

29.7

29.8

respectively, to find
4nGpo  4nG(po/pco) 4GSR

3ke? T 3HZ(Q0 —1)/peo  8TG(Ro—1)

SO
47TG,00 _ 1 Q()

3ke2 T 2Qo—1
Similarly, to go from Eq. (29.34) to Eq. (29.35), we must show that the coefficients of [x — sin(x)] are equal:
4nGpo _ 47 G(po/ pe,0) _ 4w G
3k3/2¢3  3[HF(Q0 — D2 /peo 8wGHo(Qo — 1)3/2

SO
4 G,O() 1 Q()

3k3/2¢3  2Hy (o — 1)3/2°

The procedure to go from Eq. (29.36) to Eq. (29.37), and to go from Eq. (29.38) to Eq. (29.39), is nearly
identical to the one followed for Problem 29.5. The only difference is that because £ < 0 for an open
universe, we replace |k| with —k in Egs. (29.36) and (29.38). This causes (29 — 1) in Egs. (29.33) and
(29.35) to be replaced (1 — 2¢) in Egs. (29.37) and (29.39).

(a) When the scale height R is a maximum for a closed universe, it is necessary that dR/dt = 0. Substi-
tuting into Eq. (29.11) implies that

8 G,O()
Rux = .
¢ 3kc?
This result is in agreement with Eq. (29.33); R(x) is a maximum when x = 7 and cos(x) = —1.

(b) Setting R = 01in Eq. (29.33) and solving for x, we find that the lifetime of a closed universe corresponds
to cos(x) = 1, or x = 2. Inserting this into Eq. (29.35) and using tg = 1/H, for the Hubble time
(Eq. 27.14), the lifetime is

1 Qo w2

fife = —— ——————— —si = —1y.
life 2Ho (20— 1) [x —sin(x)] (Qo — 1)3/2 H

For a flat universe, the scale factor is given by Eq. (29.31). Inserting 1 + z = 1/ R from Eq. (29.4), we have

2/3 2/3
R = E L = ! s
2 1924 14z
1) _2

1 3/2
w3 (1 + z) ’
which is Eq. (29.40) for k = 0.
For a closed universe, the time is parameterized by Eq. (29.35) [with tzg = 1/ Hy, Eq. (27.14)],

t 1 Q .
” =3 m [x —sin(x)]. (529.1)

To find x, use Eq. (29.33) for the scale factor with 1 + z = 1/R,

or

1 Q0 1
R=- 1— = ,
3 Qg1 ool = 17—
to get
2(R20 —1
cos(x):l—M

Qo(1 +2)’
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SO
-1 (Q()Z—Q() + 2)
X = COS — | -

Q()Z + Q()
To find sin(x), use sin(x) = /1 — cos?(x) so

2
sin(x) = \/1_[1_ 2(90_1):| _ 2\/(90—1)(9024—1).
2o(1 +2) Q(1 +2)

Inserting these expressions for x and sin(x) into Eq. (S29.1) produces Eq. (29.41) for k£ > 0.
For an open universe, the time is parameterized by Eq. (29.39) (again with 1y = 1/Hp),

1 Q

- =3 m [=x + sinh(x)].

To find x, use Eq. (29.37) for the scale factor with 1 + z = 1/R,

1 Q 1
R=- 0 [cosh(x) — 1] =
21— 14z
to get
2(1 — Qo)
cosh(x) =1+ ———,
() Qo(1 +2)
SO
-1 Q()Z — Q() + 2
x = cosh _— .
Q()Z + Q()

To find sinh(x), use sinh(x) = ,/ cosh?(x) — 1 so

o 20-207" | _ 2/(0-Q0)(Qoz + 1)
sinh(x) = \/[”m} BT R

Inserting these expressions for x and sinh(x) into Eq. (S29.2) produces Eq. (29.42) for k < 0.

1 dR\?
[(Ei{—l) —gnG,o]Rzz—kcz.

From Eq (29.12) for the critical density and Eq. (29.8) for H,

3H? 1 dR\? dR\?
8 rGor? = Spore £ 3 _ Reg (— ) =sz(—) .

29.9 (a) Start with Eq. (29.10),

3 3 oc 871G R di dt
So Eq. (29.10) becomes
dR\? dR\?
ikl —ol = — 2
( dt ) ( dt ) ke®,
or ,
kc
Q=1+ ——,
@ + (dR/d1)?

which is Eq. (29.194). 2 is very close to unity in the early universe.

Cosmology

(529.2)
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(b) The right-hand side of Eq. (29.11),

dR\> 8
an _ T[G,O() _ —kcz,
dt 3R

is a constant. However, R — 0 as ¢t — 0, and so the second term on the left diverges, 877 Gpo/(3R) —
00. Therefore the first term on the left, (dR/dt)?, must also diverge as t — oo. Equation (29.194),
then shows that 2 — 1 as ¢ — 0, so at very early times it is difficult to distinguish between a closed,
flat, and open universe.

29.10 Eq. (29.23) can be used to eliminate H? from Eq. (29.26), giving

29.11

(1+2)°Qo
(g

) HX(1 —Q) = H2(1 — Qo)(1 + 2)?,

which simplifies immediately to

1 1

——1=(—-1) -1

1= (g 1)a+o
which is Eq (29.195). This implies that as z — oo, 2 — 1.

Define |
Uu=s ———.
Qo(l + Z)

In terms of u, Eq. (29.41) is

t Qo

T {cos—l[l —2u(Q0 — 1)] = 2vu(20 — 1) /T — u(S20 — 1)} .

Asz — oo, u — 0. Use
2
cos I (1 —x) = V2x'2 + %x”z 4o

and

1
V1—x= I—Ex—i—---
for x < 1 to find

t Q V2 1
P m {fz[zu(szo -]V + 0 Ru(Qo — D% = 2/u(Qo — 1) [1 - zu(szo - 1)}} )

The first-order terms, those involving u'/2, cancel. The second-order terms, involving u/2, produce

t Q 4 2 1 32 1
= Q- ) = | e | =
tH 2(Qo—1)3/23 3 Qo(l +2) 31+ 2)3/29(1)/2

which is Eq. (29.43).

29.12 Beginning with Eq. (29.10) and multiplying through by R gives

dR\> 8
R{—=—) —=nGpR> = —kc*R.
(dz) 37V ¢
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29.13

29.14

29.15
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Differentiating with respect to z,

dR\’ dR\ (d*R\ 8 _d(pR%) dR
— 2R — - -G = —kc*—.
(dz) + (dz)(dﬂ) 37 dt < i

Using Egs. (29.50) and (29.10) to replace d(oR3)/dt and —kc?, respectively, gives
R\’ R\ (d*R\ 8xGPd(R? dR\> 8 dR
(6;—[) +2R(d )(d )+ nGPd( )=( ) — SnGR}p

dr )\ dr? 32 dt dr 3 dr’
Finally, simplifying gives Eq. (29.51).

Assume that an expanding shell of mass dm lies immediately above a sphere of mass M, constant density p,
and radius R. From Newton’s second law and Newtonian gravitation,

d’R GM dm
m =— .

d
dr? R?

But M = 47pR3/3. Substituting immediately gives Eq. (29.51) for the special case that P = 0.

From the ideal gas law, P = pk T /umpg. Furthermore, the thermal energy of an average hydrogen atom is
givenby K = 3kT /2 = mpgv2 /2. Substituting T into the ideal gas law gives (with i = 1 for pure neutral

rms

hydrogen), p = P/(v2,./3) > P/c? when vy = 600 kms ™.

When p = P/c?, itis necessary that
P kT
- = — =1
pct  umpgc?

from the ideal gas law. This corresponds to a temperature of 7 = 1.1x 10! K. (Of course at this temperature,
the assumption that ;© = 1 could no longer be valid.) Now, for an adiabatically expanding universe, RT =

Ty, or
To 2.725K _13
R=—=———"—=25x10""°,
T 1.1 x 1013 K
and )
=——-1=4x10"%.
z R X

Substituting Eq. (29.52) into Eq. (29.50) gives

d(Rp) __ d(K)

dt B dt
This immediately gives
d(RY) . dp d (R?)
R*-LC = —wp———7.
Pmar TN T T
Rearranging
1 d(R)  ldp
1 —_ =
(+w)R3 dt p dt

This can also be written as
dinR>  dlnp

!
(+w—y i

Integrating, we find
(1+w)lnR*=—Inp+C,
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29.16

29.17

29.18

29.19

where C is a constant of integration. Rewriting,
In RPU+®) 4 1np = C,

which immediately leads to
R3FW) 5 — ¢C = constant = po.

Starting with the definition of the deceleration parameter (Eq. 29.54),

R(t)[d?*R(t)/d1*]
[dR(t)/d1)?

q(t) = —

and using Eqgs. (29.51) and (29.10) to replace d?R/dt? and (dR/dt)?, respectively, ¢ () becomes

47GpR2/3
8mGpR2/3 —kc?’

q(1) =
From the definition of the density parameter (Eq. 29.18), we find

Q) H*(t) R? /2
T Q(t) H2(t) R? —ke?’

q() =

Finally, using Eq. (29.24) to replace —kc¢? gives ¢(¢) = 1Q(1).
(a) The binding energy is

Ep = (mg + my, —mp)c? = (1.007825 + 1.008665 — 2.014102)uc? = 2.224 MeV,

(b) The wavelength of a photon with this energy is, from Eq. (5.3),

h
A= 2 557% 1073 m,
E

(c) According to Wien’s law (Eq. 3.15), this photon corresponds to the peak wavelength for a blackbody
temperature of
T — 0.00290 m K

=520x10° K.
)\max

For a redshift of z = 1.776, the scale factor is, from (Eq. 29.4), R = (1 4+ z)~! = 0.3602. The temperature
of the CBR was, from Eq. (29.38), T = To/R = (2.726 K)/R = 7.57 K, in good agreement with the
temperature of the intergalactic cloud, 7.4 &+ 0.8 K.

Use the Boltzmann equation (Eq. 8.6),

No _ 8b ,~(B,~E/kT
Ng 8a

with g, = 1 (one ground state), g5 = 3 (three degenerate first excited states), Np/N, = 27/100, and
Ep— E, =4.8x107* eV. Solving for 7', we have

_— —(Ep — Eq)
kn[(Npga)/(Nagp)]

=23K.
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29.20 Assuming for simplicity that the television transmitter radiates equally in all directions with a power of

29.21

29.22

29.23

P = 2.5 x 10* W, the magnitude of the time-averaged Poynting vector, (S), at a distance of r = 70 km
from the transmitter is (S) = P/(4mr?). The energy density of channel 6 photons at this distance is then
approximately

Uty ~ =135x1075 Jm3,

4rc

From Eq. (9.5) with T = 2.73 K, the energy density of CBR photons with wavelengths between A; = 3.41 m
and A, = 3.66 m is about

5
thC/)»ave1 (o2 — A1) = 1.52x 10724 T m3,

UCBR =X MAA)L = 76116/)»”61(7, —

where the average of A; and A, was used to evaluate u;. Therefore uty/ucgr >~ 9 X 108; the CBR does not
interfere with your television viewing.
Combining Eq. (4.32) for the relativistic Doppler shift with Wien’s law, Eq. (29.59), gives

Vobs _ Tobs _ \% 1— UZ/C2

Vrest B Thest B 1+ (U/C) COS¢‘

Here, ¢ is the angle between the velocity of the source and the line-of-sight of the observer, so the source
moving directly away corresponds to ¢ = 0. Butin Eq. (29.61), 6 is the angle between the line-of-sight and
the observer’s motion, so moving directly toward the source corresponds to & = 0. Thus we must replace ¢
with 180° — 6 to obtain
T Tresl 1— UZ/C2
MOV T — (v/e)cos B

which is Eq. (29.61). For v/¢ < 1, we can use

1

—~1+30059
1—(v/c)cos® ¢

and

both to first-order in v/c, to obtain Eq. (29.62).

The Sun’s peculiar velocity relative to the Hubble flow is v = 370.6 km s~'. From Eq. (29.62) with § = 0
and Tier = 2.725 K, the magnitude of the variation in the temperature of the CBR due to the Sun’s motion is

v
Tmoving_ rest = Trest — = 3.37 X 107° K.
c

(a) The peak wavelength of the CMB is

0.002897755 m K
Amax = B 1.06x 107 m.
2725K

Since the Compton shiftis just Ar —A; = (h/mec)(1 —cos 0), a characteristic shift is just the Compton
wavelength of AL = Ac = h/mec? = 2.43 x 10712 m. Thus, the relative shift is only

AL

=229x10"°.
)\max
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(b)

(©)

This implies that the shift in the wavelength of the photon in the electron’s rest frame can safely be
neglected.

Now consider the four situations depicted in Fig. 29.31. When viewed from the right neither cases 1 or
3 result in any shift in wavelength or frequency of the photon, meaning that vs; = vs3 = vo, where vy
is the final frequency and vy is the initial frequency. On the other hand, cases 2 and 4 show reflection of
the photon from moving electrons. In case 2, the frequency shift is just the Doppler shift from approach

and reflection giving
2
_ 1+8Y) 1+ 8
Vf2 = Vo 1_[3 = Vo 1_[3 ’

where B = v, /c, and v, is the velocity of the electron. Similarly

2

The average final frequency of the four cases is then

1 v 1+ 1— v 1+ 82
vfzz(vm+vf,2+vf,3+vf,4)=—0(1+—'B+1+—’3)=—0(1+ 'B)

4 1-8 1+ 8 2 1— B2
(S29.3)
For electrons with an average thermal energy associated with T, = 108 K,
1 3
Emevez = EkTe,
and
2
3kT,
B =2 = 222 — .05,
¢ MeC

Given that 82 < 1, vy from Eq. (§29.3) can be approximated by
v v 1
vf:7°[1+(1+,32)(1+,32)]:70[1+1+2ﬁ2+ﬁ4]:u0[1+/32+§/34]
Keeping terms to second order, we arrive at

Av  vp—vy vl 3kT,

= — )

Vo Vo 2 mec?’
From the discussion of opacity leading up to Eq. (9.15), the fraction of photons scattered is roughly
T = 2n.0rR,

where R is the radius of the gas cloud, and o7 = 6.65 x 1072° m? is the Thomson scattering cross
section (see Eq. 9.20). Therefore, t = 0.12.

A fractional shift in the temperature of the CMB is roughly given by

AT Av 3K T,
—~ T = - T

T() Vo mecz ’
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29.24 From the pressure integral (Eq. 10.8)

3

If all of the particles in the sample are highly relativistic, then v >~ ¢ and p >~ ymc. Substituting,

1 o0
P:—/ nppvdp.
0

o0
P = —/ np)/mc2 dp.
3 Jo

Noting that E = ymc?, and n p is the number density of particles with momenta between p and p + dp, the

integral reduces to the total energy density of the relativistic particles. Therefore, P = %u = wu.

29.25 We will assume that the universe is flat in this problem. Since R4,o,el = prel,0, and RT = Ty (Eq. 29.58), the

29.26

energy density of relativistic particles (photons) must be proportional to 74, or 1) = aT*.
From the first law of thermodynamics for an expanding volume,
dU dv
— =—p—. S29.4
dt dt ( )

However, we can substitute
NEE
U=uV =aT gnr

on the left-hand side of Eq. (§29.4),

on the right-hand side, and P = aT*/3 for the radiation pressure (also on the right-hand side). Eliminating

common terms we find

% (T4r3> = —T4r2%.

Now substituting 7" = To/ R, r = DR for some initial size, D, of the sphere, and eliminating common terms

we arrive at
d (1 1 dR
dt \R)  R%d:t’

Since the left-hand side is consistent with the right-hand side, the original assumption of conservation of
energy within the sphere must be consistent as well.
(a) This is a straightforward derivative.

(b) Equation (29.8) shows that

1 dR\™'
7:exp(l) = (E E) = 1/H(l)

(¢c) For a flat universe k = 0 and Eq. (29.83) becomes

dR \/8 Pm,0 Prel,0
@ _ %G ; ;
i 37" ( R R2>

This implies that

8 Pm.0 Prel.0 —-1/2 8 —1/2
rexp(R)=R[§nG(’; 58| = R 376 Romo+ pal| . (5299)
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29.27 (a) Consider first the portion of Eq. (29.84) in square brackets. Deep in the radiation era, R,,; < R,

implying that we can approximate the radical to second order using (1 + x)/2 =1+ Zx — fx2 + -
when x « 1. This implies that

2+(R 2) R+1—2+(R 2)1+1R 1(R)th
Rr,m Rr,m Rr,m 2Rr,m 8 Rr,m
_ ,, R +1(R)2 1(R)3
B Rem  2\Rrm) 8\ Rem
,__R +1( R )2+
Rem 4\ Ry

3( R\
= \&a )
where only terms through second-order have been retained. Eq. (29.84) now becomes

{(R) 1 R?
B 2 HO (Qm,ORr,m)l/2 .

But Ry m = Qm,0/ Q2rer,0 (note that a ”0” subscript was inadvertently dropped in this expression in the
first printing of An Introduction to Modern Astrophysics). Substituting, and solving for R gives

Ry =221y .

From Eq. (29.80) we now have
1/4 1/4
4rGgaT? 167 Ggya
_Al/24y1/2 **To 1/2 _ 8 1/2
R =27 Hy (T) G
0

(b) In aflat universe (k = 0) with only relativistic particles, the Friedmann equation becomes

dR\* 8
(E) = 37GpaR’.

From Eq. (29.77) we have
(dR)2 _ 8nGgual* ) _ 8rGgaly 1

dr 6¢2 6c2 R
This implies that
1/2
Rd_R _ 8nGgwaT, .
dt 6¢2
Integrating,
1/2
le _ 8nGgvaT, .
2 6¢? ’
or 1/4
8wGgeaT} 167 Ggaa\'/*
— nl/2 *7o 1/2 _ * 1/2

which is again Eq. (29.86).
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29.28

29.29

29.30
29.31

Chapter 29 Cosmology

From Eq. (29.78), and equating at a general time ¢ with today, we find
H? (1 — Q) R? = Hj (1 — Qi) - (529.6)
From Eq. (29.5),
R3,0rel = Prel,0,

or

R*Qe1pe = Qirel,00c,0-
Substituting Eq. (29.12),

RQraH? = Qa0 H ,
or

Qrel,O H()2

QR*H? = — (S29.7)

Equation (529.7) can be substituted into Eq. (§29.6), and after some rearrangement, we obtain
2 p2 1 2
H°R =|1+ R 1) Qrer0 | Hy- (829.8)

Substituting Eq. (529.8) back into Eq. (529.7) we finally have

Qrel,O
R+ (1 —R)2e0 '

Qrel =
In the limit as z — oo or, equivalently, R — 0, Q2 — 1. Thus, this one-component, relativistic-particle
model is flat in the limit z — oo.

Using R pp = pp.0 (Eq. 29.5) with pp, = 4.17 x 10728 kg m™? (Eq. 29.17), and Ty = R T'(R) (Eq. 29.58)
with 7o = 2.725K and 7 = 10'° K, we find

3
Pb,0 T -3
= — = — ] =206k .
P =25 = Pho (To) gm

Using Eq. (4.47) for the rest energy of an electron—positron pair, set kT ~ 2mec?so T ~ 1.2 x 1019 K.

(a) Following the discussion in Example 9.2.1, consider a neutron with a collision cross section of ¢ =
7(2r)? that moves with speed v through point protons of number density 7,. In time Az there will be
npovAt collisions.

(b) To evaluate n,ovAt, we must estimate the number density of protons. Because protons greatly out-
numbered neutrons at that time, assume that all of the baryonic matter was in the form of protons with
To =2.725K and T = 10° K to write

T 3
ny ~ Lo = L8O (—) =1.2x10% m™3.
mp mp \To

The collision cross section is, using r ~ 10713 m, 0 = 7(2r)? ~ 1.3 x 1072° m?. The speed, v, of the
neutrons comes from Eq. (8.3),

3kT

npy

Vems = =50x10°ms1,

The characteristic time in the radiation era is obtained from Eq. (29.89) by solving for  with T = 10° K
and g« = 3.363, giving fr,g = 179 s. Using this for Az, we find nyovAt ~ 1.4 x 10°, which is certainly
> 1. Each neutron had numerable opportunities to combine with a proton.
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29.32

(a)

(b)

We need the Thomson scattering cross section (67 = 6.65 x 1072° m? from Eq. 9.20) and the number
density of free electrons to calculate the mean free path of a photon, { = 1/(n.0) (Eq. 9.12). For a
composition of pure hydrogen, n, = pp/mp, where pp is the density of baryonic matter (protons and
electrons in this case). Using R3pp = ppo = 4.17 x 10728 kg m™> (Egs. 29.5 and 29.17), we have

Py Pbo
He = —— = ——,
myg R3mpyg
so the mean free path is
1 R?
0= == (S29.9)

neor Pb,00T

The time for a photon to travel the distance £ is

¢ Rmpyg
f=-=—"r
¢

CPb,00T ’
Setting ty = Texp from Eq. (529.5), we have
R3mpy

8 —-1/2
— 2 —R? [—ﬂG [R Pm,0 + ,Orel,O]:| :
CPb,00T 3

This can be simplified somewhat to give

) K
R + (p e"") R — =0, (529.10)
Pm,0 Pm,0

where the constant K is given by

3 CPp.00 2
K=(—)(£2T) .
8 G My

The cubic equation Eq. (§29.10) can be solved numerically (using a Newton method for example) to
give
R =0.0257 implying z=R'—-1=3709.

An example Fortran 95 code:

Program Cubic_Solver
USE Constants, ONLY : ¢, pi, G, m_H

IMPLICIT NONE

REAL(8) , PARAMETER :: rho_m0 = 2.56E-27, rho_b0 = 4.17E-28

REAL(8), PARAMETER :: rho_c0 = 9.47E-27, Omega_relO = 8.25E-5, rho_rel0 = rho_c0*Omega_rell
REAL(8), PARAMETER HH sigma_T = 6.65E-29

REAL(8), PARAMETER :: K = (3/(8*pi*G))*(c*rho_bO*sigma_T/m_H) **2

REAL(8), PARAMETER :: rel_error = 1lE-6

REAL (8) :: R, drR, F, dF

R =1

dr = 1000

DO WHILE (ABS(dR/R) > rel_error)
F = R**3 + (rho_relO/rho_m0)*R**2 - K/rho_m0
dF = 3*R**2 + 2*(rho_relO/rho_m0) *R
drR = -F/dF

R =R + dR
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WRITE(*,*) "R, dR = ", R, dR
END DO
PAUSE

STOP
END

From Eq. (29.84), this implies an age for the universe of # = 2.4 x 10!3 s = 75 Myr.

Eq. (29.101) gives

3/2
myg R’ (anekTo) / o~ XIR/KTo _ A 0.

JPb.0 h?R 1-f

This can be solved numerically with a Newton method (for example) with f = 0.5 to give R = 7.24806 x
1074,

Program Newton_Solver
USE Constants, ONLY : pi, m_H, m e, h, k_B, eV

IMPLICIT NONE

REAL(8) , PARAMETER :: rho_ b0 = 4.17E-28, chi = 13.6*%*ev, T_0 = 2.725, frac = 0.5
REAL(8), PARAMETER B rel_error = 1E-6
REAL (8) :: R, drR, F, dF
R = 1E-4
dr = 1000
DO WHILE (ABS(dR/R) > rel_error)
F = m_H*R**3/ (frac*rho_b0)* (2*pi*m_e*k_B*T_0/ (h**2*R))**1.5*exp(-chi*R/ (k_B*T_0)) - frac/(1 - frac)

dF = 3*m_H*R**2/(frac*rho_b0) * (2*pi*m_e*k_B*T_0/ (h**2*R))**1.5*exp (-chi*R/(k_B*T_0)) &
& - 1.5*m_H*R**3/ (frac*rho_b0) * (2*pi*m_e*k_B*T_0/ (h**2))**1.5*R**(-2.5) *exp(-chi*R/ (k_B*T_0)) &
& - chi/ (k_B*T_0)*m H*R**3/(frac*rho_b0)* (2*pi*m_e*k_B*T_0/(h**2*R))**1.5*exp(-chi*R/ (k_B*T_0))
drR = -F/dF
R =R + dR

WRITE(*,*) "R, dR = ", R, dR
END DO

PAUSE

STOP
END

If z = 1089, then R = 1/(1 + z) = 9.174 x 10~*. From Eq. (29.84) with other WMAP values of
Ry = 3.05x 1074, Hy = 2.30 x 10718 571 and Q,,0 = 0.27, we find # = 1.194 x 10'3 s = 378 kyr.
This is in excellent agreement with the WMARP result.

The program used in Problem 29.33 can also be used to find R when 99% of the hydrogen atoms were ionized

(f = 0.99) and when 1% of the hydrogen atoms are ionized ( / = 0.01). The results are Rgg = 6.300x 10~*

and R; = 8.766 x 1074, respectively. These values of R correspond to zg9 = 1586 and z; = 1140, implying
Az = 447.

The times are again obtained from Eq. (29.84), as was done in the solution for Problem 29.36. The results are
t99 = 199 kyr and #; = 350 kyr. This implies

At = 151 kyr.

In both cases the range is somewhat larger than the quoted WMARP results.
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29.36 Using Rg = 6.378136 x 10° m from Appendix A and the Taylor series sinx ~ x — x3/3! 4+ - - for small x,
the discrepancy for D = 100 m is

Cexp — Cineas = 27D — 2w Rg sin(D/Rg)

D 1(DY

nD3 _3
= =2.57%x107° m = 25.7 nm.
3R%

1

29.37 Equating Egs. (29.120) and (29.121) we have
H*(1-Q)R* = Hy(1 — Qo).

This can be solved for €2 to give

H21-Q, H?

Substituting Eq. (29.122), we arrive at

1- Q0

Qiz)=1- .
(@ Qo1 +2) + Qreto(l +2)% + Qa1 +2)2 +1-Qp

(S29.11)

We can now verify that our last result reduces to Eq. (29.28) in the appropriate special case of baryonic matter
only. Let Q20 = 0 and 24,0 = 0, which then requires that 2, 0 = €2¢. Substituting into Eq. (529.11) we
have

1—-Q _ Qo—1

Qo(l+2)+1-Q¢ 1+ Qoz’

Qiz)=1-
as expected.

29.38 From the Robertson—Walker metric (Eq. 29.106) with d = 0 for a spherical surface and d¢ = 0, we see
that the differential element of area is

dA = [R(t)w dO|[R(t)w sin@ dp] = [R(t)w ] sin 0 db d¢.

Integrating this over the usual limits of § = 0 to = and ¢ = 0 to 27 gives the area of the spherical surface,

=0

2w T
Ahorizon = [R()w ? / / sinf df d¢ = 4n[R(t)w]*.
[ 6=0

29.39 (a) If we consider the general acceleration equation (Eq. 29.112) with p = 0 and P, = P = 0, we
have
1 d*R 4 Gor + 1A )
— = —= —Ac”.
Rdiz ~ 377PmT3

If the universe is static, this requires that >R /dt? = 0 or

A= 4n Gpm

c?
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(b) If the universe is static, we must also have d R /dt = 0. This implies that Eq. (29.114) can be solved for

k, giving
8 R?
k = [gﬂG (om + ,OA):| (—2) .
c

Noting that from Eq. (29.113), ppo = Ac?/87G = pm/2, we find

_ 4nGpp R?
=—73

k > 0.

This static universe is closed.

(c) Insolving for A we assumed that d?> R/dt?> = 0. However, any slight deviation of p,, will result in a
non-zero acceleration. As a result, this universe is in an unstable equilibrium.

29.40 The WMAP values we will need are:
[Holwmap = 2.30 x 10718 57!
[Tolwmap = 2.725 £ 0.002 K
[2m,0lypmap = 0.27 £ 0.04
Qrero = 8.24 x 1077
[240lwmap = 0.73 £ 0.04

3HZQ0

Ao = —z = 1.29x 1072 m™2

[Q0]wmap = 1.02 £0.02
Pmo = 2.56x 107" kg m™3

Using z = 1089:

From Eq. (29.122), H = 4.96 x 10714 51,

From Eq. (29.58), T = (1 4+ z)Ty = 2970 K.

From Eq. (29.6), pm = (1 + 2)* pm.o = 3.32 x 1078 kg m™3.

8 Gpm
From Eq. (29.18), 2,, = ¥ = 0.75.
drGgeaT*
From Eq (2980), Qrel = W = 0.25.
Ac? 9
From Eq. (29.118), Qp = Y7E =1.6x107".

29.41 Beginning with Eq. (29.122) and moving (1 + z) inside the radical, we find
1/2
H = Hy [Qm,o(1 +2) 4+ Qrao(1 +2)* + Qa0 + (1 - Qo)1 + 2)2] .

Using the generalized equation of state given by Eq. (29.52), P = wpc?, we note that for pressureless dust,
Wy = w; = 0. This implies that the quantity 3(14+w;) = 3. Similarly, for radiation and relativistic particles,
Wl = wy = 1/3, so that 3(1 + w,) = 4. Finally, for dark energy, Eq. (29.115), wp = w3 = —1, so that
3(1 + ws) =0.

Combining these results leads to the desired equation.
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29.42  We begin with Eq. (29.54) and note that H = (dR/dt)/ R (Eq. 29.8). This gives

29.43

0 = L LR/ ($29.12)
TO="rw '
Turning next to the acceleration equation (Eq. 29.112), using Eq. (29.113) for the equivalent mass density of
dark energy, and rearranging, we have

1 d*R 4 3(Pm+ Prel)
Rdr = —gnG [,om + Prel — 204 + — a2 |

However, P,, = 0 for pressureless dust, and Py = % ,o,elcz, which leads to

1 d*R 4
RdE —gﬂG [om + 2pre1 — 2pA] - (529.13)

Substituting back into Eq. (§29.12), we obtain

_8xG |1
9 = Sz | 3Pm T Pt = PA |-

From the definition of the density parameter (Eq. 29.18) we have

1
q(0) = EQm + Q) — Q4.

We also have (see the solution to the previous problem, for example) w,, = 0, wye = 1/3, and wp = —1.
Using these values leads to the expression

40) = 3 Y0+ 3w Qi)

If the acceleration of the universe changed sign at some point in time, then it is necessary that d> R /dt*> = 0
at that time. Referring to Eq. (S29.13) from the solution to the last problem, it must have been the case that

Pm + 20l — 204 =0
when this occurred. Assuming that pp = constant = pypLambda,0 (as stated in Eq. 29.113), then
Pm + 20l = 20A,0.
We can now express o, and pr in terms of their present values and R by
Pm = pmo/ R’

and
Prel = lorel,O/R4-
Substituting, we find
om0/ R® + 2prei0/ R* = 2pa0,
or
200,0R* = pm,oR — 2pre1,0 = 0.
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Dividing through by the present-day critical density p.,o and using the definition of the acceleration parameter
(Eq. 29.18), this expression becomes

2Qp0R* — QmoR — 210 = 0.

Noting that Q1,0 K Q4,0 and Q1,0 K 24,0 We can safely neglect the last term. Thus, either R = 0 (where

our analysis is invalid), or
R = Qm,O v .
2Qu0

Evaluating with WMAP values gives R = 0.57,and z = 1/R— 1 = 0.76.

29.44 (a) Thelook-backtimeis givenby ¢y, = fo—t(z). But{y is obtained by substituting R = 1 into Eq. (29.129).
If we also replace R by 1/(1 + z) in the expression for 7(R), we quickly obtain.

[
tr(z) = In

1
Q Q =
R B N e )

(b) See Fig. S29.1. The space density declines rapidly beyond 71 /tg = 1.5.

In(1 + z2).

T T T T T
[ J
1E-6 ° .
[ J
+, °
o
2
z o
g
o [ J
5 1E-7F =
2 [ ]
g
E]
Z
[ ]
[ J
1E-8 A 1 A 1 A 1 A 1
0.0 0.5 1.0 1.5 2.0

Lookback time (¢, / t;,)

Figure S29.1: The number density of AGNs as a function of lookback time.

2945 (a) Beginning with Eq. (29.122) and replacing 1 4+ z with 1/ R, we find

+ Qa0+ ——

Qmo = Qrelo 1-Q07"?
H =t [ RS RS R2

As R grows well beyond R = 1, each term on the right-hand side of the equation approaches zero
except the A term, which remains constant. Therefore, H approaches a constant, given by

H = Hy\/Qao.
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(b) Starting with the Friedmann equation in the form of Eq. (29.120), assuming that @ = Q4 = Ac?/3H?,

and equating the Friedmann equation with today’s values, we find

Ac?
H? (1 - 3H2) R* = Hj(1—Qny).

This implies that
2 p2 Ac? 2 2
H*R” — 5 R = Hy(1 —Q40).

However, H = (dR/dt)/R, giving

dR\? Ac?
(E) - (T) R* + HZ (1 —Qap).

Rewriting and integrating

bk e

dR’

R? + H02(1 —QA0)

(23 1/2/"‘ dR’
0~ Ac? 1 \/ 3H§

R? + (Acz) (1 - QA,O)

1/2 2
(2 Tmlrs [rRe (2)a—au
Ac? Ac? 0

Define

3 \!/2 1
r=(— =
(Acz) V2a,0Ho

where the last expression was obtained from Eq. (29.118). We can now rewrite the result of the integra-

tion as

t—to _ R+ VR2+Qao(1—Qap)
T 1+ 1+ Qa0(1—Qny0) ’

which leads to

R+ /R + Qa0 (1—Qa0) = Cell ™",

where

C=1+/1+Qa,0(1—Qn,) = constant.

This expression for R is clearly exponentially increasing with time when A > 0 (implying = > 0).

(c) Using WMAP values, the characteristic time is t = 16 Gyr.

29.46 Start with Eq. (29.153). Writing dt = dR/(dR/dt) and using R = 1/(1 + z) (Eq. 29.4) produces

cdR

d =R 11?7
W) = (’)/o AR
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To evaluate the integral, d R /dt must be expressed in terms of R only. Evaluating Eq. (29.9) at the present
epoch with H = Hy, p = po and R = 1, and equating the left-hand side with the left-hand side of Eq. (29.11)

gives
dR\* 8 1
—) =ZaGpo[—=—1)+ HZ.
(dz) 37 'OO(R )+ 0

Using Eqgs. (29.15) and (29.19), we find

and

dR\? Qo
— ) =H} |5 -Qo+1].
(@) = (F )
The integral for the horizon distance thus becomes, using R = 1/(1 + z) (Eq. 29.4),

dR

() = fT
T H(+D S JQR=(Qo- DR

The integral has the form

/ dx 1 [ _ (1 2ax) n}
——————— = ——|cos -—— - =
Vbhx —ax?2 Ja b 2
witha = Q¢ — 1 and b = Q. Evaluating the integral gives the desired result.

Equation (29.152) for the circumference of a closed universe is, using R = 1/(1 + z) (Eq. 29.4),

Co 2mwc
M Ho(1+ 20— 1

Using Eq. (29.197) for dj, the horizon distance in a closed universe, we see that

d 1 1[1 2(90—1)].

Cuniv - ZCOS B Qo(1 +2)

At very early times, as z — 00, dp/Cuniv — 0. That is, the fractional size of a causally connected region
becomes vanishingly small as ¢ — 0. According to Eq. (29.33), the maximum value of R in a closed universe
— at the time of maximum expansion — is

R Q0 (1
T Qo—1 \1+z),.

Then at the time of maximum expansion,

dn 1 [1_2(90—1) Qo }

= —cos !
Cuniv 2w Q() Q() -1

1 —1
= — —1) =
5.7 508 -1

1
2

For a flat universe, the proper distance is d(¢) = R(t)w (Eq. 29.148). Using Eq. (29.163) for @w and
Eq. (29.31) for the scale factor shows that the proper distance of the photon is

-GG i ()]
H o \o
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To evaluate w,, note that if the photon is just now (R = 1) arriving from the present particle horizon, then the

present proper distance d(f) = R(¢)w to its point of emission at @, is d = w,. But this is just the present
horizon distance, dj,o = 2¢/Hp (Eq. 29.159), so w, = 2¢/Hy. Inserting this, we find

o — 3 2/3 ¢ 2/3 2¢ | t 1/3
”—(5) (;) T ‘(a) '

Again using to = 2ty /3 for a flat universe, we arrive at the proper distance of the photon from Earth as a

function of time,
2 t\?
d(r) = 2 [(—) 1
Hy fo fo

which is Eq. (29.165). To find the maximum distance, we solve for the time when

did0] _
dt
2 1\2? 2 1
= — it VAR
Hy, o 3 to
r 8
o B 27°
Inserting this into d(¢), the maximum proper distance of the photon during its journey is
8¢
dm ) Gl rp——
™ 27H,
or, expressed as a fraction of the present horizon distance dp,o = 2¢/Ho,
dmax _ 4
dhno 27

29.49 (a) Beginning with the Robertson—Walker metric (Eq. 29.106), setting ds = 0 for a lightray, d6 = d¢ = 0
for the radial expansion of a shell, and k = 0 for a flat universe, we find

cdt
- =dw’.
R~
From Eq. (29.8), H(t) = R(t)"'dR(t)/dt, and dt = dR/HR, implying
c
Again changing variables using Eq. (29.4), R’ = (1 + z/)"' and dR’ = —(1 4 z/)~% dz', we have
c
do' = dz'.
w o) z

Using Eq. (29.27) to write H(z') = Ho(1 + z')3/? with Q¢ = 1 leads to

1
do' = S~ — 47
Hy (1 4 z/)3/2

Integrating w’ from 0 to @ and z’ from O to z gives

2 1
w(z):ﬁf)[l— 1+Z].
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(b)

(©)

The proper distance is given by Eq. (29.144), which implies that
dp(t) = R()w.

Thus,
2¢

dy(z) = RO)w = — [(1 ) — m]

Hy
The horizon distance is given by Eq. (29.153),

cdt’
R(t)

t

40 = RO [

0
Changing variables from ¢’ to z’ requires Eq. (29.31) so that

P ZZ_HR/3/2

3
and
di’ =ty RV?*dR = —tg (1 + 2)7/? dz'.
Therefore,
ctg  [? dz’ 2cty 1 z
dp(2) = — ns/2 N3/2
1+z oo (1252 3(1+2) L1+ z)¥

Chapter 29
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o  3Ho(I + 2%

where the last expression was obtained from g = 1/H,. For the WMAP values of z = 0 and Hy =
2.30 x 10718 s71 we find dj, = 8.7 x 10> m = 2.8 Gpc. This is roughly a factor of five below the

result obtained in Eq. (29.159).

29.50 We begin with the Robertson—Walker metric (Eq. 29.106), setting ds = 0 for a light ray, and considering only
radial motion (df = d¢ = 0). This implies that

¢ dr 0 Jdw’
/; R __jz:v V1—kw'?

The right-hand side can be integrated directly by

/0 dw’ _ 1/‘0 dw’
o V1 —kw'? \/E w /%_w/z
1
= —sin ' Vkw.

Vi

(529.14)

Note that this solution is general so long as we allow complex values to be used when k < 0. This can be
seen by noting that

and

sinf = ————,

Comparing gives sinif = i sinh 6.
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29.51

The left-hand side of Eq. (S29.14) is more challenging to integrate. Recalling that

_ldR
R dt’

o cdt I dr
/, R ‘Cﬁ H(R)R?

From Eq. (29.27) and R = 1/(1 + z), we find

we can change variables to give

o cdt c (! dR’
/t R Fo/ze RI2[R/(1 = Qo) + Qo]
c 1 dR’
Homj;? R/ [R, &L]I/Z

T Qo1

. c /‘1 dR’
Hy/Q0—1JR R1/2 I:QQQ _R/:|1/2.
o—1

213

This can be integrated by making the change of variable # = R'/2, giving an integral of the form

/’0 dr’ 2¢ /R’=1 du
c T ———— %
¢ R Ho/Qo—1Jr=r % —u?
Vaes
1

Again we obtain a solution involving sin™ .

Equating the solutions for the two sides of Eq. (§29.14), and using Eq. (29.25) to write

i Ho/S0 — 1
C

3

eventually leads to the desired result; Mattig’s relation.
Beginning with Eq. (29.168), and setting Q1,0 = 0, we have

z /
1(z) = / dz ‘
0 VQmo(l+2) + Qao + (11— Qo)1 +2)2

Now a Taylor’s series for a general function f'(z’) is given by

af PN B L A -4
J;(Z/) (Z _ZO)+_ /)

1 3% f(z)
2 922 (2~ =

(' —=0)+5
%

f@) = f(Z(/))"‘ 31923 |,

/
20

Setting f'(z') equal to the integrand, and expanding around z’ = 0,

31;(2/ )| — _%f3(0) [3Qm0 +2 (1 — Qo)],
Z o
where 1

S0) =

=1
Vmo + Qa0 + (1 — Qo)

-+, (S29.15)

(529.16)
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The last expression is obtained because Q2,,,0 + 24,0 = €20. We can also simplify the rest of Eq. (529.16)
by also noting that gg = %Qm,o — Q0. This implies that
3Qmo +2(1—Qo) = Qo +2(R0—La,0) +2(1—0) =2¢0 + 2.
At this point the first two terms of Eq. (5S29.15) are
fE)=1-=04+qo)z +---.
To obtain the second-order term (the z’2 term), we proceed similarly. Evaluating the second derivative,

2 Z/
0 aj;(z ) _ % {—%f3(z’) [3@m0 (14+2)7 +2(1-20) (1 + Z’)]}

3 21
= Zf5(z’) [3S2m,0 (1+ z’)2 +2(1—Q0) (1 + z’)] - 5f3(z’) [6Qm0 (14 2') +2(1+Q0)].
Evaluating at z’ = 0, and noting that 6Q2,,,,0 + 4 (1 — 2¢) = 4¢o + 4 leads to
I f (=)
82/2

Substitution into the second term of Eq. (S29.15), combined with our previous results for the zeroth- and
first-order terms gives the desired result.

= 3¢5 + 4q0 — Qo + 2.
0

(a) The first three terms in a general Taylor series for R(¢), expanded about the present time, ¢y, are as given
in the problem,

dR 1d*R
R(t) = R(to) + —| (t—to) + =——| (t—1to)* +---.
(1) (%) 7 to( 0) > I to( 0)
At the present time, the scale factor is R(fp) = 1, and
dR d*R
—| =Hy and = —H; qo.
dt |, 0 dr? |, odo

from Egs. (29.8) and (29.54). Therefore,
1
R(t)=1—Ho(to —1t) — EHOZqO(ZO —[)2 4o,

(b) Using1/(1 —=x) =1+ x4+ x% 4+ ---, we have
1 I
RO 1 [Hoto — 1) + $H}golto —1)? + -]

1
=1+ [Ho(l() —l) + EHOZQ()(Z() —l)2 + :|

1 2
+ [Ho(lo —1)+ EH()ZQO(ZO —1)? + :| 4.

1
1+ Ho(to —1t) + EH()ZQO(ZO — 0%+ Hy(to —1)* + -

1
1+H0(10—l)+H02 (14—5%) (to—1)*+---.

to second-order in Hy(ty — t). (Long division is actually easier!)
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(¢) FromEq.(29.4),1 4z =1/R(t), so

1
1+z=1 —l—I‘Io(lo—l)—l—l-lo2 (1 + qu) (to—1)* +---,

or
fo—1=— — H 1+1 (to —1)* +
0 - HO 0 2q0 0 .
But to first-order, ty — t = z/Hy, so substituting on the right gives

fo—1 = — 1+ ! = +

LA 29°) H,

to second-order in z.

(d) We start with Eq. (29.138),
/"0 cdt @e dw
t

. m: o V1—kw?

Using the first two terms in our expression for 1/R(¢) in the left-hand integral, and 1/+/1 —x =
1 4+ x/2 + - - - with the right-hand integral, we obtain

to We 1
c/ [1+Ho(zo—z)+---]dz:/ [1+5kw2+---} dw,
te 0

or
c 1
¢to = te) + cHolo(to — te) — 5 Ho (zg —zez) +o =, + gkwj e

The @} -term can be dropped because it is proportional to (fp — Z.)* at least. We also drop the “e”
subscripts that identify the time and place of the photon’s origin. Solving for 7, we obtain an expression
for the comoving coordinate of the photon as a function of time,

1
w = C(l() —l) [1 + EH()(Z() —l):| + .-
(e) Using the expression for (fo —¢) derived in part (c) results in an expression for @ in terms of the redshift,

z 1_'_1 22+ l—l—lH z " "
1 Ho 29°) ", 2\ H,

CcZ

Hy

g
I

[1- 0+ a4

to second-order in z.

29.53 A direct comparison of Eq. (29.168) with Eq. (29.122) and Eq. (29.196), combined with substitutions into
Egs. (29.170) — (29.172) lead immediately to the desired result.

29.54 (a) The angular diameter is obtained from Eq. (29.190),

_ DHy(1 +2)
 ¢S(2)

For a flat universe, S(z) = 1(z) (Eq.29.173), Q1,0 = 24,0 = 0, and Q2,,,,0 = Q2o = 1, implying from

Eq. (29.168) that
z / 1
S(z):/dizzz(l— )
o (14232 1+z
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Substitution and some simplification gives
_ DH,y (1 +12)%/?

2¢ JT+z—1

(b) For a minimum to occur, it is necessary that d6/dz = 0, or

DH0[3 itz 1 14z :|=DH0|:(1+Z)—%«/1+Z:|
2¢ | (VTFz-1)" |

0=

2 /T+z-1 2(@_1)2

Setting the numerator equal to zero leads to the quadratic equation
1 5 5
2
——z—=-=|z—- 1) .
z z 1 (z 4) (z +

Therefore either z = 5/4 or z = —1. Choosing the physical solution, we find that z = 1.25 produces a

2c 2

minimum in 6. (Note that z = —1 implies that § = 0.)

(c) Using WMAP values, i = 8 x 1074 rad = 2.7
29.55 The required X-ray flux data were inadvertently omitted in the first printing of An Introduction to Modern
Astrophysics. The X-ray flux for Abell 697 is Fxy = 5.77 x 107> W m~2. and the X-ray flux for Abell 2218

is Fy = 7.16 x 1071 Wm™2
(a) Beginning with Eq. (27.19), the X-ray luminosity of the intracluster gas is given by

4 C’
3 )ngTel/2R3,

Ly = £V01V = (

where C’ = 1.42x 107*° (note that there was an error in the exponent of the constant in the first printing
of An Introduction to Modern Astrophysics). From the Sunyaev—Zel’dovich effect (Eq. 29.64)

AT kT, kT,
—~2 T=2 orne.(2R),
To Mmec? mec? 17e(2R)
where the last expression involving the Thomson cross section (o7) and the number density of electrons
(n.) was obtained from the result of Problem 29.23(b). Solving for n, we have
(AT/ To)mec?
Ne = ———————.
4kT.or R

Substituting into L x results in

Ly = Zor| BT/ Toymict | posya,
12 ko2 ¢

This implies that the measured flux at Earth is given by
Ly Ho2

Lx Ly
4w (1 + 2)2c¢2S2(z)’

Fy = =
YT axd? T an(l+ 2)td?
where Egs. (29.191) and (29.192) were used. Substituting Ly and solving for one power of Hy gives

_48(1 + 222 Fy k2T 02 52(2)
® T T RC/AT/To)*m2c*Hy
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29.56

The remaining value of Hj in the right-hand side can be replaced using Eq. (29.193). Also substituting
D = 2R we arrive at

96k , FxT2? FyT2?
Ho = (cwg@) A+ SO GR T Tz = Y O%arT0

The numerical value of the constantis C = 2.5 x 10725, and f(z) = (1 + 2)3S(2).
(b) For the purposes of this problem, comparing Egs. (29.176) and (29.180) gives

1
SG) = 2= 3(1+ o),

where go >~ 1Q,,.0 — Qa0 = —0.595 for WMAP values.
2 5 5

From the data for Abell 697: T, ~ 9.2 x 107 K (the value should not be halved, as incorrectly suggested
in the first printing of An Introduction to Modern Astrophysics), 0 = 46” = 2.2 x 10~*rad, AT /Ty =
3.84x 107*, Fy = 577 x 1071 Wm™2, z = 0.282, and S(z) = 0.266. Substituting values gives
Ho 697 = 2.2 x 10718 571, This would correspond to a value of 4/ = 0.68 (differing from the WMAP
value by 4.4%).

From the data for Abell 2218: T, ~ 8.4 x 107 K (again, the value should not be halved), § = 69" =
33x107%rad, AT/ Ty = 2.92x 107*, Fy = 5.77x 107> Wm™2, z = 0.171, and S(z) = 0.165.
Substituting values gives Ho 215 = 1.0 x 1078 s=1. This would correspond to a value of & = 0.31
(differing from the WMAP value by 56%).

Using Eq. (29.166), with the expression for R(¢) from Eq. (29.132) substituted on the left-hand side, and the
expression for R(¢) from Eq. (29.133) substituted on the right-hand side, we have

23 —2/3 1/3 oo
2 / (i) dt = (M) / e~ HoN/Qn0t gy, (S29.17)
3w/Qm,0 te 1524 Qm,o tmva

Focusing our attention on the left-hand side initially, we can change variables from ¢ to z by use of Eq. (29.92),
1(z) 2 1

o 3+ 232/ Qg

which also implies that

2
dr = (—%) (1+2)"%24z.

3v/8%m,o0

Making the substitutions, simplifying, and evaluating, the left-hand side of Eq. (S29.17) becomes

2 / /to ( t )—2/3 d[ _ ZH z dZ/ _ 2[H [1 1 }
3 Vv Qm,o te " vV Qm,O 0 (1 + Z/)_3/2 vV Qm,() 1+z '

Eq. (529.17) now becomes (after evaluating the right-hand side)

1/3
ZZH [1 _ 1 } _ (4QA,0) / 1 [e_oo _ e_HO /QA,Othﬂ:I )
vV $2m,0 V1+z Qm.o —Ho /A0

Rearranging, and noting that t1 Hy = 1, we have

o Ho@rgma _ 2 Ho @0 [ VTHz -1 ( Qo )‘/3
v/ Qm,O A/ 1 + z 4QA,0
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_[2vn0 V&m0 o3 Vi+z—1
O\ Vo /] \ 2900 NI

(2o [ VTEE -
Vo Ji+z |

Taking the natural logarithm of both sides and noting that —Inx = Inx~! gives the desired result.

To find the largest value of z for which #,,y, > g requires that

L (VQ’”’O)I/3( VHZ) <1

SZA,O 2 SZA,O N/l +z -1
Rewriting,
1/3
v Szln,O V1+z Qa0
<e vy
20 Vitz—1
or

1/3
Itz (2VEa) o van o,
Vitz—1 \ /Qmo

The critical case (when the left-hand side is identically zero) can be solved by a root-finding algorithm, such
as a Newton method. An example Fortran 95 code that also returns the specific results for z = 0.1, 0.5, 1.0,
and 1.5 is given below. The results are:

Zlargest = 0.9624

tmva/tg = 3.126  forz = 0.1

1.520 forz = 0.5
=0973 forz=1.0
=0.707 forz=1.5

Program t_mva_Solver

IMPLICIT NONE

REAL(8), PARAMETER HH H 0 = 2.3E-18 !s"-1

REAL(8), PARAMETER HH t H=1/H_0

REAL(8), PARAMETER :: Omega_mO0 = 0.27, Omega_Lambda0 = 0.73
REAL (8) HH K

REAL(8), PARAMETER :: rel_error = 1lE-6

REAL (8) :: z, dz, F, dF

K = (2*SQRT (Omega_Lambdal) /SQRT (Omega_m0) ) **(1/3.0) *EXP (SQRT (Omega_Lambdal) )

z =1
dz = 10000
DO WHILE (ABS(dz/z) > rel_error)
F = SQRT(1+z)/(SQRT(1+z)-1) - K
dF = 1/(2*SQRT(1+z)* (SQRT (1+z)-1)) - 1/(2* (SQRT(1l+z)-1)**2)

dz = -F/dF

z = z + dz
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WRITE(*,*) "z, dz = ", z, dz
END DO

IFind specific values for t_mva

z = 0.1

WRITE(*,*) "For z =", z, " t_mva/t_H = ", &
& 1/SQRT (Omega_Lambda0) *LOG ( (SQRT (Omega_m0) / (2*SQRT (Omega_Lambda0) ) ) ** (1/3.
& *(SQRT(1+z)/ (SQRT (1+z) - 1)))

z = 0.5

WRITE(*,*) "For z =", z, " t_mva/t_H = ", &
& 1/SQRT (Omega_Lambda0) *LOG ( (SQRT (Omega_m0) / (2*SQRT (Omega_Lambda0) ) ) ** (1/3.
& *(SQRT(1+z)/ (SQRT (1+z) - 1)))

z =1

WRITE(*,*) "For z = ", z, " t_mva/t_H = ", &
& 1/SQRT (Omega_Lambda0) *LOG ( (SQRT (Omega_m0) / (2*SQRT (Omega_Lambda0) ) ) ** (1/3.
& *(SQRT (1+z) / (SQRT (1+z) - 1)))

z = 1.5

WRITE(*,*) "For z =", z, " t_mva/t_H = ", &
& 1/SQRT (Omega_Lambda0) *LOG ( (SQRT (Omega_m0) / (2*SQRT (Omega_Lambda0) ) ) ** (1/3.
& *(SQRT(1+z)/ (SQRT (1+z) - 1)))

PAUSE

STOP

END

29.57 (a) See Fig. S29.2. The data were generated by the Fortran 95 code given below.

(b) z=0.08.

10 ————

Distance (¢/H,)

Figure S29.2: Various distances (in units of ¢/ Hy) as a function of z for WMAP values.

PROGRAM Problem_29_57
IMPLICIT NONE

REAL(8), PARAMETER :: Omega_mO0 = 0.27, Omega_rel0
REAL (8) z_max, z, dz

REAL(8) :: I, g_z, g_zplus, I_1, S
REAL (8) :: d_p0, d_L, d.A, dnr, d_r
INTEGER :: n = 100000

OPEN(UNIT = 10, FILE = "Prob_29_57.txt")

0.73,
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z_max = 0
DO WHILE (z_max <= 4.001)
dz = z_max/n

! integrand of Eqg. (29.168)
z =0
g_z = 1/SQRT (Omega_m0* (1 + z)**3 + Omega_rell* (1 + z)**4 + Omega_LO0 + (1 - Omega_0)* (1 + z)**2)

I=20
DO WHILE (z < z_max)
z =z + dz

g_zplus = 1/SQRT(Omega_mO0* (1 + z)**3 + Omega_relO* (1l + z)**4 + Omega_LO + (1 - Omega_0)* (1 + z)**2)

I =1+ (g_z + g_zplus)*dz/2
g_z = g_zplus
D

END DO
S = SIN(I*SQRT(Omega_0 - 1))/SQRT(Omega_0-1) 'Eg. (29.174) for Omega_0 > 1
d_L = S*(1 + z_max) 'Eq. (29.184) in units of c/H_O
dp0 =1 'Eq. (29.169) in units of c/H_O
dA = dL/(1 + z_max)**2 'Eq. (29.192) in units of c/H_O
dr = ((z+1)**2 - 1)/((z+1)**2 + 1) 'Eq. (27.7) in units of c¢/H_0
d nr = z 'Eq. (27.8) in units of c/H_O
WRITE (10, (7F13.6)’) z, d_L, dp0, d A, dr, dnr, ABS((d_L - d.r)/d_L)
z_max = z_max + 0.01

END DO

PAUSE

STOP

END

(a) Atz = 4.25,Eq. (29.4) gives R = 0.1905. The age of the universe at that value of z can be obtained
by numerically integrating Eq. (29.128). An example Fortran 95 program is given at the end of this
problem. The resultis 7 = 1.4610 Gyr = 0.1066¢.

(b) The present proper distance to the radio galaxy 8C 1435463 comes from Eq. (29.169), so dpo =
7570 Mpc.

(¢) The universe was smaller by a factor of 1/(1 + z) when the light was emitted, implying that d, =
1442 Mpc.

(d) The luminosity distance is given by Eq. (29.184), d; = 3.93 x 10* Mpc.
(e) The angular diameter distance is given by Eq. (29.191), d4 = 1427 Mpc.

(f) With § = 5" = 2.42 x 1073 rad, the linear diameter of the galaxy is given by Eq. (29.190), or D =
34.58 kpc.

(g) Repeating part (f) for z = 1 (so the galaxy is closer), we have D = 40.8 kpc. Even though the galaxy
is closer, a larger galaxy is needed to produce the same angular size!

PROGRAM Problem_29_58

USE Constants, ONLY : ¢, G, pi, yr, pc, degrees_to_radians

REAL(8), PARAMETER HH rho_c0 = 9.47E-27
REAL(8), PARAMETER :: Omega_mO0 = 0.27, Omega_rel0 = 8.24E-5, Omega_LO0 = 0.73, Omega_0 = 1.02
REAL(8) , PARAMETER :: rho_mO0 = rho_cO0*Omega_m0, rho_rel0 = rho_c0*Omega_rell, &
& rho_LO = rho_c0*Omega_LO
REAL(8), PARAMETER HH t_0 = 13.7 !Gyr
REAL(8), PARAMETER HH H 0 = 2.30E-18 !s"-1
REAL (8) i z_max, z, dz
REAL (8) HH R_max, R, dR

REAL (8) :: t, f_R, f_Rplus
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REAL (8)
REAL (8)
INTEGER
LOGICAL

z_max = 4.25

I, g_z, g_zplus, I_1, S
d_p0, d_L, d_A, D, theta
n = 1000000

save = .FALSE.

R_max = 1/(1 + z_max)
drR = R_max/n
dz = z_max/n
integrand of Eq. (29.128)

!
R 0
f R =

oo

! integrand of

g_z = 1/SQRT(Omega_m0* (1 + z)**3 + Omega_rell* (1 + z)**4 + Omega_LO +

f_Rplus = R/SQRT(rho_mO*R + rho_rel0 + rho_LO*R**4)
t =t + (f_R + f_Rplus)*dr/2
f_ R = f_Rplus
z =z + dz
g_zplus = 1/SQRT(Omega_mO* (1 + z)**3 + Omega_rell* (1 + z)**4 + Omega_LO +
I =1+ (g_z + g_zplus)*dz/2
g_z = g_zplus
IF (z > 1 .AND. save == .FALSE.) THEN
I_1=1I
save = .TRUE.
END IF
END DO
S = SIN(I*SQRT(Omega_0 - 1))/SQRT (Omega_0-1) 'Eg. (29.174)

t = t*SQRT(3/(8*pi*G))

t = t/(1E9*yr)

R/SQRT (rho_mO0*R + rho_rel0 + rho_LO*R**4)

Eg. (29.168)

!convert to Gyr

for Omega_0 > 1

linclude leading constant in Eqg.

221

(1 - Omega_0)* (1 + z)**2)

(1 - Omega_0)*(1 + z)**2)

1 with conversion to kpc

WRITE(*,*) "t =", t, "Gyr t/t0 = ", t/t_0
WRITE(*,*) "y =, I

WRITE(*,*) ng =", s

d_p0 = c*I/H_O 'Eq. (29.169)

d_p0 = d_p0/(1lE6*pc) !convert to Mpc

WRITE(*,*) "d_pO =", d_pO, "Mpc"

WRITE(*,*) "dp =", d_p0/(1 + z_max), "Mpc (at the time light was emitted)"
d_L = c*S*(l + z_max)/H_O 'Eq. (29.184)

WRITE (*, *) "d_L =, d_L/ (1E6*pc) , "Mpc"

d_ A = d.L/(1 + z_max)**2 'Eq. (29.192)

WRITE(*, *) "d_A =, d_A/ (1E6*pc) , "Mpc"

theta = 5 l!arcsec

theta = (theta/3600)*degrees_to_radians

D = d_A*theta*1000 'Eq. (29.190)

WRITE(*,*) "D = ", D/(1lE3*pc), "kpc (when z = 4.25)"
D = ((c*I_1/H_0) *theta/2)/ (1E3*pc) 'Eq. (29.190) for =z
WRITE(*,*) "D = ", D, "kpc (when z = 1)"

PAUSE
STOP
END
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CHAPTER 30
The Early Universe

Using Egs. (9.7) and (9.65) with T = 2.725 K, the present number density of CBR blackbody photons is
Mphoton = aT3/(2.70k) = 4.11 x 108 m™3. The present number density of baryons in a universe of pure
hydrogen is 1.0 = pp.o/mm. With pp o = 4.17 x 10728 kg m ™3 (Eq. 29.17), np o = 0.25 m~>. The ratio of
the two is

b0 _ 608 x 10710,

Nphoton

There are roughly 1.6 billion photons for every baryon in the universe.

(a) If most of the dark matter in the Milky Way’s dark halo is in the form of ordinary objects such as brown
dwarfs and Jupiter-sized objects, this would favor hot dark matter for the nonbaryonic matter in the
universe. If the universe were dominated by cold dark matter, it would have also accumulated in the
Galactic dark halo and overwhelmed the contribution of ordinary objects.

(b) Ifless than 20% of the Milky Way’s dark halo is in the form of ordinary objects, then no conclusion can
be reached. The nonbaryonic matter could be either hot or cold.

(a) See Fig. S30.1.
(b) By inspection of Fig. $30.1 for k = 4+1 m™!, there is a point of stable equilibrium at x = 0.

(¢) Fork = —1 m™!, the points of equilibrium occur where dV /dx = 0,

j—x (—x2 + 0.5x4> =0

—2x 4+ 2x3 =0,

which has solutions x = 0 (unstable) and x = =1 (stable).

(d) For the case of k = —1 m~!, when the ball is “at rest” at the origin, it is in a symmetric condition
(reflection symmetry about the line x = 0). However, Heisenberg’s uncertainty principle, Ax Ap ~ h
(Eq. 5.19), implies that the ball cannot be perfectly at rest. This law of quantum mechanics requires that
the ball move from its symmetric but unstable equilibrium position at x = 0 and roll down toward an
unsymmetric, stable position of lower potential energy at either x = 41 or x = —1. In an analogous
manner, the universe was initially in a supercooled false vacuum state of unbroken symmetry. Then a
quantum fluctuation governed by the uncertainty principle caused a transition to a lower energy state of
broken symmetry, the true vacuum.

The end of the GUTs epoch occurred when the temperature was approximately 7 ~ 10*® K. The energy
density of blackbody radiation at that temperature is (Eq. 9.7) u = aT* ~ 8 x 10°® ] m~3. Comparing this
with the energy density of the false vacuum, us, ~ 10°% I m™3 (Eq. 30.9), and considering the crude nature
of this estimate, these two energy densities can be described as being of the same order of magnitude.

The Planck time is 7, = 5.39 x 104 s (Eq. 30.3). According to standard Big-Bang cosmology, the scale
factor at that time (deep in the radiation era) was, from Eq. (29.87),

Rgtandara = (1.51 x 10710 s_l/z)gi/“'lg/z‘

222
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30.6

30.7

12

10

V) ()

Figure S30.1: Results for Problem 30.3(a).

If we adopt a value of g« >~ 160 very early in the universe, we find Rgandard = 1.2 X 10731,

Assuming a flat universe, the size of the observable universe (the present horizon distance, Eq. 29.159) is
dpo = 4.50 x 10%® m. At the Planck time, the size of the observable universe was Ryandaradp,o = 5.61 X
1073 m. To take inflation into account, the above value of R at the Planck time must be divided by roughly
e/t = ¢190 (see Eq. 30.12) to find Rinfaion = 4.46 x 10775, At the Planck time, the size of the observable
universe was Rinfationdp,o = 2.01 x 107*8 m

Model a cosmic string as a long cylinder filled with false vacuum with an energy density of ug, ~ 1.6 X
10°8 T m~3 (Eq. 30.9). If the linear mass density of a cosmic string is A ~ 102! kg m~!, then the energy per
unit length is Ac?2 = 9 x 1037 I m~! from Eq. (4.47). Assuming that the string has a circular cross section of
radius r, then Ac? = upmr2, or

(a)

(b)

A

Uy TT

=42x10"3"m,

r=c

In Example 29.4.1 we found that when T = 10° K, the horizon distance was d; = 1.07 x 10'! m.
The density of baryonic matter at that time comes from combining Eqgs. (29.5) and (29.58) with Ty =
2.725Kand T = 10° K to give

7\?
Db = Pb.o (—) =0.0206 kg m™>.
To

The mass of baryonic matter contained within a causally connected region of diameter dj, is then

4 dj 3 1
mo =37 (%) on = 132510 ke = 6.6 Mo,

This is about an order of magnitude smaller than the Jeans mass of ~ 200 Mg at T = 10° K shown in
Fig. 30.7.

From Egs. (29.87) and (29.154), d, = 2c¢t o« R%. Also, R*pp = pp0 (Eq. 29.5), so pp & R™>. Thus
my o< d}pp < (R*)*R™3 = R3. But from To = RT (Eq. 29.58), we have R o« T~', somyp oc T73.
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30.10
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But before recombination, the Jeans mass was also proportional to 7~ (Fig. 30.7). This means that the
value of mj remained about an order of magnitude smaller than the Jeans mass throughout the radiation
era.

(Note: An oversight occurred in the first printing of An Introduction to Modern Astrophysics; the WMAP
values should be used rather than Q¢ = land 7 = 1.)

Eq. (29.84) shows that the transition from the radiation era to the matter era (R = R, ;) occurred at about
trm = 1.74 x 10'? s = 5.52 x 10* yr (WMAP values).

At that time the scale factor was R, = 3.05x 10~* according to WMAP values. According to Eq. (29.154)
the horizon distance was d, = 2c¢t = 1.04 x 10>! m. Furthermore, the density of baryonic matter was
b = ppo/R®> = 1.47 x 10717 kg m™3 (using Eq. 29.5 with pp o = 4.17 x 10728 kg m™? from Eq. 29.17).
The mass of baryonic matter contained within a causally connected region of diameter dj, is therefore

4 (dp\®
my = 37 (7”) pp = 6.9 x 104 kg = 3.5 x 10'® M.

This is a very large mass, comparable to that of a large cluster of galaxies. Assuming that a typical baryonic
density fluctuation was less massive than this, we conclude that most of the baryonic density fluctuations
became sub-horizon-sized by the end of the radiation era.

Equation (30.23) describes the growth of a density fluctuation during the matter era from its initial value at

time #; as,
7=,
P p )i\l ‘

From Eq. (29.43), t o (1 4+ z)~3/2 for a nearly flat universe, so if §p/p = 1 today, we have

(50" () ]
P )i\l p /il +2)73/2
(%)~
o) 14z

If a density fluctuation is (6p/p); at redshift z; and (§p/p), at redshift z,, then

(9),- (), - () [s:23]
o)y \p )i \u) “\p) |+
(bp/p)2 141z

Gp/p)1 14z

Using R3pp = pp.o (Eq. 29.5) and Ty = R T(R) (Eq. 29.58), we have p = CT?, where C is a constant.
Setting p = po + dpand T = Ty + 6T, we have

po+ 8 = C(To + 8T)°

5 5T
p0(1+—p) =Cr? (1+3—+---)
Po To

b _ T
Po To

or

SO

to first order in the deltas.
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30.11

30.12

30.13

For a flat universe in the matter era, when decoupling occurred at [zgec][wmap = 1089 ~ 1100, Eq. (29.156)
gives the horizon distance as

2 1 5.02 x 1026
¢ - X M 4% 1022 m = 0.45 Mpc.

" Ho/Qmo (1+2)3/2 (1+1z)3/2

This is the linear diameter of the largest causally connected region observed for the CBR. From Eq. (29.193),
the angular diameter of this region is

dp

_ H()dh (1 + Z)
e S(z)
S(z) = I(z) for a flat universe, and must be evaluated numerically. This can be done using PROGRAM

Problem_29_58 given in the solution to Problem 29.58. The value of S(1089) = 3.315. Using WMAP
values we find

6 = 0.035rad = 2.0°.

The characteristic distance associated with Silk damping is given by

Cldec CldecMH
dsix = = T3
o\ proll +2)%

Using WMAP values, [fgec]wmap = 379 Ky, [Zdgeclwmap = 1089, and [pp olwmap = 4.17 x 10728 kg m™,
we find dsjx = 4 x 102° m. Now, from Eq. (29.190) with D = ds; and S(z) = 3.315 (see the solution to
Problem 30.11, § = 1.03 x 1073 rad = 0.059°. This corresponds to a value of £ ~ /6 = 3100.

The first stars ignited at the time of reionization. According to the WMAP CMB polarization results, this
corresponded to z = 109, or R = 1/(1 + z) = 0.084. From Eq. (29.129), this happened when ¢ =
1.36 x 1016 s = 430 Myr.



