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Preface

For some 30 years, I have taught two “Mathematical Physics” courses. One of
them was previously named “Engineering Analysis.” There are several text-
books of unquestionable merit for such courses, but I could not find one that
fitted our needs. It seemed to me that students might have an easier time if
some changes were made in these books. I ended up using class notes. Ac-
tually, I felt the same about my own notes, so they got changed again and
again. Throughout the years, many students and colleagues have urged me
to publish them. I resisted until now, because the topics were not new and
I was not sure that my way of presenting them was really much better than
others. In recent years, some former students came back to tell me that they
still found my notes useful and looked at them from time to time. The fact
that they always singled out these courses, among many others I have taught,
made me think that besides being kind, they might even mean it. Perhaps, it
is worthwhile to share these notes with a wider audience.

It took far more work than expected to transcribe the lecture notes into
printed pages. The notes were written in an abbreviated way without much
explanation between any two equations, because I was supposed to supply the
missing links in person. How much detail I would go into depended on the
reaction of the students. Now without them in front of me, I had to decide
the appropriate amount of derivation to be included. I chose to err on the
side of too much detail rather than too little. As a result, the derivation does
not look very elegant, but I also hope it does not leave any gap in students’
comprehension.

Precisely stated and elegantly proved theorems looked great to me when
I was a young faculty member. But in the later years, I found that elegance
in the eyes of the teacher might be stumbling blocks for students. Now I
am convinced that before a student can use a mathematical theorem with
confidence, he or she must first develop an intuitive feeling. The most effective
way to do that is to follow a sufficient number of examples.

This book is written for students who want to learn but need a firm
hand-holding. I hope they will find the book readable and easy to learn from.
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Learning, as always, has to be done by the student herself or himself. No one
can acquire mathematical skill without doing problems, the more the better.
However, realistically students have a finite amount of time. They will be
overwhelmed if problems are too numerous, and frustrated if problems are
too difficult. A common practice in textbooks is to list a large number of
problems and let the instructor to choose a few for assignments. It seems to
me that is not a confidence building strategy. A self-learning person would
not know what to choose. Therefore a moderate number of not overly difficult
problems, with answers, are selected at the end of each chapter. Hopefully
after the student has successfully solved all of them, he will be encouraged
to seek more challenging ones. There are plenty of problems in other books.
Of course, an instructor can always assign more problems at levels suitable to
the class.

Professor I.I. Rabi used to say “All textbooks are written with the prin-
ciple of least astonishment.” Well, there is a good reason for that. After all,
textbooks are supposed to explain away the mysteries and make the profound
obvious. This book is no exception. Nevertheless, I still hope the reader will
find something in this book exciting.

This set of books is written in the spirit of what Sommerfeld called “phys-
ical mathematics.” For example, instead of studying the properties of hyper-
bolic, parabolic, and elliptic partial differential equations, materials on partial
differential equations are organized around wave, diffusion and Laplace equa-
tions. Physical problems are used as the framework for various mathematical
techniques to hang together, rather than as just examples for mathematical
theories. In order not to sacrifice the underlying mathematical concepts, these
materials are preceded by a chapter on Sturm—Livouville theory in infinite
dimensional vector space. It is author’s experience that this approach not
only stimulates students’ intuitive thinking but also increase their confidence
in using mathematical tools.

These books are dedicated to my students. I want to thank my A and B
students, their diligence and enthusiasm have made teaching enjoyable and
worthwhile. I want to thank my C and D students, their difficulties and mis-
takes made me search for better explanations.

I want to thank Brad Oraw for drawing many figures in this book and
Mathew Hacker for helping me to typeset the manuscript.

I want to express my deepest gratitude to Professor S.H. Patil, Indian
Institute of Technology, Bombay. He has read the entire manuscript and pro-
vided many excellent suggestions. He has also checked the equations and the
problems and corrected numerous errors.

The responsibility for remaining errors is, of course, entirely mine. I will
greatly appreciate if they are brought to my attention.

Tacoma, Washington K.T. Tang
June 2006
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Part I

Fourier Analysis






1

Fourier Series

One of the most useful tools of mathematical analysis is Fourier series,
named after the French mathematical physicist Jean Baptiste Joseph Fourier
(1768-1830). Fourier analysis is ubiquitous in almost all fields of physical
sciences.

In 1822, Fourier in his work on heat flow made a remarkable assertion that
every function f(x) with period 27 can be represented by a trigonometric
infinite series of the form

1 > )
f(z) = 500 +Z(an cosnz + by, sinnz). (1.1)

n=1

We now know that, with very little restrictions on the function, this is indeed
the case. An infinite series of this form is called a Fourier series. The series
was originally proposed for the solutions of partial differential equations with
boundary (and/or initial) conditions. While it is still one of the most powerful
methods for such problems, as we shall see in later chapters, its usefulness has
been extended far beyond the problem of heat conduction. Fourier series is
now an essential tool for the analysis of all kinds of wave forms, ranging from
signal processing to quantum particle waves.

1.1 Fourier Series of Functions with Periodicity 2w

1.1.1 Orthogonality of Trigonotric Functions

To discuss Fourier series, we need the following integrals. If m and nare
integers, then

/ cosmzdz =0, (1.2)

—T

/ sinmaz dx = 0, (1.3)

—T
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/ cosmz sinnx dz = 0, (1.4)
x 0 m #n,
/ cosmzcosnrdr =4 w m=mn#0, (1.5)
- 2r . m=n=0,
/ sinma sinnz der = { 0 m#n, (1.6)
. T m=n.

The first two integrals are trivial, either by direct integration or by noting that
any trigonometric function integrated over a whole period will give zero since
the positive part will cancel the negative part. The rest of the integrals can be
shown by using the trigonometry formulas for products and then integrating.
An easier way is to use the complex forms

™ ) ™ eimz + e—imz einz _ e—inm
cosmx sinnx dx = 5 % dz.
)

—T —T

We can see the results without actually multiplying out. All terms in the
product are of the form ¢*?, where k is an integer. Since

T okeq ket _
[We dx—ik[e ]_.=0,

it follows that all integrals in the product are zero. Similarly

™ ™ eim:v + efim:v einz + efin:v
cosmx cosnrdr = 3 3 dz

—T —T

is identically zero except n = m, in that case

™ ™ ei2ma: + 2 + efi2ma:
cosmx cosmx dx = dx

. . 1
1 _ [ m#0,
/ﬂ2[1+C082mx}dx_{2ﬁm:O.

In the same way we can show that if n # m,
s
/ sinmzsinnxdr =0
—Tr
and if n = m,

™ ™ 1
/sinmxsinmxdx:/ 5[170052mx]dx:ﬂ'.

—T —T

This concludes the proof of (1.2)—(1.6).
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In general, if any two members 1),,,1,, of a set of functions {¢,} satisfy
the condition

/LZJ (x)dz =0 if n #m, (1.7)

then 1,, and 1,,, are said to be orthogonal, and (1.7) is known as the orthog-
onal condition in the interval between a and b. The set {1,} is an orthogonal
set over the same interval.

Thus if the members of the set of trigonometric functions are

1, cosz, sinz, cos2x, sin2z, cos3zx, sindx,...,

then this is an orthogonal set in the interval from —7 to 7.

1.1.2 The Fourier Coefficients
If f(x) is a periodic function of period 2, i.e.,

fla+2m) = f(2)

and it is represented by the Fourier series of the form (1.1), the coefficients
a, and b, can be found in the following way.
We multiply both sides of (1.1) by cos ma, where m is an positive integer

oo

1 .
f(x)cosmz = 50 cosma + Z (ay cos nx cos mx + b, sin nx cos mx).

n=1
This series can be integrated term by term

T 1
f(x)cosmzdx = §ao/

—T

o0
+ E bn/ sin nx cos mx dx.
n=1 -

From the integrals we have discussed, we see that all terms associated
with b, will vanish and all terms associated with a,, will also vanish except
the term with n = m, and that term is given by

cosmx dxr + E an, / cos nx cos mx dx

1 ™
an/ dz = agm for m =0,

f(z) cosmzdx =

T
am/ cos’mxdr = a,,m for m # 0.

T

These relations permit us to calculate any desired coefficient a.,, including ag
when the function f(x) is known.
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The coefficients b,, can be similarly obtained. The expansion is multiplied
by sinma and then integrated term by term. Orthogonality relations yield

f(x)sinmaz dz = b, 7.

Since m can be any integer, it follows that a., (including ag) and b,, are given by

1 us

ap = — f(z) cosnzxde, (1.8)
T™J)_n
1 /™ .

b, = — f(z)sinnz de. (1.9)
T —T

These coefficients are known as the Euler formulas for Fourier coefficients, or
simply as the Fourier coefficients.

In essence, Fourier series decomposes the periodic function into cosine and
sine waves. From the procedure, it can be observed that:

The first term %ao represents the average value of f(z) over a period 27.

— The term a,, cos nx represents the cosine wave with amplitude a,,. Within
one period 27, there are n complete cosine waves.

— The term b, sinnx represents the sine wave with amplitude b,,, and n is

the number of complete sine wave in one period 27.

In general a,, and b, can be expected to decrease as n increases.

1.1.3 Expansion of Functions in Fourier Series

Before we discuss the validity of the Fourier series, let us use the following
example to show that it is possible to represent a periodic function with period
27 by a Fourier series, provided enough terms are taken.

Suppose we want to expand the square-wave function, shown in Fig. 1.1,
into a Fourier series.

f(x)

_on —n 0 n on

Fig. 1.1. A square-wave function
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This function is periodic with period 27. It can be defined as

f(fc)Z{_k TS0y o) = ().

k O<z<m

To find the coefficients of the Fourier series of this function

1 > )
f(z) = 500+ Z(an cos na + by, sin nx)

n=1
it is always a good idea to calculate ag separately, since it is given by simple
integral. In this case

ap = — ! f(z)dz =0

—Tr

can be seen without integration, since the area under the curve of f(x) between
—7 and 7 is zero. For the rest of the coefficients, they are given by (1.8) and
(1.9). To carry out these integrations, we have to split each of them into two
integrals because f(z) is defined by two different formulas on the intervals
(—m,0) and (0, 7). From (1.8)

1 ™ 1 0 ™
an = — f(z)cosnzxde = — {/ (—k) cosnx dx +/ kcosnxdx}
T™J—x m -7 0
1 sinna ]’ sinnz|”
=—q |-k + |k =0.
T no|_. no o
From (1.9)
L[ . L[ . T
b, = — f(z)sinnzder = — (—k)sinnzdx + ksinnz dz
T J—x u -7 0
1 5 0 m 2k
1 { [kcosnx} N {_kcosnx} } = 2k~ cosnm)
™ n J_rx n lo nmw

4
B 2k‘(1 ( 1)”)_{nk if nisodd,
=—U-=(= =4 nm

nmw 0 if n iseven.

With these coefficients, the Fourier series becomes
4k 1
flz) = — —sinnx
T n
n odd

4k (| 1 1.
— 81nx+§sm3az+gsm5x+~-- . (1.10)

™

Alternatively this series can be written as

flz) = i—k Z 2n1— 1 sin(2n — 1)x.
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To examine the convergence of this series, let us define the partial sums as

N

4k 1 .
SN = P Z T sin(2n — 1)x.

n=

In other words, Sy is the sum the first N terms of the Fourier series. S; is
simply the first term % sinx, Ss is the sum of the first two terms %(Sinx +
% sin 3z), ete.

In Fig.1.2a, the first three partial sums are shown in the right column,
the individual terms in these sums are shown in the left column. It is seen
that Sy gets closer to f(z) as N increases, although the contributions of the

(a) 15
4—,;‘sinx Kk 1 Sy k
0.5
0
=78 _-25 -1.25 0 1.25 25 T _ﬁ\ n
.5
M -k -k
-1.5
g—gsinsx Kk Sk
— =
7 .4 - n
—k -k
g—I;SiHSX k S3 k
— =
r T - &
. —k -k

B N I

Fig. 1.2. The convergence of a Fourier series expansion of a square-wave function.
(a) The first three partial sums are shown in the right; the individual terms in these
sums are shown in the left. (b) The sum of the first eight terms of the Fourier series
of the function
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individual terms are steadily decreasing as n gets larger. In Fig. 1.2b, we show
the result of Sg. With eight terms, the partial sum already looks very similar
to the square-wave function. We notice that at the points of discontinuity
xz = —m,x = 0, and = = 7, all the partial sums have the value zero, which
is the average of the values of k and —k of the function. Note also that as x
approaches a discontinuity of f(z) from either side, the value of Sy (z) tends
to overshoot the value of f(x), in this case —k or +k. As N increases, the
overshoots (about 9% of the discontinuity) are pushed closer to the points of
discontinuity, but they will not disappear even if N goes to infinity. This beha-
vior of a Fourier series near a point of discontinuity of its function is known
as Gibbs’ phenomenon.

1.2 Convergence of Fourier Series

1.2.1 Dirichlet Conditions

The conditions imposed on f(z) to make (1.1) valid are stated in the following
theorem.

Theorem 1.2.1. If a periodic function f(x) of period 2r is bounded and piece-
wise continuous, and has a finite number of mazxima and minima in each
period, then the trigonometric series

1 o0
540 + ;(an cos nx + by, sin nx)
with

1 ™

ay = — f@)cosnzdx, n=0,1,2,...
™ —1Tr
1 (7 .

b, = — f@)sinnzdz, n=12,...
T

—T

converges to f(x) where f(x) is continuous, and it converges to the average
of the left- and right-hand limits of f(x) at points of discontinuity.

A proof of this theorem may be found in G.P. Tolstov, Fourier Series,
Dover, New York, 1976.

As long as f(t) is periodic, the choice of the symmetric upper and
lower integration limits (—m, ) is not essential. Any interval of 2w, such as
(z0, 20 + 2m) will give the same result.

The conditions of convergence were first proved by the German mathemati-
cian P.G. Lejeune Dirichlet (1805-1859), and therefore known as Dirichlet
conditions. These conditions impose very little restrictions on the function.
Furthermore, these are only sufficient conditions. It is known that certain
function that does not satisfy these conditions can also be represented by the
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Fourier series. The minimum necessary conditions for its convergence are not
known. In any case, it can be safely assumed that functions of interests in
physical problems can all be represented by their Fourier series.

1.2.2 Fourier Series and Delta Function

(For those who have not yet studied complex contour integration, this section
can be skipped.)

Instead of proving the convergence theorem, we will use a delta function
to explicitly demonstrate that the Fourier series

1 oo
Seo() = 500 + Z(an cosnx + by, sin nx)

n=1

converges to f(x).
With a,, and b, given by (1.8) and (1.9), Se(x) can be written as

1
Seo(T) = %/ Nda' + = Z < ) cos na’dz’ ) cos nx

1 N ,
el dz’
+ﬂ_n§_1( 77rf(9:)smnx x)smnx

i 1
= . f(:E/) 27r + — Z cos nz’ cosnz + sinna’ sin n:c)] da’
n=1
_ [ f(x)) L + = Zcosnx — )| da’.
. o =

If the cosine series
D(x' —z) = + Zcosnx—x
behaves like a delta function §(z’ — ), then Sy (x) = f(z) because
' f()o(z' —z)da' = f(z) for —m<z<T.
Recall that the delta function §(z’ — x) can be defined as

5<x’—m>={0 vED

T =T

/5(x’—x)dx’:1 for —7wT<z<m.

—T
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Now we will show that indeed D(z’ — x) has these properties. First, to ensure
the convergence, we write the cosine series as

D(z' —z) = lim D, (2’ —z),
y—1—

1 o0
5t Z’y" cosn(z' — x)] ,

1
D,(z' —z) = -

where the limit v+ — 1~ means that v approaches one from below, i.e., 7y
is infinitely close to 1, but is always less than 1. To sum this series, it is
advantageous to regard D. (2’ — z) as the real part of the complex series

D»Y(I]C/ N IE) ( + Z,Yn in(z’ m))] )
n=1
Since
1 i(z'—x) 2 i2(z'—x)
————— =1+7e + y“e + e
1— ,Yel(a: —x)
'yei(””/_“') (/_) 2 -2(, /_,) 3 ~3(,./_,.)
— :,yeluL .L+,yel££+,yel.L.L+...7
1— ,yel(I x)
SO
1 ei(z'fz)
- nyin(e’—z) _ = v
+Z'}/ 2 + 1 _,Yei(a:/—a:)
14+ ,yei(x’—x) 14+ ,yei(x'—x) 1— ,ye—i(ac/—ac)
- 2(1 _ ,yei(a:’fa:)) - 2(1 _ ,yei(z'fz)) 1— ,yefi(x’fa:)
1= 49el@ ) el 142 4 i2ysin(a’ — a)
21 = 4(0@ ) e 1) + 42 ~ 2[1 = 2yc08 (@ —2) T 7]
Thus

1 —~% +i2ysin(a’ — z)

D.(z' —z) =
2@ —2) = Re 27[1 — 2y cos(z’ — x) + 2]

_ 1-7
~21[1 — 2ycos(z’ — ) + 72

Clearly, if 2/ # x,

=0.

1—+2
D(2' —z) = lim
(@' =) = b | 27c[1 — 2y cos(z! — x) + ¥?]
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If 2/ = z, then cos(z’ — ) =1, and

1—~2 1— 2

2r[1 — 2ycos(z’ —x) ++2]  2w[l — 2y + 2]

It follows that

1
D(z' — z) = lim +7 , =1z
y=12m(1—7)
Furthermore
™ 1— 72 ™ de’/
D. (2’ —z)d2' = / )
_W 7(2' — z)dz 2 _r (L+92) = 2ycos(z’ — x)

We have shown in the chapter on the theory of residue (see Example 3.5.2 of
Volume 1) that
de 27

a—bcosh a2 — b2’

With a substitution 2’ — z = 0,

a>b.

/Tr dz’ _7{ do
o (L+792) =2vycos(a’ —x) ] (1472) —2ycosh’

As long as v is not exactly one, 1 ++2 > 2, so

}{ de _ 2m 2
(14+92) —2ycos® (14_,72)2_472_1_72'

Therefore )
T 11—~ 27
! /!
D,(z' — x)da’ = TR

—T

=1

This concludes our proof that D(z’ — x) behaves like the delta function
d(x’ — ). Therefore if f(x) is continuous, then the Fourier series converges to

(), )
Soo(x) = i f(@")D(z' — x)da’ = f(z).

Suppose that f(z) is discontinuous at some point x, and that f(z*) and
f(xz7) are the limiting values as we approach z from the right and from the
left. Then in evaluating the last integral, half of D(2’ — x) is multiplied by
f(z™) and half by f(x7), as shown in the following figure.
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f(x*)

fix~)
Therefore the last equation becomes
1 _
Suclit) = 5 1) + f(a7)]

Thus at points where f(x) is continuous, the Fourier series gives the value of
f(x), and at points where f(x) is discontinuous, the Fourier series gives the
mean value of the right and left limits of f(z).

1.3 Fourier Series of Functions of any Period

1.3.1 Change of Interval

So far attention has been restricted to functions of period 2. This restriction
may easily be relaxed. If f(t) is periodic with a period 2L, we can make a
change of variable

and let

By this definition,
L L
ft+2L)=f (x + QL) =f ([x + 27r]) = F(x + 2m).
T T
Since f(¢) is a periodic function with a period 2L
ft+2L) = f(t)

it follows that:
F(xz +2m) = F(x).
So F(z) is periodic with a period 27.
We can expand F'(x) into a Fourier series, then transform back to a func-
tion of ¢
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1 oo
F(z) = fao—l—Z(ancosmc—I—bnsinnx) (1.11)
2 n=1
with
1 s
apn, = f/ F(zx) cosnx dz,
T™J—m
1 /™ .
b, = 7/ F(z)sinnzdz.
™ —T

Since z = %t and F(x) = f(t), (1.11) can be written as

1 ad nmw . nm
f(t) = iao—l-; (an cos Tt+b" sin Tt> (1.12)

and the coefficients can also be expressed as integrals over ¢. Changing the
o
integration variable from x to t with doz = fdt’ we have

ap = }//LL f(t) cos (%t) dt, (1.13)

by = i/LL F(eysin ("4 at. (1.14)

Kronecker’s method. As a practical matter, very often f(¢) is in the form
of tk, sinkt, coskt, or ekt for various integer values of k. We will have to
carry out the integrations of the type

nnt nmt
t* cos ——dt in kt cos —dt.
/ cos 7 46 / sin kt cos i

These integrals can be evaluated by repeated integration by parts. The fol-
lowing systematic approach is helpful in reducing the tedious details inherent
in such computation. Consider the integral

/ F(Bg(t)at

and let
g(t)dt =dG(t), then G(t)= /g(t)dt.

With integration by parts, one gets

/ fgt)dt = f()G(t) — / f(®)G(t)dt.

Continuing this process, with

Gr(t) = / G)dt, Galt) = / Gr()dt, ..., Co(t) = / G (8)d,
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we have

/ £t FOG(t) — / o) (1.15)
Ga(t) - f()Gl()+f”() o) — fU(OCs(t) 4. (L16)

This procedure is known as Kronecker’s method.
Now if f(t) = t*, then

)y =kt*=1 R = k! L) =0,

the above expression will terminate. Furthermore, if g(t) = cos "T”t, then

nnt L . nwt
G(t) = /COS Tdt (mr) sin ——,

L t L\? t
Gi(t) = (mr) /sinﬂdt <n7r) cos %,

L>4 nmt
— ) cos—,....
nw

L\?® . nrt
Ga() =~ (2) ™ cal) = (
Similarly, if g(t) = sin ”T’Tt, then

t L t L\? t
G(t) = /sin %dt =- (mr) cos %, Gi(t) = — <n7r> sin %,
L\? nmt L\* . nmt
Gz(t) = (nﬂ') COST, Gg(t)— (nﬂ') SIHT,....
Thus
2
/a t" cos T dt = ’I’Lﬂ't sin I + — kt cos I
_(£ 3k(k Y LN b (1.17)
nw L '
and
b 2
k. nmt o _ik ‘mrt L k_1 . nmt
/a t" sin 7 dt = mrt cos T + — kt sin 7
L\?* k nmt
—|—< ) k(k — D)t* 2 cos — + - - (1.18)
nmw L

If f(t) = sinkt, then

f'(t) = kcoskt, f"(t) = —k*sinkt.
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we can use (1.15) to write

nm

L\? [*
+k2 () / sin kt cos Ttdt.
nmw o L

Combining the last term with the left-hand side, we have

()

b
L nmt L 2 nwt
= | —sinktsin — + k cosk‘tcos—
nmw L nmw L

b 9 b
L t L t
/ sin kt cos Et dt = | — sin kt sin nrt + k cos kt cos nrt
u L L nw L

b
/ sin kt cos Et dt
u L

or
b nmw
/ sin kt cos —t dt
a L
b
2 L t L\? t
:(mr)(mr)(kL) smktmn?—i—k(mr) coskztcos% .
a

Clearly, integrals such as

b b b
/ sin kt sin n—wt dt, / cos kt cos n—ﬂt dt, / cos kt sin n—ﬂt dt,
a L a L a L

b b
/ e cos Et dt, / e sin Et dt
a L a L

can similarly be integrated.

Ezample 1.3.1. Find the Fourier series for f(¢) which is defined as
f)=t for —L<t<L, and f(t+2L)= f(¢).
Solution 1.3.1.

nmt
t) = E n by, sin — |,
f@) aoJr (a cos 1% + sin 7 >

1 L
= — tdt =0
Qg L[L )

1 /L ¢ nmt a 1| L ‘s nwt n L\? nmt
ayp = — cos —dt = — | —tsin — — ] cos —
LJ_; L L |nm L nmw L
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1 [f t
b":Z/ tsinn%dt

-L
5 L
1 L ¢ nmt n L . nmt 2L
= — | ——tcos — — | sin— = —— cosnm.
L nmw L nmw L . nmw i
Thus
2L X1 _onmt 2L = (D)"Y ot
t) == = = E AT gin —~
f() - 2 cos T sin — - 2 sin —
2L t 1 2nt 1 3t
—7r<sinzzsinz+381nz~~). (1.19)

The convergence of this series is shown in Fig. 1.3, where Sy is the partial

sum defined as

_V—zL AL 0 VZL 3L

Fig. 1.3. The convergence of the Fourier series for the periodic function whose
definition in one period is f(t) =, —L < ¢ < L. The first N terms approximations

are shown as Sy
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Sy =

S —.

gi(—l)nﬂ _ nat
s L

n=1

Note the increasing accuracy with which the terms approximate the function.
With three terms, S3 already looks like the function. Except for the Gibbs’
phenomenon, a very good approximation is obtained with Sy.

Ezxample 1.3.2. Find the Fourier series of the periodic function whose defini-
tion in one period is

fit)y=t*for —L<t<L, and f(t+2L)= f(t).

Solution 1.3.2. The Fourier coefficients are given by

1 (L
ap = Z/ t?dt = —-[L* — (-L)*] = ZL?
-L
1 L
Qp = —/ tQCOSEdt, n#0
L)t
2 3 L
1| L 26 nmt " L 9% cos nmt L 9 i nmt
= — | —t“sin — — — | — in —
L |nrm L nmw L nmw L .
2L 412 n
= W [L cosnm + LCOS(*’nﬂ')] = W (71) .

1 [E t
bnzz/_LtQSin%dt:O.

Therefore the Fourier expansion is

L? N 402 S (-1 nmt
= —+ — cos
3 w2 — n? L

f)

*Iifg cosﬁtflcoszrtJrlcosgjtJr (1.20)
3 x? L 4 7L 9 L ' ‘

With the partial sum defined as

2 42 &K (—1m ot
SN = ? ? n2 COS 7 5

we compare S3 and Sg with f(¢) in Fig. 1.4.
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Ss

NPANP A

-3L 2L -L 0 L 2L 3L
S

-3L 2L -L 0 L 2L 3L

Fig. 1.4. The convergence of the Fourier expansion of the periodic function whose
definition in one period is f(t) = t?, —L < t < L. The partial sum of S3 is already
a very good approximation

Tt is seen that S5 is already a very good approximation of f(t). The differ-
ence between Sg and f(t) is hardly noticeable. This Fourier series converges
much faster than that of the previous example. The difference is that f(¢) in
this problem is continuous not only within the period but also in the extended
range, whereas f(t) in the previous example is discontinuous in the extended
range.

Example 1.3.3. Find the Fourier series of the periodic function whose defini-
tion in one period is

ro={7 L3N sera -0, (121)

Solution 1.3.3. The periodicity 2L of this function is 2, so L = 1, and the
Fourier series is given by

f@)::%a0+f§:hmcoﬂnﬂﬂ—+bnshdnwﬂ]

n=1

1 1 1
%:/f@&:/t&:?
1
/f ) cos(nmt)d :/tcos nmt)dt,
0

1
b, = f sin(nzt)d :/ tsin(nwt)d
0

with
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Using (1.17) and (1.18), we have

2 1 2 2
1 . 1 1 1
an, = |—tsinnmt+ ( — ) cosnmt| =|(— ) cosnm— | —
nmw nmw o nmw nmw

()" -1
- (em)?
1
1 1\ . 1 (1)
b, = |——tcosnnt+ | — | sinnwt| = ——cosnm = — .
nmw nmw o nmw nmw

Thus the Fourier series for this function is f(¢) = S, where

N
1 - -1 -
SN:Z"_Z {((n)ﬂ_)zcosnwt— (mr) sinnwt| .

Fig. 1.5. The periodic function of (1.21) is shown together with the partial sum
S5 of its Fourier series. The function is shown as the solid line and Ss as a line of
circles

In Fig. 1.5 this function (shown as the solid line) is approximated with S
which is given by

1 2 2
Ss = — — — cost — — cos 3wt —

4 72 972 2572 cos St

1 1 1 1 1
+—sin7t — — sin 27t + — sin 37t — — sin4wt + — sin b7t.
s 2T 3T 47 %

While the convergence in this case is not very fast, but it is clear that with suf-
ficient number of terms, the Fourier series can give an accurate representation
of this function.
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1.3.2 Fourier Series of Even and Odd Functions

If f(t) is a even function, such that

then its Fourier series contains cosine terms only. This can be seen as follows.
The b,, coefficients can be written as

1 /0 . nm 1 [r . nm
=7 [L f(s)sin <Ls) ds + )/, f(t)sin (Lt> dt. (1.22)

If we make a change of variable and let s = —t, the first integral on the
right-hand side becomes

;/_OL f(s)sin (”L”s) ds = i/LOf(—t) sin (—”Zt) d(~t)
_ i/LOf(t) sin (”L”t) dt,

since sin(—z) = —sin(z) and f(—z) = f(x). But

1 /° . [(nm 1 L . (nm
E/L f(t)sin (Lt> dt__f/o f(t)sin <Lt> dt,

which is the negative of the second integral on the right-hand side of (1.22).
Therefore b,, = 0 for all n.
Following the same procedure and using the fact that cos(—z) = cos(z),

we find
a —1/0 f(s)cos <m5> ds—i—l/Lf(t)cos (mt> dt
" L L L L 0 L
:7/ f cos (—) / f coS (t) det
_ Ly g L[ e ") a
_—L/Lf()cos(L> +Z/o f()cos(L>
2 [F nmw
= Z/o f(¢) cos (Lt> dt. (1.23)
Hence

/ ft dt’+z

/f cos( )dt]cos”;t. (1.24)
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Similarly, if f(t) is an odd function

f(_t) = _f(t)v

|2 /L . (nr, o o
f(t):nz::l Z/o f(t") sin (Lt)dtlslnLt. (1.25)

In the previous examples, the periodic function in Fig. 1.3 is an odd func-
tion, therefore its Fourier expansion is a sine series. In Fig. 1.4, the function
is an even function, so its Fourier series is a cosine series. In Fig. 1.5, the
periodic function has no symmetry, therefore its Fourier series contains both
cosine and sine terms.

then

Example 1.3.4. Find the Fourier series of the function shown in Fig. 1.6.
f(1)

2K

5 4 3 2 -1 |0 1 2 3 4 5

Fig. 1.6. An even square-wave function

Solution 1.3.4. The function shown in Fig. 1.6 can be defined as

0if -2<t<-—1
fOy=q2kif -1<t<l |, f(t)y=/f(t+4).
0 if 1<t<?2

The period of the function 2L is equal to 4, therefore L = 2. Furthermore, the
function is even, so the Fourier expansion is a cosine series, all coefficients for
the sine terms are equal to zero

b, = 0.

The coefficients for the cosine series are given by

2 2 1
aozf/ f(t)dt:/ ok dt — 2k,
2 0 0
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2 [2 nmt nt 4k n
:7/ f(t)cosldt:/ 2k co sidt sin -~
2 Jo 2 nmw 2
Thus the Fourier series of f(t) is

4k T 1 3T 1 57
_ T —cos 2t Zcos Ty — ... ). 1.2
f(t)=k+ - <0052t 3cos 2t—&-5cos Qt ) (1.26)

It is instructive to compare Fig. 1.6 with Fig. 1.1. Figure 1.6 represents an
even function whose Fourier expansion is a cosine series, whereas the function
associated with Fig. 1.1 is an odd function and its Fourier series contains only
sine terms. Yet they are clearly related. The two figures can be brought to
coincide with each other if (a) we move y-axis in Fig. 1.6 one unit to the left
(from t = 0 to t = —1), (b) make a change of variable so that the periodicity
is changed from 4 to 27, (¢) shift Fig. 1.6 downward by an amount of k.

The changes in the Fourier series due to these operations are as follows.
First let ¢/ =t + 1, so that t =¢' — 1 in (1.26),

4k T, 1 3r,, 1 5T, ,
— k4 T —1) = —cos 2 —1) 4+ = cos (¢ —1) —--- |.
ft)=k+ - <cos2(t ) 3 C0s 2(15 )+5cos 2(t ) )

Since

. nw,
ni 8111775 n=15,9,...

nm
cos —(t' — 1) = cos (—t/ - —) = ,
2 2 2 —sinn—;t’ n=37111,...

f(t) expressed in terms of ¢’ becomes

4k 1. 37, 1. b«
t)y=k+— t'+ —sin—t' + —sin—t' — - | = g(t').
f(t) +7T<sm2 +3n2 +5 5 ) g(t’)

We call this expression g(t'), it still has a periodicity of 4. Next let us make
a change of variable t' = 2z /7, so that the function expressed in terms of x
will have a period of 2,

(t’)—k—i—% sin ~ 2—$ —l—1 i 31 +}sin5—ﬁ 2y
GEI=ET T\ 3 =) 52\ 7
4k 1 1
=k+4+ — (sinz + -sin3z + —sindbz —--- | = h(x).
s 3 )
Finally, shifting it down by k, we have
4k

1 1
h(z) —k=—(sinz+ —sin3x 4+ —sinbx —--- | .
T 3 5

This is the Fourier series (1.10) for the odd function shown in Fig. 1.1.
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1.4 Fourier Series of Nonperiodic Functions
in Limited Range

So far we have considered only periodic functions extending from —oo to +oc.
In physical applications, often we are interested in the values of a function only
in a limited interval. Within that interval the function may not be periodic.
For example, in the study of a vibrating string fixed at both ends. There
is no condition of periodicity as far as the physical problem is concerned,
but there is also no interest in the function beyond the length of the string.
Fourier analysis can still be applied to such problem, since we may continue
the function outside the desired range so as to make it periodic.

Suppose that the interval of interest in the the function f(¢) shown in
Fig.1.7a is between 0 and L. We can extend the function between —L and 0
any way we want. If we extend it first symmetrically as in part (b), then to
the entire real line by the periodicity condition f(t + 2L) = f(¢), a Fourier
series consisting of only cosine terms can be found for the even function. An
extension as in part (c) will enable us to find a Fourier sine series for the odd
function. Both series would converge to the given f(¢) in the interval from 0 to
L. Such series expansions are known as half-range expansions. The following
examples will illustrate such expansions.

(@) (b) (c)
f(t) f(t) f(t)

t /\ t t

0 L -L 0 L 0 L

Fig. 1.7. Extension of a function. (a) The function is defined only between 0
and L. (b) A symmetrical extension yields an even function with a periodicity of 2L.
(c) An antisymmetrical extension yields an odd function with a periodicity of 2L

Ezample 1.4.1. The function f(t) is defined only over the range 0 < ¢ < 1 to
be
ft) =t —12

Find the half-range cosine and sine Fourier expansions of f(t).
Solution 1.4.1. (a) Let the interval (0,1) be half period of the symmetrically

extended function, so that 2L = 2 or L = 1. A half-range expansion of this
even function is a cosine series
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1
ft) = iao + nz;l a, cos nmt

with

! 1
a0=2/ (t—tQ)dtzg,
0

1
an:2/ (t —t*)cosnmtdt, n #0.
0

Using the Kronecker’s method, we have

1
1 . 1
tcosnmtdt = | —tsinnnt+ | —
0 nim nim

1
— ] (cosnw —1),
nmw
1 1 1\2 1\3
/ t? cosnrt dt = [ 2sinnwt + ( ) 2t cosnmt — () 2sin nﬂ't}
0 nmw nmw nmw
( ) COS N,

s0 L N2
an = 2/ (t —t*) cosnrtdt = —2 () (cosnm + 1).
0 nm

With these coeflicients, the half-range Fourier cosine expansion is given by
Sgyen, where

2 1

Ccos mrt]
0

1

0

N
1 2
Syt = i —Z cosn7r+ cosmrt
w2
—1 ! 2t+1 4t—|—1 6mt +
=5 2 cos 2m 4cos T 9cos T .

The convergence of this series is shown in Fig. 1.8a.

(b) A half-range sine expansion would be found by forming an anti-
symmetric extension. Since it is an odd function, the Fourier expansion is

a sine series
= E b, sin 7t
n=1

with

1
by, = 2/ (t — t*) sin nrt dt.
0
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(a)

even
S

(1)

Fig. 1.8. Convergence of the half-range expansion series. The function f(t) = t —t*
is given between 0 and 1. Both cosine and sine series converge to the function
within this range. But outside this range, cosine series converges to an even function
shown in (a) and sine series converges to an odd function shown in (b). S5V°" and
SEven are two- and four-term approximations of the cosine series. S and $39¢ are
one- and two-term approximations of the sine series

Now
L 1 1), 1
tsinnmtdt = |——rtcosnnt+ ( — | sinnwt| = —— cosnm,
0 nmw nmw o nmw
1 2 3
2 1 1 ) 1
t“sinnmtdt = |——t“cosnwt+ | — | 2tsinnat+ | — | 2cosnnt
0 nmw nmw nmw o
3 3
1 1 1
—cosn7r+2() cosn7r2<> ,
nmw nmw nmw
SO

1 1\3
bp :2/ (t — t*) sinnztdt = 4 () (1 —cosnm).
0

nm

Therefore the half-range sine expansion is given by $9%4, with
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N
4 (1 —cosnm) .
== ———5——sinnnt
T n
n=1

odd
SN

8 1 1
=3 (bm it + o7 sin 3wt + bR sin 57t + - )

The convergence of this series is shown in Fig. 1.8b.

It is seen that both the cosine and sine series converge to ¢t — 2 in the
range between 0 and 1. Outside this range, the cosine series converges to an
even function, and the sine series converges to an odd function. The rate of
convergence is also different. For the sine series in (b), with only one term,
S9dd s already very close to f(t). With only two terms, S (three terms
if we include the n = 2 term that is equal to zero) is indistinguishable from
f(t) in the range of interest. The convergence of the cosine series in (a) is
much slower. Although the four-term approximation S§¥°" is much closer to
f(t) than the two-term approximation S$V", the difference between S§¥°" and
f(t) in the range of interest is still noticeable.

This is generally the case that if we make extension smooth, greater
accuracy results for a particular number of terms.

Ezample 1.4.2. A function f(t) is defined only over the range 0 < ¢ < 2 to be
f(t) =t. Find a Fourier series with only sine terms for this function.

Solution 1.4.2. One can obtain a half-range sine expansion by antisymmet-
rically extending the function. Such a function is described by

f@)=t for —2<t<2, and f(t+4)=f(t).
The Fourier series for this function is given by (1.19) with L = 2

n+1

However, this series does not converge to 2, the value of the function at t = 2.
It converges to 0, the average value of the right- and left-hand limit of the
function at £ = 2, as shown in Fig. 1.3.

We can find a Fourier sine series that converges to the correct value at the
end points, if we consider the function

t forO0<t<2,
f(t)_{4—tfor2<t§4.

An antisymmetrical extension will give us an odd function with a periodicity
of 8 (2L =8, L =4). The Fourier expansion for this function is a sine series

Z b, sin — nmt
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with

2 4 ¢

1/0 f(t)sin%rdt

2 [ t 2 [t ¢
1/0 tsinn%dt—i— 1/2 (4—t)sinn77rdt.

Using the Kronecker’s method, we have

2
1] 4 nmt 4\? | nnt
b, = = |——tcos — + sin —
nmw 4 nmw 4

Thus

Sin — — = sin = 4 —sin —— — - | . (1.27)

Fig. 1.9. Fourier series for a function defined in a limited range. Within the range
0 <t < 2, the series (1.27) converges to f(t) = t. Outside this range the series
converges to a odd periodic function with a periodicity of 8

Within the range of 0 < ¢ < 2, this sine series converges to f(t) = t.
Outside this range, this series converges to an odd periodic function shown
in Fig. 1.9. It converges much faster than the series in (1.19). The first term,
shown as dashed line, already provides a reasonable approximation. The differ-
ence between the three-term approximation and the given function is hardly
noticeable.
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As we have seen, for a function that is defined only in a limited range, it is
possible to have many different Fourier series. They all converge to the func-
tion in the given range, although their rate of convergence may be different.
Fortunately, in physical applications, the question of which series we should
use for the description the function is usually determined automatically by
the boundary conditions.

From all the examples so far, we make the following observations:

— If the function is discontinuous at some point, the Fourier coefficients are
decreasing as 1/n.

— If the function is continuous but its first derivative is discontinuous at
some point, the Fourier coefficients are decreasing as 1/n?.

— If the function and its first derivative are continuous, the Fourier coeffi-
cients are decreasing as 1/n?.

Although these comments are based on a few examples, they are generally
valid (see the Method of Jumps for the Fourier Coefficients). It is useful to
keep them in mind when calculating Fourier coefficients.

1.5 Complex Fourier Series

The Fourier series

1 o
f@) = 500 + Z <an cos %t + b, sin T;rt)

n=1

can be put in the complex form. Since
cos e = L (ei<m/p>t n efi(mr/mt) ,
p 2

sin @t = l (ei("ﬂ'/p)t _ e—i(n‘n’/p)t)
P 2i )

it follows:

1 (/1 1 , 1 1 .
1) = = —ay, *bn i(nmw/p)t —a, — *bn —i(nw/p)t )
f(®) 2a0+;[<2a 5 >e g0~ 5 e

Now if we define ¢,, as

Cp = zap + *bn
1

Il
|
|
kh
=
S~—
@)
o
9]
7 N
L
~~
o
~
+
\
|
S
kﬁ
—
N
<]
]
Y
L
N~
o
~
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1 [P nm . (nm
= W B f@) [cos <pt> —isin <pt>} dt

1 /p f(t) —i(nﬂ/p)tdt
= — e 5
2p J_,

—n — qW%n *bn
¢ 2%m T 5
11 [P T 11 [P
=—— ftcos(t) t— —-— f(t 51n<t)dt
5y 1 iy ] 0
L [P e eilnn /o)t
= — ftel 4 dt
2‘p/_p 0
and ) 11 g
= —aqp=—-- t)dt
Co 200 2p _pf() )

then the series can be written as

(o)
f(t) = —+ Z [Cnei(nw/p)t + C_nei(nﬂ/p)t:l

n=1
= > cpelrm/plt (1.28)
with
1 / ’ f(t)e /Pt gy (1.29)
Cp = — .
2p p

for positive n, negative n, or n = 0.

Now the Fourier series appears in complex form. If f(¢) is a complex func-
tion of real variable ¢, then the complex Fourier series is a natural one. If f(¢)
is a real function, it can still be represented by the complex series (1.28). In
that case, c_,, is the complex conjugate of ¢, (c_, = ).

Since ) )
Cp = i(a" —iby), cC_p= i(a" +iby,),
if follows that:

anp =¢p+cCop, by=ilcy,—c_p).

Thus if f(¢) is an even function, then c_,, = ¢,. If f(¢) is an odd function,
then c_,, = —c,.

Example 1.5.1. Find the complex Fourier series of the function

0 —w<t<O,
f(t)_{1 0<t<m
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Solution 1.5.1. Since the period is 27, so p = m, and the complex Fourier
series is given by

f&y= > cpe™
with
1 [7 1
=— [ dt=-=
=9 ) 2’

Cp =

[ 1—einm 0 n = even,
et = { L5 =odd.

™ni

27 J, 2mni

Therefore the complex series is

1 1 1 i —it i Lo
f(t)—2+i7r( 3¢ e et 4 et 4 .
It is clear that
1 1 .
C_p = = =c,

m(—n)i  mn(-i)
as we expect, sine f(¢) is real. Furthermore, since

e™ — ¢TIt — i ginnt,

the Fourier series can be written as

1 2 . 1 . 1.
f(t)=§+* Slnt+§SIH3t+551n5t+... .

™

This is also what we expected, since f(t) — % is an odd function, and

1 1

mni | w(—n)i

bn:i(cn_c—n):i(l - ! ):2

i w(—n)i ™m

Ay = Cp + C_p = =0,

Example 1.5.2. Find the Fourier series of the function defined as
fit)=e" for —m<t<m f(t+2m)=F(@).

Solution 1.5.2. This periodic function has a period of 2. We can express it
as the Fourier series

1 oo
ft) = 500 + Z(an cosnt + b, sinnt).

n=1
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However, the complex Fourier coefficients are easier to compute, so we first
express it as a complex Fourier series

f@) = Z cpel™

n=—oo

with . -
Cn = i etefintdt — i 1 i e(lfin)t )
2 J_, 27 |1 —-1in _W
Since
e(l—in)ﬂ — e‘/re—imr — (—1)”6”,
e—(l—in)w — e—ﬂ'einﬂ' — (_1)ne—‘n-7
e" —e " = 2ginh,
% H" )™ 141
Cn = (= ) (e"—e™ ™) = ()" 1+in sinh 7.
27(1 —in) m 14n?
Now
—1)"
Ap =Cp +Cp = ( 77) T2 sinh 7,
. (=)™ 2n
b, =i(ep —c_p) = — P sinh 7

Thus, the Fourier series is given by

inhm  2sinhm o= (—1)"
ez:s1n7r7r+ Sl; ﬂ;£+iz(co5nt—nsinnt)-

1.6 The Method of Jumps

There is an effective way of computing the Fourier coefficients, known as the
method of jumps. As long as the given function is piecewise continuous, this
method enables us to find Fourier coefficients by graphical techniques.

Suppose that f(t), shown in Fig. 1.10, is a periodic function with a period
2p. It is piecewise continuous. The locations of the discontinuity are at
t1,t2,...,tN—1, counting from left to right. The two end points tg and ¢y
may or may not be points of discontinuity. Let f(¢;") be the right-hand limit
of the function as t approaches t; from the right, and f(¢;), the left-hand
limit. At each discontinuity t;, except at two end points ty and tx = tg + 2p,
we define a jump J; as

Ji = f(t7) = f@t7).
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—
[
3

t
ty 11‘1 ty NI tN=t0+2p

Fig. 1.10. One period of a periodic piecewise continuous function f(t) with
period 2p

At tg, the jump Jy is defined as
Jo=f(ty) — 0= f(ty)
and at ty, the jump Jy is
In=0—f(ty) = —f(ty)

These jumps are indicated by the arrows in Fig. 1.10. It is seen that J; will be
positive if the jump at ¢; is up and negative if the jump is down. Note that
at tg, the jump is from zero to f (ta') , and at ty, the jump is from f (t;,) to
Zero.

We will now show that the coefficients of the Fourier series can be expressed
in terms of these jumps.

The coeflicients of the complex Fourier series, as seen in (1.29), is given by

L f(t)e*i(nﬂ/p)tdt
Cn = — .
2p —p

Let us define the integral as

/_p F(O)e Db = 1,[f(2)].

So ¢, = iln[f(t)].
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Since

d [~ pyemitomior] -

de inm

p df() —1 (nm/p)t

—i(nm/p)t
inTt dt + f(t)e ’

SO
—i(nm/p)t _ 77]: —i(nm/p)t 7]: —i(nm/p)t
f(t)e dtfd{ n f(t)e ]+in e df (t),

it follows that:

I, [f ()] = /P d [—iif(t)e_i("”/p)t} + 2 /p oI/t £(4).

—p nmw inm
Note that
P . D d
/ et f(t) = / S Iy gy,
—p Y
and

p
[ alamre o] = o

P

L]
% d {f(t)e—l(m/p)t} '

Since

t
/ 1 d [f(t)e—i(mr/P)t} _ f(t;)e—i(m/p)tl _ f(tsr)e_i("ﬂ/p)to’

to

to ) . .
/ d [f(t)e—l(nﬂ'/p)t} — f(t;)e_l(””/p)tz _ f(tii’)e—l(nﬂ'/p)t17

t1

tN ) - -
/ d f(t)eil(mr/p)t] = f(t&)efl("W/P)tN _f(txil)efl(n‘/r/p)tz\rfl7

tN-1
we have
: i(nm/p)t p +\ . —i(n7/p)t
I —inm/p = = f(t —i(nm/p)to
/_p { mﬂf( Je } inwf( 0)e
p + — —i(nm/p)t1
— | f(t7) — f(2
+in7r[f( 1) — f(t])]e
k=N
o 7]0( e —i(nm/p)tn _ P Jke*i(nﬂ'/p)tk.
mm inm
k=0
Thus
p N~ i(n/p) p
1, )] = — Jpe inm/Pte o L1 (gy)
nlf ()] =2 — ke + L[ (1)]

k=0
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Clearly, I,[f'(t)] can be evaluated similarly as I,[f(¢)]. This formula can
be used iteratively to find the Fourier coefficient ¢, for nonzero n, since
en = L,[f(t)]/2p. Together with ¢q, which is given by a simple integral, these
coeflicients determine all terms of the Fourier series. For many practical func-
tions, their Fourier series can be simply obtained from the jumps at the points
of discontinuity. The following examples will illustrate how quickly this can
be done with the sketches of the function and its derivatives.

Example 1.6.1. Use the method of jumps to find the Fourier series of the
periodic function f(t), one of its periods is defined on the interval of —7 <

t<mas
k for —m<t<0

f(t):{kfor O<t<nr
Solution 1.6.1. The sketch of this function is

f(t)

T2k } -

2n f=m 490 =

,q—_k

2

The period of this function is 27, therefore p = m. It is clear that all derivatives
of this function are equal to zero, thus we have

2
1 1 )
_ _ —i(nm/p)ty
en =5 In[f ()] = 5 — > Jre , n#0,
k=0
where
t0:—7r, tl—O7 tg—ﬂ'
and
Jo=—-k, J1 =2k, Jy=-k.
Hence
1 inm —inm
Cp = 1271_n[—ke + 2k — ke™'"7)
k 0 n=-even
= 2—2 = .
127m[ cos(nm)] { % n = odd
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It follows that:
Gp = Cp+Ccp =0,

bn == i(cn - C—n) ==

0 n =even
ak oy = odd -
nm
Furthermore,

Co = %/_ﬂ f(t)dt:()

Therefore the Fourier series is given by

4k 1 1
f(t):? (sint+gsin3t+5sin5t+...).

Ezxample 1.6.2. Use the method of jumps to find the Fourier series of the
following function:

f<t>—{0 TS0 om) = 4.

t O0<t<m

Solution 1.6.2. The first derivative of this function is

)0 =T <t <O,
f(t){l o<t<m

and higher derivatives are all equal to zero. The sketches of f(¢) and f’(t) are
shown as follows:

f(t) f'(t)

T 1 +—

|
a
P .
|
a
a

In this case

Thus

where
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and )
_ 1 1 —intg
= 2 ke
k=0
with
Jo=0, J =1, Jy=-1
It follows that:
1 1|1 .
I, ] = — —inm - 1 —inm
0] = g =me 4 [ o)
and 1 1 1
nziln ) = —— —inm __ 1— —inm , 0.
cn = o Inlf(t)] = — e 5zl —e "), n#

In addition

1 [7 T
= [ tat=".
o 27r/0 1

Therefore the Fourier coefficients a,, and b,, are given by

1 : ; 1

1 . .
—1nm mmm

Ap = Cp +C_py = —(—€ +e
1211< ) 2mn?2 ™

1 1 1 ——=5 n=odd
p— 3 p— m™n
= —SINNT + ——5 COSNT — —— = s
n ™ ™ 0 n = even

: : 1 —inm inm 1
bnzl(cn_c—n)zl[_ﬁn(e +e"") +

(e — )|

2mn?2

1 1. L p=odd
:—fcosmr—k—QsmmT: .
™

3

n -1 n = even
n

So the Fourier series can be written as

2

;z:: 1) cosQn—l Z

sinnt.

vl>\=l

(e—mﬂ + el’n,ﬂ') -

2
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1.7 Properties of Fourier Series

1.7.1 Parseval’s Theorem

If the periodicity of a periodic function f(¢) is 2p, the Parseval’s theorem

states that
1 P

2 1 - 2
2 _p[f(t)] gga +b;,)

»Jk\’—‘
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where a,, and b,, are the Fourier coefficients. This theorem can be proved by
expressed f(t) as the Fourier series

t
,a0—|—z (ancos—i—b smn;),

and carrying out the integration. However, the computation is simpler if we
first work with the complex Fourier series

ft) = Z cpel /Pt

n=—oo

1
_ —i(nm/p)t
Cn 217 f( Je :

With these expressions, the integral can be written as

P
2i [f(t)]2dt: Z cne /Pt
D -p n=—00
Z Cn / f 1(n7r/p tdt.

n=—oo

Since

! / " pyeritommme 1 / O
= — e = — e ,
D Jp 2p Jp

it follows that:

i g Z CnC—n _co—l—Qchc,

2p n=—oo

If f(t) is a real function, then c_,, = ¢. Since

SO
1
oo = en = [0 (0] = S 4
Therefore
i p[f(t)]th:CQ—i—QiCC = la 2+1i(a2+b2)
2p J_, 0 P nC—n 5 @0 2n:1 24+ 0.

This theorem has an interesting and important interpretation. In physics
we learnt that the energy in a wave is proportional to the square of its
amplitude. For the wave represented by f(¢), the energy in one period will be
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proportional to [* oL (t)]?dt. Since a,, cos "77” also represents a wave, so the

energy in this pure cosine wave is proportional to

v nr P nmt
/ (an cos t) dt = ai/ cos? —dt = pa?
-p p —p p

so the energy in the pure sine wave is

p nm \2 p nmt
/ <bn sin t) dt =2 / sin? ——dt = pb?.
—p p —p p

From the Parseval’s theorem, we have
/p [f(t))?dt = p1a2 +p§:(a2 +b2).
. 2 0 — n n

This says that the total energy in a wave is just the sum of the energies in
all the Fourier components. For this reason, Parseval’s theorem is also called
“energy theorem.”

1.7.2 Sums of Reciprocal Powers of Integers

An interesting application of Fourier series is that it can be used to sum up a
series of reciprocal powers of integers. For example, we have shown that the
Fourier series of the square-wave

O<zxr<m

-k —7m<x<0
f(z){ ) ™ . flz+2m) = f(x)
is given by
4k 1 1
f(x)=— (sinz+ -sin3z + —sinbx + --- | .
™ 3 5

At x = /2, we have

thus
1 1 e n+1

=1 gtpot Z T

.Mﬂ

This is a famous result obtained by Leibniz in 1673 from geometrical consid-
erations. It became well known because it was the first series involving 7 ever
discovered.

The Parseval’s theorem can also be used to give additional results. In this
problem,
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I 1S 1 [4k\? 11
— DPdt=k>==) B2 === T — 4+ — 4. ).
5 | U S 2<W) (+32+52+ )
So we have

In the following example, we will demonstrate that a number of such sums
can be obtained with one Fourier series.

Example 1.7.1. Use the Fourier series for the function whose definition is
flx)y=afor —1<z<1, and f(z+2)=f(2),

to show that

WY =h 0T e

n=1 n=1
(o] o0
(_1)n+1 B 7.[.3 1 7.[.4
(C);(Qn—l)?’_?ﬂ’ z::n

Solution 1.7.1. The Fourier series for the function is given by (1.20) with

L=1: -
1 4
2_§ 722_:

(a) Set = 0, so we have

’I’L

cosnmx.

Thus -
1 4 (=)™
0=-+4+—
3 + w2 TLZ::I n2
or
4 KX (-Dr 1
T2 Z n2 3
n=1
It follows that:
1 1 1 2
1 + — + = —
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(b) With z = 1, the series becomes

1 o4&
—g 722 COosSn.
Since cosnm = (—1)", we have
4 & 2n
3 72
or
w2 11 1
=1t g tmt ot

6 32
(c) Integrating both sides from 0 to 1/2,

1/2 1/2 1 4 (7
2
dz = =
/0 redx /0 3+7T2

cosnrmx | dz

we get
3 [eS)
1/1 1/1\ 4 & ()" 1 . nr
3(2> 3<2)+7rz; Y
or .
1 4 (=)™ . nrw
n=1
Since

It follows that:

Thus

41
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It follows that:
4 o0
Ty i
90 nt’
n=1
This last series played an important role in the theory of black-body radiation,
which was crucial in the development of quantum mechanics.

1.7.3 Integration of Fourier Series

If a Fourier series of f(x) is integrated term-by-term, a factor of 1/n is
introduced into the series. This has the effect of enhancing the convergence.
Therefore we expect the series resulting from term-by-term integration will
converge to the integral of f(z) . For example, we have shown that the Fourier
series for the odd function f(t) =t of period 2L is given by

2L f: "Jrl mrt
— sin —t.
(et L

We expect a term-by-term integration of the right-hand side of this equation
to converge to the integral of t. That is

t 2L = (—1)ntt [t
/ xdx:—zi/ sin@xdx.
0 ™ —1 n 0 L

The result of this integration is

= n nmw L 0
or
2 412 SN (1) 4?2 SN (-1 nm,
- — CcoS —
2 — n2 2 — n2
Since
i n+1 7T2
n=1 2
we obtain
2 L? +4L2 (=) nr,
= — 4+ — cos —t.
3 2 n? L

This is indeed the correct Fourier series converging to t2 of period 2L, as seen
n (1.20) .
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Ezxample 1.7.2. Find the Fourier series of the function whose definition in one
period is
fty=t>, —-L<t<L.

Solution 1.7.2. Integrating the Fourier series for t? in the required range
term-by-term

L2 412 & (-1
/tht / St ( 2) cos | dt,
n L
we obtain
1 L 42K (-0 L. nrw
3= ¢ — sin—t+ C.
3 st w2 ppomptt

We can find the integration constant C' by looking at the values of both sides
of this equation at ¢ = 0. Clearly C' = 0. Furthermore, since in the range of

—L<t<L,
n+1

2L i s mrt
™= L~
therefore the Fourier series of ¢ in the required range is

oY 1200 & (1
T oor n L 3 n3 L~

n=1 n=1

1.7.4 Differentiation of Fourier Series

In differentiating a Fourier series term-by-term, we have to be more careful.
A term-by-term differentiation will cause the coefficients a,, and b, to be
multiplied by a factor n. Since it grows linearly, the resulting series may not
even converge. Take, for example

n+1

2:: sin %t.

This equation is valid in the range of —L < t < L, as seen in (1.19). The
derivative of ¢ is of course equal to 1. However, a term-by-term differentiation
of the Fourier series on the right-hand side

d |20 & (—1)*! = nm
— | — Z ~———sin —t Z ”*1 —t
dt | « = n = L

does not even converge, let alone equal to 1.
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In order to see under what conditions, if any, that the Fourier series of the
function f(t)

fao + Z (an cos t—|— b,, sin nL t)

n=1

can be differentiated term-by-term, let us first assume that f(¢) is continuous
within the range —L < t < L, and the derivative of the function f/(¢) can be
expanded in another Fourier series

7a0+z (a cos —t+b’ s1nft)

The coefficients a!, are given by

al, = / f'(t) cos —t dt

L
=7 {f(t)cos %t}L + ZZ /_L f(t)sin n%t dt
— £ U(L) = f(-L)]cosnr + by, (1.30)
Similarly
b, = %[f(L) — f(-L)]sinnr — "Tna,, (1.31)

On the other hand, differentiating the Fourier series of the function term-by-
term, we get

g }a + (a cos t+b smmTt)
dt [27° " L

oo
:2::( an smft+b —cosft>

This would simply give coefficients

a, = —b,, b, =——ay,. (1.32)
L
Thus we see that the derivative of a function is not, in general, given by
differentiating the Fourier series of the function term-by-term. However, if the
function satisfies the condition

f(L) = f(=1L), (1.33)

then a}, and b, given by (1.30) and (1.31) are identical to those given by (1.32).
We call (1.33) the “head equals tail” condition. Once this condition is satis-
fied, a term-by-term differentiation of the Fourier series of the function will
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converge to the derivative of the function. Note that if the periodic function
f(t) is continuous everywhere, this condition is automatically satisfied.

Now it is clear why (1.19) cannot be differentiated term-by-term. For this
function

f(L)=L#-L=f(-L),

the “head equals tail” condition is not satisfied. In the following example, the
function satisfies this condition. Its derivative is indeed given by the result of
the term-by-term differentiation.

Example 1.7.3. The fourier series for #? in the range —L < t < L is given by
(1.20)

Cos@t—t2
=1

It satisfies the “head equals tail” condition, as shown in Fig. 1.4. Show that a
term-by-term differentiation of this series is equal to 2t.

Solution 1.7.3.

d | AP K (=D)"  onm | AL & (—1)ngcosnlt
dt | 3 2 n? L | w2 — n? dt L

AL XK (-1 onn
7278111 —t
T~ L

which is the Fourier series of 2t in the required range, as seen in (1.19) .

1.8 Fourier Series and Differential Equations

Fourier series play an important role in solving partial differential equations, as
we shall see in many examples in later chapters. In this section, we shall confine
ourselves with some applications of Fourier series in solving nonhomogeneous
ordinary differential equations.

1.8.1 Differential Equation with Boundary Conditions

Let us consider the following nonhomogeneous differential equation:

d?z

z(0)=0, z(1)=0.
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We want to find the solution between ¢t = 0 and ¢ = 1. Previously we have
learned that the general solution of this equation is the sum of the comple-
mentary function z. and the particular solution x,. That is

T =T+ Tp,

where x. is the solution of the homogeneous equation

d2x.
a2 +4z. =0
with two arbitrary constants, and z, is the particular solution of
d2z,
12 +dz, =4t

with no arbitrary constant. It can be easily verified that in this case

ze. = Acos2t + Bsin 2t,

rp =t.
Therefore the general solution is
z(t) = Acos2t + Bsin2t + t.

The two constants A and B are determined by the boundary conditions. Since

z(0) =A=0,
z(1) = Acos2+ Bsin2+1 =0,
Thus 1
A=0, B=——.
sin 2

Therefore the exact solution that satisfies the boundary conditions is given by

x(t) =t — sin 2t.

S

This function in the range of 0 <t < 1 can be expanded into a half-range
Fourier sine series

oo
x(t) = Z by, sinnrt,
n=1

1
1
b, = 2/ <t — ——sin 2t) sin nwt dt.
0 sin 2

We have already shown that

where

1

-1 n+1
/ tsinnntdt = L
0 nm



1.8 Fourier Series and Differential Equations 47

With integration by parts twice, we find

1
1 2
/ sin 2t sinnntdt = [— — sin 2t cosnnt + —— cos 2t sin nwt
0 nm

(nm)? 0
4 1
+W / sin 2t sin nrt dt.
0

Combining the last term with left-hand side and putting in the limits, we get

1
-1 n+1
/ sin 2t sinnrt dt = ()727” sin 2.
0 [(nm)? — 4]
It follows that:
(_l)n-i-l 1 (_1)n+1nﬂ_ ] 4 8
b, =2 — — 2l =(-1)"" ——«+—. (1.34
{ nw sin 2 [(nm)2? — 4] S (=1) nr[4 — (nm)? (1:34)

Therefore the solution that satisfies the boundary conditions can be written

as
1 n+1

§§: ( bln’l’Lﬂ't
T nl4d — ’

Now we shall show that this result can be obtained directly from the
following Fourier series method. First we expand the solution, whatever it is,
into a half-range Fourier sine series

oo
= E b, sinnmt.
n=1

This is a valid procedure because no matter what the solution is, we can
always antisymmetrically extend it to the interval —1 < ¢t < 0 and then to
the entire real line by the periodicity condition x(¢ + 2) = z(¢). The Fourier
series representing this odd function with a periodicity of 2 is given by the
above expression. This function is continuous everywhere, therefore it can be
differentiated term-by-term. Furthermore, the boundary conditions, 2(0) = 0
and z(1) = 1, are automatically satisfied by this series.
When we put this series into the differential equation, the result is

Z 24 4] b, sin nmt = 4t.

This equation can be regarded as the function 4¢ expressed in a Fourier sine
series. The coefficients [—(n7)? + 4]b,, are given by

1
1 n+1
[~ (nm)? +4] b, = 2/ dtsinnmtdt = 8L.
0 nm
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It follows that:
B 8(— 1)n+1

" nrn[d — (nm)?)

which is identical to (1.34). Therefore we will get the exactly same result as
before.

This shows that the Fourier series method is convenient and direct. Not
every boundary value problem can be handled in this way, but many of them
can. When the problem is solved by the Fourier series method, often the
solution is actually in a more useful form.

Ezxample 1.8.1. A horizontal beam of length L, supported at each end is uni-
formly loaded. The deflection of the beam y(z) is known to satisfy the equation

dly  w
dzt ~ EI’

where w, F, and I are constants (w is load per unit length, F is the Young’s
modulus, I is the moment of inertia). Furthermore, y(t) satisfies the following
four boundary conditions

y(O) =0, y<L) =0,
y"(0)=0, y"(L)=0.

(This is because there is no deflection and no moment at either end.) Find
the deflection curve of the beam y(zx).

Solution 1.8.1. The function may be conveniently expanded in a Fourier sine
series

y(x) = Z by, sin %x
n=1

The four boundary conditions are automatically satisfied. This series and
its derivatives are continuous, therefore it can be repeatedly term-by-term
differentiated. Putting it in the equation, we have

3 b (27 sin Mg —
n:ln L L~ EI

This means that b,(n7/L)* is the coefficients of the Fourier sine series of
w/EI. Therefore

nm\d 2 [T w nmw 2 w L
bn<—) =2 CsinTpdr =2 22 ~1).
L L/O pron e de = —p gy (osnr = 1)
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It follows that:

dwl* 1
———— n=odd
bo=14 EI (nm)p 0.
0 n = even
Therefore
(@) = 4wl & 1 “in (2n — 1)nrz
T Bl £« an - 1)p L

This series is rapidly convergent due to the fifth power of n in the denominator.

1.8.2 Periodically Driven Oscillator

Consider a damped spring—mass system driven by an external periodic forcing
function. The differential equation describing this motion is

m—- +c— + kx = F(t). (1.35)

We recall that if the external forcing function F'(¢) is a sine or cosine function,
then the steady state solution of the system is an oscillatory motion with the
same frequency of the input function. For example, if

F(t) = Fysinwt,

then F
2, (t) = 0 sin(wt — o), (1.36)
\/(k — mw?)? + (w)?
where w
ool
a = tan m

However, if F'(t) is periodic with frequency w, but is not a sine or cosine
function, then the steady state solution will contain not only a term with the
input frequency w, but also other terms of multiples of this frequency. Suppose
that the input forcing function is given by a square-wave

F(t) = { _11 _OL<<t t<<L0 . F(t+2L) = F(t). (1.37)

This square-wave repeats itself in the time interval of 2L. The number of times
that it repeats itself in 1s is called frequency v. Clearly v = 1/(2L). Recall
that the angular frequency w is defined as 2wv. Therefore

1

:2 —_— =
w 7T2L

1=

Often w is just referred to as frequency.
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Now as we have shown, the Fourier series expansion of F(t) is given by
> nmw
F(t) = bysin—t,
L
n=1

4
by = mn n = odd,

0 n =even.

It is seen that the first term is a pure sine wave with the same frequency as the
input square-wave. We called it the fundamental frequency wi(w; = w). The
other terms in the Fourier series have frequencies of multiples of the funda-
mental frequency. They are called harmonics (or overtones). For example, the
second and third harmonics have, respectively, frequencies of we = 27/L = 2w
and wg = 37/L = 3w. (In this terminology, there is no first harmonic.)

With the input square-wave F'(t) expressed in terms of its Fourier series
in (1.35), the response of the system is also a superposition of the harmonics,
since (1.35) is a linear differential equation. That is, if x,, is the particular

solution of
md%cn —&—cdﬁ + kx, = b, sinw,t
dt dt n — n nvs
then the solution to (1.35) is

[e%S)
Tp = E Tp.
n=1

Thus it follows from (1.36) that with the input forcing function given by the
square-wave, the steady state solution of the spring—mass system is given by

> by, sin(wnt — ay,)
Tp = Z 2)2 2’
=V (k= mw?)? + (ewn)
where o cw
Wy = — = Nw, ozn:tarf1 77’2
L k—muw?

This solution contains not only a term with the same input frequency w,
but also other terms with multiples of this frequency. If one of these higher
frequencies is close to the natural frequency of the system wg (wg = /k/m),
then the particular term containing that frequency may play the dominant role
in the system response. This is an important problem in vibration analysis.
The input frequency may be considerably lower than the natural frequency
of the system, yet if that input is not purely sinusoidal, it could still lead to
resonance. This is best illustrated with a specific example.
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Ezample 1.8.2. Suppose that in some consistent set of units, m = 1, ¢ =
0.2, k=9, and w =1, and the input F(¢) is given by (1.37). Find the steady
state solution xp(t) of the spring-mass system.

Solution 1.8.2. Since w = n/L = 1, so L = 7 and w, = n. As we have
shown, the Fourier series of F(t) is

4 1 1
F(t) = — (sint+ = sin3t + —sin5t +--- | .
™ 3 5

The steady-state solution is therefore given by

L/ (9—n2)% +(0.2n)%

_1 02n
9 —n2’

wo(t) = % Z 1 sin(nt — ay,)

o, = tan 0<a, <.

Carrying out the calculation, we find

2, (t) = 0.1591 sin(t — 0.0250) 4 0.7073 sin(3t — 1.5708)
+0.0159 sin(5¢ — 3.0792) + - - .

The following figure shows x,(¢) in comparison with the input force function.
In order to have the same dimension of distance, the input force is expressed
in terms of the “static distance” F(t)/k. The term 0.7073sin(3t — 1.5708) is
shown as the dotted line. It is seen that this term dominates the response of
the system.This is because the term with n = 3 in the Fourier series of F'(t)

 Output(x,)

¥ Input(F(t)/k)
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has the same frequency as the natural frequency of the system (/k/m = 3).
Thus near resonance vibrations occur, with the mass completing essentially
three oscillations for every single oscillation of the external input force.

An interesting demonstration of this phenomenon on a piano is given in
the Feynman Lecture on Physics, Vol. I, Chap. 50.

Let us label the two successive Cs near the middle of the keyboard by
C, ', and the Gs just above by G, G’. The fundamentals will have relative
frequencies as follows:

C-2 G-3
C' -4 G -6

These harmonic relationships can be demonstrated in the following way. Sup-
pose we press C’ slowly — so that it does not sound but we cause the damper
to be lifted. If we sound C, it will produce its own fundamental and some
harmonics. The second harmonic will set the strings of C’ into vibration. If
we now release C' (keeping C pressed) the damper will stop the vibration of
the C strings, and we can hear (softly) the note of C’ as it dies away. In a
similar way, the third harmonic of C' can cause a vibration of G.

This phenomenon is as interesting as important. In a mechanical or electri-
cal system that is forced with a periodic function having a frequency smaller
than the natural frequency of the system, as long as the forcing function is not
purely sinusoidal, one of its overtones may resonate with the system. To avoid
the occurrence of abnormally large and destructive resonance vibrations, one
must not allow any overtone of the input function to dominate the response
of the system.

Exercises

1. Show that if m and n are integers then

L L
. MWL . muT = n=m,

(a) sin —— sin de =< 9
0 0 n#m.

L nmwx mmnx £ n=m
(b) / €08 —— €08 — de =< 2 ’
0 0 n#m.

L

(¢) / sin ? cos m;rx dz =0, all n,m.
L pmx mmax

d in — d

(d) /0 sin —— cos ——dz

{ 0 n, m both even or both odd,

L 2n

————— neven, modd; or n odd, m even.
Tn?—m
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2. Find the Fourier series of the following functions:

B 0 7m<zx<0 o) —
(@f@%—{20<$<ﬂ7 flz+2m) = f(),
1 fz<x<g
(b) f(z) = 30+ fl@+2m) = f(z),
-1 =<z<—

0 —7m<z<0

() f(x)Z{ ;o fle+2m) = f(2).

sinz O<zx<m

4 1 1
Ans. (a) f(x)=1+— {sinx—!— gsin3x—|— 58111533— } ,
T

4 1 1
(b) f(z)= p [cosx— gcos?m—i- 50055x—~~} ,

1 271 1 1
(c) f(x)7Tﬂ[3cos2a:+l5(:os4:c+35cos6x~~}

+—sinz.

N | =

3. Find the Fourier series of the following functions:
-1 -2<t<0

(a) f(t)={ o fE+4) =),

1 0<t<?2

(b) ft)y=t* 0<t<?2, f(t+2)=f(t).

4 t 1 t 1 t
Ans. (a) f(t) = = {sin7;+3sin3;+5sin5g~~],

4 4 1 4 1
(b) f(t) = 3 + ﬁzﬁcosmrt+ ;Zﬁsinnﬂt.

4. Find the half-range Fourier cosine and sine expansions of the following

functions:

(a) ft)y=1, 0<t<2
(b) f(t)=t, 0<t<l.
(c) f(t)=1t* 0<t<3.
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4 1 2n —1)mt
Ans. (a) 1; ;E 2n_lsin(nz)w,
2 ()"t

1 4 1 _ )
(b) 373 Z m cos(2n—1)mt; — Z —

™

sin nrt,

(c) 3+@ (_l)ncosn—ﬂ-g ﬁ—i s'nﬂ—t
2 n2 3 '3 1 13 )M
2 3 3 33 3
7128-11@4»
4 M3

5. The output from an electronic oscillator takes the form of a sine wave
f(t) =sint for 0 < t < 7/2, it then drops to zero and starts again. Find
the complex Fourier series of this wave form.

Ans.
2 4ni—1 .,
E ———F——¢€ .
ST 16n2 —1

6. Use the method of jumps to find the half-range cosine series of the func-
tion g(t) = sint defined in the interval of 0 < ¢ < .

Hint: For a cosine series, we need an even extension of the function. Let

g(t)=sint 0<t<m,
ft)= .
g(—t) = —sint —7w <t <0.

Its derivatives are

cost O0<t<m
f(t) = { f7(t) = —f(t).

—cost —7r<t<07

The sketches of the function and its derivatives are shown as follows:
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2 4/1 1 1
fity=—-- = <3c052t+ 1—5cos4t+ 35(3056t+~~> .
. Use the method of jumps to find the half range (a) cosine and (b) sine
Fourier expansions of g(t), which is defined only over the range 0 < ¢ < 1
as
gty=t—t* o0<t<l1

Hint: (a) For the half-range cosine expansion, the function must be sym-
metrically extended to negative t. That is, we have to expand into a Fourier
series the even function f(¢) defined as

g(t) =t — ¢ 0<t<l,
f(t)_{g(_t):—t—tQ -1<t<0.

The first and second derivatives of this function are given by

1) = -2

1-2t 0<t<l1

12 —1<t<0’

and all higher derivatives are zero. The sketches of this function and its
derivatives are as follows:

|
-
t
|
-
-
|
-
}
|
i///
~
t
|
-

(b) For the half-range sine expansion, an antisymmetric extension of g¢(t)
to negative t is needed. Let

{ gty =t—t> 0<t<l,

f(t): —g(ft):t+t2 —1<t<O.
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The first and second derivatives of this function are given by

, 1-2t 0<t<1, y -2 0<t<1,
f(t) = t) =
1492t —1<t<0, 2 -1<t<0

and all higher derivatives are zero. The sketches of these functions are
shown below

f(t) f'(8) (1)
T2 T2 2

11

-
—_
~
T
-
—_
~

t \

1 1 1 1
Ans. (a) f(t) = 6 2 (COSQt—i— Zcos4t—|— 90056t+~-~) .

8 1 1
(b) f(t) = = <bln t + 77 sin 37t 4+ o5 sin 5mt + - )

8. Do problem 3 with the method of jumps.
9. (a) Find the half-range cosine expansion of the following function:
fe)=t o0<t<2.

(b) Sketch the function (from ¢ = —8 to 8) that this Fourier series repre-
sents.

(¢c) What is the periodicity of this function.

Ans.

(cosnm — 1) cos %Tt; period = 4.

3‘,_\

400
DR SO
1
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10. (a) Find the half-range cosine expansion of the following function:

11.

12.

13.

£ t 0<t<?2
44—t 2<t<4’

57

(b) Sketch the function (from ¢ = —8 to 8) this Fourier series represents.

(c) What is the periodicity of this function.

Ans.

8 o= 1
f)=1-— g — (14 cosnm — 2cos %)cos %ﬂ-t; period = 8.
T n
1

(a) Show that the Fourier series in the two preceding problems are iden-

tical to each other.

(b) Compare the two sketches to find out the reason why this is so.

Ans. Since they represent the same function, both Fourier series can be

expressed as

8 nt 1 3t 1 57t
flit)y= l—ﬁ(cosg—l—50087—&-%@057_’_...).
Use the Fourier series for

f@)y=t for —1<t<1, and f(t+2)=f(t)

to show that

1 1 1 7
l— 4+ - —Z4...=°1
(@) I-gte-o+ 1

1 1 1 2

b) 14 — 4 — 4 — oo = —,

(b) 1+ mtEtE T c

Use the Fourier series shown in Fig. 1.5 to show that

O PR S
& 2 TR - R
1 1 1 d

14 — 4 — 4 — o=
(b) 1 g + o5 + g + 0

Hint: (a) Set t = 0. (b) Use Parseval’s theorem and Y 1/n? = 72/6.
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14. Use - -
1 7r4 1 7
D =g ™ 2n—1)74% 96
n= n=1
to show that
1 1 n 1 1 n B Tt
24 34 g4 7207

15. An odd function f(t) of period of 27 is to be approximated by a Fourier
series having only N terms. The so called “square deviation” is defined to

be
g:/

It is a measure of the error of this approximation. Show that for ¢ to be
minimum, b, must be given by the Fourier coefficient

N 2
flt) - Z by, sin nt] dt.
n=1

1 ™
by = — f(t)sinnt dt.
™

—T

Oe
Hint: Set — = 0.
int: Se ab,. 0

16. Show that for — 7 <x <7

nkr 2k sin k
(a) coskx = ST +Z(—1)"$cosm:,
n=1

km (k% — n?)
11 N 2k
b thr=—| - — — .
(b) cot kr 7r<k: nz_:ln2—k:2>
17. Find the steady-state solution of
d?z dx
—— 42—+ 3z =f(t
dt2+ dt+ z = f(1),

where f(t) =t, —w <t<m, and f(t+2n) = f(¢).
Ans.

—1)"2(n% —-3) . —1)"4
e LI IR I

t.
n(n* —2n% 4+ 9) —on2 49"

18. Use the Fourier series method to solve the following boundary value

problem
@ _ Px
dzt FEIL
y(0)=0, y(L)=0,
y'(0)=0, y'(L)=0.
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(y(x) is the deflection of a beam bearing a linearly increasing load given
by Pz/L)
Ans.

_2pL* (- nrx

v(@) = Ty ns oL

Find the Fourier series for

(a) f(t)=t for —m<t<m and f(t+2m) = f(¢),
(b) f@)=|t] for —m<t<m, and f(t+27)= f(t).

Show that the series resulting from a term-by-term differentiation of the
series in (a) does not converge to f'(t), whereas the series resulting from a
term-by-term differentiation of the series in (b) converges to f/(t). Why?
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Fourier Transforms

Fourier transform is a generalization of Fourier series. It provides represen-
tations, in terms of a superposition of sinusoidal waves, for functions defined
over an infinite interval with no particular periodicity. It is an indispensable
mathematical tool in the study of waves, which in one form or another, consist
of most of physics and modern technology.

Like Laplace transform, Fourier transform is a member of a class of rep-
resentations known as integral transforms. As such, it is useful in solving dif-
ferential equations. But the importance of Fourier transforms far exceeds just
being able to solve differential equations. In quantum mechanics, it enables us
to look at the wave functions either in the coordinate space or in the momen-
tum space. In information theory, it allows one to examine a wave form from
the perspective of both the time and frequency domains. For these reasons,
Fourier transform has become a cornerstone of diverse fields ranging from
signal processing technology to quantum description of matter waves.

2.1 Fourier Integral as a Limit of a Fourier Series

As we have seen, Fourier series is useful in representing either periodic
functions or functions confined in limited range of interest. However, in many
problems, the function of interests, such as a single unrepeated pulse of force
or voltage, is nonperiodic over an infinite range. In such a case, we can still
imagine that the function is periodic with the period approaching infinity. In
this limit, the Fourier series becomes the Fourier integral.

To extend the concept of Fourier series to nonperiodic functions, let us
first consider a function which repeats itself after an interval of 2p

o0

nm nm
f(t) = <an cos —t + by, sin t> ,
6= > >
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where

/f cos—tdt, n=12...,

b, f()sm—tdt n=0,1,2,....
"), p

Note that each individual term cos 2 - 2T or sin ¢ is a periodic function. Its
period T,, is determined by the relation that when ¢ is increased by T,,, the
function returns to its previous value,

coS @(t +T,) = cos (mt + an> = cos 224,
p p p p

Thus,

P
M — 97 and T, = 2.
P n

The frequency v is defined as the number of oscillations in one second. There-
fore, each term is associated with a frequency v,

Now if ¢ stands for time, then v, is just the usual temporal frequency. If the
variable is z, standing for distance, v,, is simply the spatial frequency. The

distribution of the set of all of the frequencies {%} is called the frequency
spectrum. To see what happens to the frequency spectra as p increases, con-
sider the cases where p = 1,2, and 10. The corresponding frequencies of the

spectra are as follows:

p=1, v, =0, 0.50, 1.0, 1.50, 2.0,...

p =2, v, =0, 0.25, 0.5, 0.75, 1.0,...

p=10, v, =0, 0.05, 0.1, 0.15, 0.2,....
It is seen that as p increases, the discrete spectrum becomes more and more
dense. It will approach a continuous spectrum as p — oo, and the Fourier
series appears to be an integral. This is indeed the case, if f(¢) is absolutely
integrable over the infinite range.

Often the angular frequency, defined as w,, = 27y, is used to simplify the
writing. Since

n
n=2TVp =2T— = —,
w v 7T2
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the Fourier series can be written as

1 [P -
f@) = > / f()dt + Z(an coswpt + by sinwpt).
-p

n=1

As f(t) is absolutely integrable over the infinite range, this means that the
integral [* » |f(¢)|dt exists even when p — oo. Therefore

1 [P
lim — f(t)dt =0.

p—oo2p J_,
Hence,

F(t) = (an coswpt + by sinwyt),

n=1

where

1 P
an = — / f(t) coswytdt,
PJp

1 [P
by, = — f(t) sinwy,tdt.
PJ—p

Furthermore, we can define

n+1l)m nm ™
Aw:wnﬂ—wn:i( +1) - — =
p p p

Therefore

F(t) = i [Aw /,, £(t) Coswntdt} coS Wt

+ Z {Aw /p f(t) sinwntdt] sin wyt.

If we write the series as

FE) =) [Ap(wy) coswnt + By(wy) sinw,t] Aw,

n=1

then

P
Ap(wy) = %/ f(t) coswyt dt,
-

P
By(wn) = % f(t) sinwy,tdt.

-p
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Now if we let p — oo, then Aw — 0 and w,, becomes a continuous variable.
Furthermore, let

Alw) = lim Ap(w,) = %/00 f(t) coswt dt,

p—0o0

p—00

1 o0
B(w) = lim Bywn) =+ [ f)simwrdt,
™ —0o0
Then the infinite series becomes a Riemann sum of an integral
ft)= / [A(w) coswt + B(w) sinwt] dw.
0

This integral is known as Fourier integral. This development is purely formal.
However, it can be made rigorous provided (1) f(¢) is piecewise continuous
and differentiable and (2) it is absolutely integrable in the infinite range, as
we have assumed.

This integral will converge to f(¢) where f(t) is continuous, and it con-
verges to the average of the left- and right-hand limits of f(¢) at points of
discontinuity, just like a Fourier series.

Ezample 2.1.1. (a) Find the Fourier integral of

1if —1<t<l,
0 otherwise.

(b) Show that

- ) 5 oif —l<t<l,
/ coswtsmwdw: % if =1,
w
0 0 if |t|>1

(c) Show that

Solution 2.1.1. (a)

2sinw

s} 1
A(w):%/ f(t)coswtdt:%/lcoswtdt:

W

Since f(t) is an even function

B(w) = %/jo f(t)sinwtdt = 0.
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Therefore the Fourier integral is given by

2 [Csi
ft) = f/ Y coswt dw.
0 w

™

(b) In the range of —1 <t < 1, f(t) = 1, therefore

o s

s

/ me coswtdw:ﬁ, for —1<t<l1.
0 w 2

At |t| =1, it is a point of discontinuity, the Fourier integral converges to the
average of 1 and 0, which is % Therefore

1 2/°° sinw
— = — cos w dw
2 Vi 0 w

or

* sinw T
coswdw = —.
0 w 4

For |z| > 1, f(t) = 0. Thus

*° sinw
/ coswtdw =0, for [t|>1.
0 w

(c) In particular at ¢t =0,

* sinw * sinw
coswtdw = dw.
0 w 0 w

At t =0, f(0) =1, therefore
/ sinw T
0 w 2

2.1.1 Fourier Cosine and Sine Integrals

If f(t) is a even function, then
1 [ 2 [
Alw) = f/ f(t) coswtdt = 7/ f(t) coswt dt,
i —0 Vi 0

B(w) = %/_OO f(t)sinwtdt =0

and

fit) = /000 A(w) coswt dw.

This is known as Fourier cosine integral.
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If f(¢) is an odd function, then
1 o0
Alw) = 7/ f(t)coswtdt =0,
T — 00

B(w) = %/700 f(t)sinwtdt = 2 C>of(t) sin wt dt

™ Jo

a.Ild
’ 1) = B w ']lwt(lw.

This is known as Fourier sine integral.

Note that the function is supposed to be defined from —oo to 400, but
because of the parity of the function, to define the transform, we only need
the function from 0 to oo. This also means that if we are only interested in
the range of 0 to oo, we can define the function from —oo to 0 any way we
want, then we can have either cosine integral or sine integral by extending the
function into the negative range either in an even or odd form. In this sense,
Fourier cosine and sine integrals are equivalent to the half-range expansion of
Fourier series.

Example 2.1.2. Find the Fourier cosine and sine integrals of
f)=e" t>0, s>0.
Solution 2.1.2. For the Fourier cosine integral, we can imagine f(¢) is an

even function with respect to t = 0. Thus

2 oo
Alw) = 7/ e %' coswt dt.
0

s

This integral can be evaluated with integration by parts twice. Better still,
we recognize that the integral is just the Laplace transform of coswt. So

2 s
w824 w?

Alw) =

It follows that the Fourier cosine integral is given by:

25 [ coswt

fit)= /0OO A(w)coswtdt = — ——dt.

T Jo $2+w?

Since f(t) = e™%!, a byproduct of this cosine integral is

° coswt T
/ T =g
0 S°tw 2s
a formula we have obtained before by contour integration. In particular, for
t = 0, we have
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<1 ™
——dw=—.
/0 2+w? T 2s

Similarly, for Fourier sine integral, we can imagine f(t) is an odd function. In

this case 5 o0 5
w
B(w) = f/ e *'sinwtdt = -
T Jo T™se+tw
as the integral is just a Laplace transform of sinwt. Thus, the Fourier sine
integral is given by

2 oo
ty=e st =2 ¥ _sinwtdw.

2 + 2

0 S w

™

From this, we can obtain another integration formula
> wsinwt ™
/ 5 sdw = —e S,
0 S°tw 2

Ezample 2.1.3. Find f(t), if f(t) is an even function and

o 1—a if 0<a <1,
/0 f(t)cosatdt—{ 0 if a>1

Solution 2.1.3. We can use Fourier cosine integral to solve this integral
equation. Let

2 (> 21-w) if 0<a<1,
Alw) = ;/0 f(t)coswtdt = { 0 it a1,

then

fi) = /000 A(w) coswt dw = /01 %(1 — w) cos wt dw

21
= ;ﬁ(l — cost).

2.1.2 Fourier Cosine and Sine Transforms

If f(t) is an even function, we have just seen that it can be expressed as a
Fourier integral

ft) = /000 A(w) cos wt dw, (2.1)

Alw) = i/ooo f(t) coswt dt. (2.2)
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Now if we define a function

Flw) = \/EA(W) _ \/E/OOO F(#) coswt dt, (2.3)
A =20

Putting it into (2.1), we have

£(t) = \/Z /O " F () coswt duw. (2.4)

The symmetry between (2.3) and (2.4) is unmistakable. They form what is

then

known as the Fourier cosine transform pair. The function fc(w) is known
as the Fourier cosine transform. Formula (2.4) gives us back f(t) from fc(w),
therefore it is called the inverse Fourier cosine transform of fc(w) The process
of obtaining the transform ]?C(w) from a given function f(t) is also called
Fourier cosine transform and is denoted by F.{f(t)}, that is, when F; operates
on f(t), it gives us fc(w),

F{f(t)} = \/z/ooo F(t) coswtdt = fo(w).

The inverse operation is called inverse Fourier cosine transform and is denoted

as B {fo() }

Fol {fc(w)} - \/Z/Ooofc(w) coswtdw = f(t).

Similarly, if f(¢) is an odd function, we have the Fourier sine transform
pair

F{f(t)} = \/Z /O " f)sinwtdt = Fi(w),

Y {fs(w)} = \/E/OOO fow) sinwt dw = f(1).

Note that Fourier integral and Fourier transform are essentially the same.
The modification of the multiplicative constant is of minor significance. It can
be easily shown that if we define

Folw) = a/ooo f(t) coswt dt, (2.5)
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then -
ft) = ﬁ/ fc(w) cos wt dw, (2.6)
0
where 91
B=——.
T o
Therefore as long as
2
Oéﬁ =
0

where « can be assigned any number, (2.5) and (2.6) are still a Fourier cosine
transform pair. As a matter of fact, in the literature, there are several different
conventions in defining Fourier transforms. The differences are where to put
the factor % Using a Fourier transform table, one needs to pay attention to
where that factor is in the definition.

Then why should we have two different names for essentially the same
thing. This is because we have two different perspectives of looking at it. In
Fourier integral, f(t) is being described by a continuum of cosine (or sine)
waves and A(w) is just the amplitude of the harmonic components of f(t)
in the time domain. Whereas in Fourier transform, f;(w) is regarded as a
function in the frequency domain. This frequency domain function describes
the same entity as the time domain function f(¢). There are many reasons
why sometimes we would like to work with the transform of the function. For
example, in the frequency domain we may easily perform relatively difficult
mathematical operations such as differentiation and integration via simple
multiplication and division.

Example 2.1.4. Show that
F{f')} = wF{f(t)} - \/zf(o),
FAf ()} = —wFA{f(®)},
FAS 0} = R0} 210,

2
F{f"(t)} = —w?F{f(t)} + \/;wf(o)-
Solution 2.1.4. Since f(t) is absolutely integrable, we assume
f(t) -0 as t — oo.

With the integration by parts, we can evaluate the transform of derivatives
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FAS (1)) = \E/OOO L coswtdr
= \/Z {f(t) coswt|g” — /OOO f(t)(icoswtdt}
e 10+ [ fO st =R () - V210

R} = \/z/om %sinwtdt
= \/E [f(t) sinwt|y” — /OOO f(t)(isinwtdt}
_ \/z [—w /OOO (1) coswtdt] — —wE{f()}.

FAS 0} = FAL 01} = R0}~ 210)

RN~ 270) =~ R0} -2 110)
S0} = FAF O} = o0}

w WA f()} - \/>f ]=—w2Fs{f(t)}+w\/zf(0)

Example 2.1.5. Use the transform of derivatives to show

O

Solution 2.1.5. Let f(t) = e~ %, so f(0) =1 and
f/(t) _ _ae—at7 f”(t) — a2 e—at _ CLQf(t)

Thus
F{1"()} = F{a®f (1)} = > F{ £ (1)}
But

R0} = ~FRAI0} +y 2100
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it follows that:

AR} + |2 = R0}

(6 + R0 =0y 2.
Thus,
R0} = Ble) =22

Example 2.1.6. Use the Fourier sine transform to solve the following differen-
tial equation:

y" (t) — 9y(t) = 50e~*,
y(0) = yo.

Solution 2.1.6. Since we are interested in positive 4 region, we can take y(t)
to be an odd function and take Fourier sine transforms. It is clear from its
definition that Fourier transform is linear

F{afi(t) +bf2(8)} = aF{ f1(8)} + DE{ fa(D)}-

Using this property and taking Fourier transform of both sides of the differ-
ential equation, we have

F{y"(t)} — 9F{y(t)} = 50F{e '}
Since

F{y"(t)} = —w’F{y(t)} + w\/zy(()),

~wF{y(t)} + w\/Zyo — 9F{y(t)} = 50F,{e” '},

which, after collecting terms, becomes

(W? + 9 E{y(t)} = —50\/1;14 T w\/zyo.

2 w 1 2 w
F{y(t)} = _50\/;@2+4(w2+9) + \/;yo(w?+9)'

With partial fraction of

Thus

1 11 11
(W2+4)(w2+9) b5w?2+4 B5w2+9
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w 2 w 2 w
F =4/ — 10— —Yog—n—
) = \/> w2+9 \/; w2+4+\/;y0(w2+9)
2 w 2w
= (1 2 Y o/ EY
( O+y0)\/;w2+9 O\/;w2+4

= (10 + yo) Fs{e ™'} — 10F{e™?'}.

we have

Taking the inverse transform, we get the solution

y(t) = (10 + yo)e 3 — 10e 2",

2.2 Tables of Transforms

There are extensive tables of Fourier transforms (For example, A. Erdélyi,
W. Magnus, F. Oberhettinger, and F. Tricomi: “Tables of Integral Trans-
forms,” vol. 1, McGraw-Hill Book Company, New York, 1954). A short list of
some simple Fourier cosine and sine transforms is given in Tables 2.1 and 2.2,
respectively. A short table of Fourier transform, which we will explain in the
Sect. 2.3, is given in Table 2.3.

2.3 The Fourier Transform

As we have seen in (1.28) and (1.29) that the Fourier series of a function
repeating itself in the interval of 2p, can also be written in the complex form

n_z_wcn Foe= g [ e
SO
f(t)=n;:m 5 / Flt)e |
Again let us define

Wy = —

and

I3

Aw = Wpy1 —wp =
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Table 2.1. A short table of Fourier cosine transforms

73

= \/zfooo ]?c(w) cos wt dw

= \/Zfooo f(t) coswtdt

1if 0<t<a
0 otherwise

t*=t (0<a<1)

e ™  (a>0)
e (a>0)
ra >0

t"e (a>0)

cost if 0<t<a
0 otherwise

cosat®*  (a > 0)

sinat®>  (a > 0)

sin at
t

(a>0)

Linearity of transform and inverse:

af(t) + Bg(t)

Transform of derivatives:
f(@)

f7(@)

Convolution theorem:

3 o [F (it =) + £ (|t + z])]g(z)da

z sin w

T w
\/Ef(a) am

— cos —

T we 2

2 a

T a2+ w?

1 67W2/4a
v2a

Tl —aw

2a

2 n!

. : n+1
7 (@ T ory Relati)

sina(l 4+ w)

1 |sina(l —w) n i
27 1-w 1+w

\/gu(a —w)

afe(w) + Bgc(w)

wfi(w \/>f

—w fo(w) \[f (0)

™

~

Fe(w)ge(w)
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Table 2.2. A short table of Fourier sine transforms

= \/zfooo F+(w) sin wt dw

= \/zfooo f(t)sinwtdt

1if 0<t<a
0 otherwise

S

b (0<a<1)

e
t

i (a>0)

t"e (a>0)

te=®  (a>0)

sint if 0<t<a
0 otherwise

cos at
t

(a>0)
Linearity of transform and inverse:

af(t) + Bg(t)

Transform of derivatives:
f(@)

(@)

Convolution theorem:
5 I3 (= =]) = £ (|t + 2])]g(e)da

21 1—cosaw

T

\/5

2I(a) . am
= sin —
T Wwo 2

f
\/> a? + w2 e Im(a+iw)™

efw2/4a

R
1 |sina(l —w) sina(l+w)
27 1-w B 14+w
\/gu(w —a)

afu(w) + B.(w)

—wfe(w)

—w?fo(w) - \fwf(m

™




Table 2.3. A short table of Fourier transforms: u is the Heaviside step function

2.3 The Fourier Transform

= o [ Flw)= [T e f)dt
= —alw|
e (a>0) e
_at 1
u(t)e a+iw
1
_ at
u(—t)e 0
—a 2a
t] (a>0) p Ry
eft2 \/Eeiw /4
;e_t2/(2a)2 (a > O) e—aquZ
2a+/m
S 2n
It] |w|
2sinwa
u(t+a) —u(t — a)
w
ot —a) eTiwa
1. ~
flat+b) (a>0) ~eitw/af(2)
a a
Linearity of transform and inverse:
af(t) + By() af(w) + B9
Transform of derivative:
7t (iw)"™ f(w)
Transform of integral:
-~ 1.~
f@) = [ g(x)dx fw) = —4w)
Convolution theorems:
FO)y=g(t) = [72_ f(t —a)g(a)dz (w)g(w)
1 - -~
f(t)g(®) 5= f(w) *g(w)
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and write the series as

fey= > [2177 f(t)e l“’"tdt} et Aw (2.7)
— Z %fp(u}n)ei“’"tAw

with

o~ p N
Folwon) = / F(t)e—@ntdt.
—p

Now if we let p — o0, then Aw — 0 and w,, becomes a continuous variable.
Furthermore

p—00

f(w) = lim f,(wn) / flt)e rdt (2.8)

and the infinite sum of (2.7) becomes an integral

t) = % /_OO Flw)e* dw. (2.9)

This integral is known as Fourier integral.

The coefficient function f(w) is known as the Fourier transform of f(t).
The process of transforming the function f(¢) in the time domain into the
same function f(w) in the frequency domain is expressed as F{f ()},

= [ T et dt = Flw). (2.10)

The process of getting back to f(t) from j?(w) is known as inverse Fourier
transform F~1{f(w)},

FUR@) = 5 [ Fwpetao = 5o (211)

We have “derived” this pair of Fourier transforms with the same heuristic
arguments as we introduced the Fourier cosine transform. Comments there
are also applicable here. Formulas (2.10) and (2.11) can be established rigor-
ously provided (1) f(t) is piecewise continuous and differentiable and (2) it is
absolutely integrable, that is, [*_|f(¢)|dt is finite.

__ The multiplicative factor in front of the integral is somewhat arbitrary. If
f(w) is defined as

Fifwy=a [ T et dr = Flw),
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then F~1{f(w)} becomes

FAREN =8 [ Fwpet o= 1)

where !

—
1 . . .

Some authors chose o = 3 = o so that the Fourier pair is symmetrical.
T

1
Others chose o = o0 B =1.In (2.10) and (2.11), « is chosen to be 1 and
77

1
to be —.

T

Another convention, that is common in spectral analysis, is to use fre-
quency v, instead of angular frequency w in defining the Fourier transforms.
Since w = 27v, (2.10) can be written as

Py = [ " fe ™ dt = flw) (2.12)
and (2.11) becomes
Ffon = [ T fwyemr v = £(0). (2.13)

Note that in this pair of equations, the factor 2x is no longer there. Besides,
frequency is a well-defined concept and no one actually measures angular
frequency. These are good reasons to use (2.12) and (2.13) as the definition of
Fourier transforms. However, for historic reasons, most books in engineering
and physics use w. Therefore we will continue to use (2.10) and (2.11) as the
definition of the Fourier transforms.

The function f(¢) in the Fourier transform may or may not have any even
or odd parity. However, if it is an even function, it can be easily shown that
it reduces to the Fourier cosine transform. If it is an odd function, it reduces
to the Fourier sine transform.

Ezxample 2.5.1. Find the Fourier transform of
efat t> 0,
)= { 0 t<o.
Solution 2.3.1.

F{ft)} = /_OO f(t)e_m dt — /OOO o—(atio)t gy

1 . o 1
_ 76—(a+1w)t

a+iw

0 o+ 1w
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This result can, of course, be expressed as a real part plus an imaginary part,

1 1 a—iw « LW

= : =3 2 173 2"
o+ 1w o+ 1w o — 1w o 4+ w o+ w

Example 2.3.2. Find the inverse Fourier transform of

Flw) = —

a+iw’
(This problem can be skipped for those who have not yet studied the complex
contour integration.)

Solution 2.3.2.

~ 1 />~ 1 . 1 [~ 1
FHf(w)} / —e“dw = — — e dw.

21 J_ o @+ iw 21 J_ o w — i«

This integrals can be evaluated with contour integration. For ¢ > 0, the
contour can be closed counterclockwise in the upper half plane as shown in

Fig. 2.1a.
(b) |
[ (1
—>- poant 1]

Fig. 2.1. Contour integration for inverse Fourier transform. (a) The contour is
closed in the upper half plane. (b) The contour is closed in the lower half plane

(a)

Y
e

Y

1 < 1

21 J_ o w — i

1 1

— elwt dw
27 Jun

e dw = -

p. W — i
= lim %! = e,
w—ix

It follows that for ¢ > 0:
FHflw)}=e"
For ¢t < 0, the contour can be closed clockwise in the lower half plane as shown

in Fig. 2.1b. Since there is no singular point in the lower half plane

1 [/~ 1 1 1
— ——e“dw = — ——e“'dw = 0.
21 J_ o w — i 271 Jipp w — i



2.4 Fourier Transform and Delta Function 79
Thus, for t < 0,
FHW}=0

With the Heaviside step function

1 for ¢t >0,
u(t)_{() for t <0,

we can combine the results for ¢ > 0 and for ¢ <0 as
FHFw)} = ult)e™".

It is seen that the inverse transform is indeed equal to f(t) of the previous
problem.

2.4 Fourier Transform and Delta Function

2.4.1 Orthogonality

If we put f( ) of (2.8) back in the Fourier integral of (2.9), the Fourier
representation of f(t) takes the form

f(t) _ % /:)O |:/OO f(t/)efiwt' dt/:| eiwt dw

which, after reversing the order of integration, can be written as

oo 1 (oo} . ,
= / @) [2 / e“”(t_“dw] dt’.
—0o0 T J -0

Recall that the Dirac delta function §(¢ — t') is defined by the relation

/ F5( — t)ae

Comparing the last two equations, we see that 6(¢t — ') can be written as

St —t) = R fw(t—t") q 2.14
( )_ 27'(_ € w. ( . )
— 00

Interchange the variables gives the inverted form

1 R /
S(w—uw') = 7/ elw=wDtq,
™ —0o0
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The last two equations are known as the orthogonality conditions. A function

¢! is orthogonal to all other functions in the form of e='t when integrated

over all ¢, as long as W’ # w.
Since §(x) = 6(—x), (2.14) can also written as

1 < ,
St—t)= o / e Wt gy,
Y

— 00

These formulas are very useful representations of delta functions. The
derivation of many transform pairs are greatly simplified with the use of delta
functions. Although they are not proper mathematical functions, their use
can be justified by the distribution theory.

2.4.2 Fourier Transforms Involving Delta Functions
Dirac Delta Function. Consider the function
f(t) = Ké(t),

where K is a constant. The Fourier transform of f(t) is easily derived using
the definition of the delta function

F{ft)} = /oo Ko(t)e “'dt = Ke° = K.
The inverse Fourier transform is given by
F ) = % [ : Kot dt = K8(2).
Similarly, the Fourier transform of a constant function K is

FIK} = 21K5(w)

and its inverse is
FHorKo(w)} = K.

These Fourier transform pairs are illustrated in Fig. 2.2.
Periodic Functions. To illustrate the Fourier transform of a periodic function,
consider

f{t) = Acoswyt.

The Fourier transform is given by
F{Acoswot} = / Acos(wot)e @ dt.

Since )
coswot = 5 (elwof 4 e7iwol) |
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f(t) = K f(w) = 27 K5 (a)

Fig. 2.2. The Fourier transform pair of constant and delta functions. The Fourier
transform of constant function is a delta function. The Fourier transform of a delta
function is a constant function

SO
A [ . _
F{Acoswot} = 5/ [eﬂ(w*wo)t + eﬂ(w+wo)t} dt.

Using (2.14), we have
F{Acoswot} = TAd(w + wp) + TAI(w — wo). (2.15)
Similarly,
F{Asinwgt} = irAd(w + wy) — iTAS(w — wp)- (2.16)

Note that the Fourier transform of a sine function is imaginary.
These Fourier transform pairs are shown in Fig. 2.3, leaving out the factor
of iin (2.16).

2.4.3 Three-Dimensional Fourier Transform Pair

So far we have used as variables ¢ and w, representing time and angular fre-
quency, respectively. Mathematics will, of course, be exactly the same if we
change the names of these variables. In describing the spatial variations of a
wave, it is more natural to use either r or z,y, and z to represent distances. In
a function of time, the period T is the time interval after which the function
repeats itself. In a function of distance, the corresponding quantity is called
wavelength A, which is the increase in distance that the function will repeat
itself. Therefore, if t is replaced by r, then the angular frequency w, which
is equal to 27 /T, should be replaced by a quantity equal to 27 /A, which is
known as the wave number k.
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f(t) = A coswyt flw)= F{A coswpt}

TAS (o + wp) TAS(w + wp)

AAAAN 1T
VAVIVAY A —

f(t) = A sinapt flo) =F{A sinw,t}

TAS(w + wg)

ANAAL L
AVATRVATANE

-mAS(w — wp)

Fig. 2.3. Fourier transform pair of cosine and sine functions

Thus, corresponding to (2.14), we have

1> /
Oz —a') = o / e (=T gy
& —00

1 [~ . /
oy —vy) = %/ ey ) dky,

1 R /
8(z—2) = 7/ e*3(z=2) 4.
27 J_ o
Therefore in three-dimensional space, the delta function is given by

dr—r')=0(x—2")5(y—1vy)i(z—2")

L= lkl(mffv')dkli/oo eikz(y*y')dei/OO eiks(Z*Z')dkg
T or 2w 27 J_ o

—0o0

kl(ac a) ko (y—y ) +ks(z—2 )]dkﬁl dko dks.

A convenient notation is to introduce a wave vector k,
k =k1i + kaj + ksk.

Together with

r—1r'=(z—a)i+(y—y)j+(z -2k
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the three-dimensional delta function can be written as

S(r—r') e /// ok (r=r') 31

Now by definition of the delta function

r) :///_Zoo f(x)s(x —r')d3,
= [ 6 G [

which can be written as

M= e

Thus, in three dimensions, we can define a Fourier transform pair

Fw 27})3/ | swer s =gy,

1= s [ o0kt 5 ()

Again, how to split 1/(27)% between the Fourier transform and its inverse is
somewhat arbitrary. Here we split them equally to conform with most of the
quantum mechanics text books.

In quantum mechanics, the momentum p is given by p =hk. The Fourier
transform pair in terms of r and p is therefore given by

flp) = (%hl)m ///_O; F(r)e P/ g3y,

If f(r) is the Schrodinger wave function, then its Fourier transform f(p) is
the momentum wave function. In describing a dynamic system, either space
or momentum wave functions may be used, depending on which is more
convenient for the particular problem.

If in three-dimensional space, a function possesses spherical symmetry,
that is, f(r) = f(r), then its Fourier transform is reduced to a one-dimensional
integral. In this case, let the wave vector k be along the z-axis of the coordinate
space, SO

we have

k-r=Fkrcosf
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and
d3r = 72 sin 6 d6 dr dep.

The Fourier transform of f(r) becomes

1 27 "
F{f(r)} e / dtp/ [/ ﬂkwosasin@d@] r?dr
_ 1 1 —ikr cos @ " 2
= (271')3/227T/0 fr) Lk‘re } rodr

2
3/2 / f(r 51nl<;7’ r2dr —\/> / f(r)rsinkrdr.

Example 2.4.1. Find the Fourier transform of
_~ . —2zr
f(T’) - T € I

where z is a constant.
Solution 2.4.1.

00 3
F{f(r)} = \/Zli/o %G_ZZTT sin kr dr.

One way to evaluate this integral is to recall the Laplace transform of sin kr

o k
/0 e sinkrdr = m,

d o0 o0
— e sinkrdr = / (—r)e™ " sin kr dr,
ds 0

d &k —2sk

&SQ_'_]{Q - (82+k2)2-

So
2sk

/ re *sinkrdr = ———.
0 (s2 4+ k2)

With s = 2z, we have

o0 4zk
/ e rsinkr dr = i
0

(422 + k2)*
It follows that:

123 4zk 2\*/? 224
Pl -y MZ() e
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2.5 Some Important Transform Pairs

There are some prototype Fourier transform pairs that we should be familiar
with. Not only they frequently occur in engineering and physics, they also
form the base upon which transforms of other functions can derived.

2.5.1 Rectangular Pulse Function
The rectangular function is defined as

1 —-a<t<a,
0 otherwise.

(0 = {

This function is sometimes called box function or top-hat function. It can be
expressed as
II,(t) = u(t 4+ a) — u(t — a),

where u(t) is the Heaviside step function,
1 t>0,
u(t) = {0 t<0.
The Fourier transform of this function is given by

FUL(8)} = / T, (t)e=tdt = / Y

—i a —i i N
e iwt e~ lwa _ giwa 2 sin wa -
= - = " = = f(w).
—1w —a —1lw w
sin x

In terms of “sinc function,” defined as sinc¢ (z) = , we have

F{I,(t)} = 2asinc (aw).

This Fourier transform pair is shown in Fig. 2.4.

2.5.2 Gaussian Function
The Gaussian function is defined as
Ft) =e o,

Its Fourier transform is given by

9] oo
F {e—atz} _ / e—atze—iwt dt = / e—(xtz—iwt dt = f(w)

— 00 — 00
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—

f(t) = g() flo) = F{a(t)}

2a

N\
~ a 7

~

Fig. 2.4. Fourier transform pair of a rectangular function. Note that f(0) = 2a,

~

and the zeros of f(w) are at w = 7/a, 27/a, 37/a,- - -

Completing the square of the exponential

. 2 2
at? +iwt = <\/at+ M) + 2

2/« dov
we have
o iw \?  w?
/_Ocexp{— [(\/at—i—m) +£ }dt
. 2
= exp <—Zj) /_Zexp{—(ﬂt—&-ﬁa) }dt.
Let

iw

then we can write the Fourier transform as
2 o]
-~ w 1 w2
w)=exp|— | —= e “ du.
e (-50) 75 )

/ e du = /7,

Flor=[Tew (-2).

o~

It is interesting to note that f(w) is also of a Gaussian function with a peak
at the origin, monotonically decreasing as k — +oo. If f(¢) is sharply peaked

~

Since

thus

(large ), then f(w) is flattened, and vice versa. This is a general feature in the
theory of Fourier transforms. In quantum-mechanical applications it is related
to the Heisenberg uncertainty principle. The pair of Gaussian transforms is
shown in Fig. 2.5.
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2 = _o?
f(t) = & fo)=[Z & 4a

<R

| t | ¢
Fig. 2.5. The Fourier transform of a Gaussian function is another Gaussian function

2.5.3 Exponentially Decaying Function
The Fourier transform of the exponentially decaying function
fA)=e a>0

is given by

]_—{efam} _ /Oo o—altl g—iwt gy

0 o0
/ eat e—iwt dt + / e—at e—iwt dt
—00 0

ola—iw)t 0 o—(atiw)t |%°
= +=—
a—iw|_ —(a+iw)|,
1 1 2a -~
= + = = f(w).

a—iw a+iw a2+ w?

This is a bell-shaped curve, similar in appearance to a Gaussian curve and is
known as a Lorentz profile. This pair of transforms is shown in Fig. 2.6.

N __ 2a
f) = el o) = 2 0?

1

[

Fig. 2.6. The Fourier transform of an exponentail decaying function is Lorentz
profile
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2.6 Properties of Fourier Transform

2.6.1 Symmetry Property

The symmetry property of Fourier transform is of some importance.

~

I F{fO}=fw),  then F{f(H)} =2ms(-w).
Proof. Since -
for= [ st

by definition

10 =5 [ T,
Interchanging ¢t and w, we have

f) = o [ Foerar
Clearly, -

flew) =5 [ Ferat

Therefore

f{f(t)} - /0; F()e @t dt = 2 f (—w).

Using this simple relation, we can avoid many complicated mathematical
manipulations.

Ezample 2.6.1. Find
1
f
{ a? + 2 }

f{e_altl} = 2a

a? +w?’

from

Solution 2.6.1. Let

f(t) = e*a\tl’ so f (—w) — e—alwl

and R -
F{f®)} = f(w) = PR
Thus
2a

f(t)zm,
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]—"{A(t)} _f{afftz} = 21 f(~w).

1 s
FQ s o= —e el
{a2+t2} a’

This result can also be found by complex contour integration.

Therefore

2.6.2 Linearity, Shifting, Scaling

~

Linearity of the Transform and its Inverse. If F{f(t)} = f(w) and F{g(t)} =
g(w), then

o0

Ffaf(t)+bg(t)} = / [af(t) + bg(t)] e " dt

oo

= a/ f(t)e it dt+b/ g(t)e @t dt

~

= aF{f(O)} +0F{f(D)} = af(w) + bg(w).

Similarly,

FH{afw) +0§w)} = aF  {Flw)} + 07 ()
=af(t) + bg(t).

These simple relations are of considerable importance because it reflects the
applicability of the Fourier transform to the analysis of linear systems.
Time Shifting. If time is shifted by a in the Fourier transform

fwa—@}=[ffa—am*Ww7

then by substituting t —a =z, dt =dz, t=z+ a, we have
o .
Fit-a)= [ f@e e
—00

e Kw f(x)e—iww do — e—iwa]?(w).

Note that a time delay will only change the phase of the Fourier transform
and not its magnitude. For example,

. us w1
smwot:cos(wot—§>:cosw0 t——— .
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1
Thus, if f(t) = coswot, then sinwgt = f (t — a) with a = g— Therefore
wo

F{Asinwot} = e “F2 F{Acoswot}
= ¢ 7555 [And (w — wo) + ATS(w + wo)]
=e T AMS (w — wo) + €' AmS(w + wo)
— —iAT6 (w — wo) + 1ATS (w + wp) ,

as shown in (2.16).
Frequency Shifting. If the frequency in f(w) is shifted by a constant a, its
inverse is multiplied by a factor of e'**. Since

F{fo-a} =5 [ Flo-ada

substituting w = w — a, we have

Hiw—al =2 [ Fle) = do = e f (1)
21 J_

or
flw—a)= f{eiatf(t)} .
To illustrate the effect of frequency shifting, let us consider the case that
f(t) is multiplied by coswyt. Since coswot = % (ei‘*"’t + e’i“’“t) , SO

f(t) coswot = 5 “"“tf( )+ ﬂ‘”f’tf( )

and

Ff(8) coswnty = L7 {0 1)} + 7 et (1)

= 1]?(cu wo) + %f(w + wo).

This process is known as modulation. In other words, when f(¢) is modulated
by coswqt, its frequency is symmetrically shifted up and down by wy.

Time Scaling. It F{f(t)} = f(w), then the Fourier transform of f(at) can be
determined by substituting ¢ = at in the Fourier integral

F{f (at)) = / T flatye<tar

[t =i)
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This is correct for a > 0. However, if a is negative, then ¢’ = at = —|a|t.
As a consequence, when the integration variable is changed from ¢ to t/, the
integration limits should also be interchanged. That is,

—0 1

F{f(at)} = /_OO f(at)e “tdt :/ F(ye /e 2 qyp

&S] - |a|

o)

Therefore, in general

FAf e} =7 (2).

a

This means that as the time scale expands, the frequency scale not only
contracts, its amplitude will also increase. It increases in such a way as to
keep the area constant.

Frequency Scaling. This is just the reverse of time scaling. If F~! {f(w)} =
f(¢t), then

F! {f(aw)} = % /_ZOO f(aw)ei“’t dw

— / f 1wt/a dwlzi (t>
|al la|” \a

This means that as the frequency scale expands, the time scale will contract
and the amplitude of the time function will also increase.

2.6.3 Transform of Derivatives

If the transform of nth derivative f"(t) exists, then f™(t) must be integrable
over (—oo,00). That means f"(t) — 0, as t — £oo. With this assumption,
the Fourier transforms of derivatives of f(¢) can be expressed in terms of the
transform of f(¢). This can be shown as follows:

Firmy= [ T et ar = / U ey

= f(t)e_i“’t’ojoo + iw/ f(t)e tdt.
— 0o
The integrated term is equal to zero at both limits. Thus

FALf(t 1w/ f®e At =iwF {f(t)} = iw]?(w).
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It follows that:
FL' )} = wF {f'(t)} = (iw)’ F{FB)} = (w)* f(w).

Therefore .
FA )} = (w)" F{f()} = ()" f(w).

Thus a differentiation in the time domain becomes a simple multiplication in
the frequency domain.

2.6.4 Transform of Integral

The Fourier transform of the following integral:

t
10 = [ f)ds
can be found by using the relation for Fourier transform of derivatives. Since

d
SI() = £,

it follows that:

F oy =5 { S —wr (1)) - iwf{/_;f(:v) s}

Therefore

f{ / ; f(x)dx} = F ()

Thus an integration in the time domain becomes a division in the frequency
domain.

2.6.5 Parseval’s Theorem

The Parseval’s theorem in Fourier series is equally valid in Fourier transform.
The integral of the square of a function is related to the integral of the square
of its transform in the following way:

[ wora=g [ e

—0oQ — 0o

Since | e
f) =5 /_ f(w) e dw,

its complex conjugate is

ro=lo [ foera] = [T Fuea
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Thus

[ o;|f(t)|2dt— [ O; FOF (6)dt = [ Z (t) [;ﬂ [ O:O f*(w)eiwtdw] at.

Interchanging the w and t integration,

v [ re [ ol

>/ Z F (@) Flw)do = o Z 7| aw.

Written in terms of frequency v, instead of angular frequency w (w = 27v),
this theorem is expressed as

| isera= [ |Fw) o

In physics, the total energy associated with wave form f (t) (electromagnetic
radiation, water waves, etc.) is proportional to f |f(t)|? dt. By Parseval’s

2
theorem, this energy is also given by [~ ‘ Vi (1/)‘ dv. Therefore ‘ Vi (1/)‘ is the

energy content per unit frequency interval, and is known as “power density.”
For this reason, Parseval’s theorem is also known as power theorem.

Ezxample 2.6.2. Find the value of

oo x 2
sin- T
I:/ 5 dx
oo T

from the Parseval’s theorem and the Fourier transform of

() = 1 ]t <1,
"0 > 1

Solution 2.6.2. Let f(t) = II;(
FLF@)} / I, (t)e™ " dt = / e Wt

1

7e—lwt _ 2 sin w

and

On the other hand

oo 9 |9 2 00 32
| |l a= [ ’ Sm“” ="
—o0 —o0 w -0 W
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Therefore from Parseval’s theorem

JCREr- e

oo 2 J_

we have

222/‘” Sindew.

It follows that:

. 31 2 . .
Since *25 is an even function, so

® sin? 1 [ sin’z T
5 de = = 5 de = —.
0 T 2)_ o 2

2.7 Convolution

2.7.1 Mathematical Operation of Convolution

Convolution is an important and useful concept. The convolution ¢ (t) of two
functions f(t) and g(t) is usually written as f(t) * g(¢) and is defined as

- [ T ) gt —7)dr = (1) # g(t).

The mathematical operation of convolution consists of the following steps:

1. Take the mirror image of g(7) about the coordinate axis to create g(—7)
from g(7).

2. Shift g(—7) by an amount ¢ to get g(t — 7). If ¢ is positive, the shift is to
the right, if it is negative, to the left.

3. Multiply the shifted function g(t — 7) by f(7).

4. The area under the product of f(7) and g(t—7) is the value of convolution
at ¢.

Let us illustrate these steps with a simple example shown in Fig.2.7.
Suppose that f(7) is given in (a) and g(7) in (b). The mirror image of g(7)
is g(—7), which is shown in (c¢). In (d), g(t — 7) is shown as g(—7) shifted by
an amount ¢.
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It is clear, if ¢ < 0, there is no overlap between f(7) and g(t — 7). That
means that at any value of 7, either f(7) or g(¢t — 7), or both are zero. Since
f(r)g(t —7) =0 for t < 0, therefore

ct)=0, if ¢<0.
Between ¢t = 0 and ¢t = 1, the convolution integral is simply equal to abt,
c(t) =abt, 0<t<l1.
There is full overlap at t = 1, so
ct)y=ab at t=1.

Between t = 1 and ¢t = 2, the overlap is steadily decreasing. The convolution
integral is equal to

c(t)y=abll = (t—1D]=ab2—-1¢), if 1<t<2.
For ¢t > 2, there will be no overlap and the convolution integral is equal

to zero. Thus the convolution of f(¢) and g(t) is given by the triangle shown
in (e).

(a) (b)
f(z) g(7)
a
b
I o
(c) (d)
9(-17) g(t—QF_Z f(z)
1 ‘ t 1
(e) c(t) = f(t) * g(t)
ab|[
0 1 2 t

Fig. 2.7. Convolution. The convolution of f(¢) shown in (a) and g(t) shown in
(b) is given in (e).
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2.7.2 Convolution Theorems

Time Convolution Theorem. The time convolution theorem
FALf) «g(t)}

can be proved as follows.
By definition

o~

fw)g (W)

FUO g0y = [ [ | 1mee-n) dr] ot

Interchanging the 7 and ¢ integration, we have

oo

i = [ s [

— 00

gt —r)e vt dt} dr
Lett—717=2, t=2+ 7, dt = dx, then

/ gt —T)e widt = / g(z)e W)y

= efiw'r/ g(l‘)eiiwz da = eiiw‘r/g\(w).
Therefore
f{f(t) * g(t)} = [ f(T)e*iWT’g\(w)dT = g]\(w)[ f(,r)e*iurrd,r

= §(w)f ().

Frequency Convolution Theorem. The frequency convolution theorem can be
written as

FH{Fw) +5w) } =27 f(t)g(t).
The proof of this theorem is also straightforward. By definition

Fl {f(w) *?(w)} = % 3 [/ F(@)§(w—-w) dw] o du
= %[mf(w) {/mﬁ(WW)ei“’tdw] dw.
Letw—w=0, w=02+w, dw=d2, thus
./'7*1 {]/C\(w) *§(w)} = %[ f(w) ethdw[ 'g\(Q)eth an
=2 f()g(t).
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Clearly this theorem can also be written as

FUA09(0)) = 5-Fl) 5(w).

Ezample 2.7.1. (a) Use

F{coswot} = w6 (w+ wp) + 76 (w — wyp) ,
2 sin aw

FAll(t)} = ,

w

and the convolution theorem to find the Fourier transform of the finite wave

train f(t)
_ [ coswot |t] < a,
1) = { 0 |t >a.

(b) Use direct integration to verify the result.

Solution 2.7.1. (a) Since

1 |t <a,
a(t) = {o it > a.

so we can write f(t) as
f(t) = coswot - IT,(1).
According to the convolution theorem

F{ft)} = %f{coswot} « F{I, ()}

2 sin aw

= %[Wd(w—l—wo)—&—ﬂé(w—wo)]* "

N /Oo [0 (v +wo) +d (W —wo)] del

— 00

sina(w + wp)  sina (w — wop)

w + wo w — wo
(b) By definition

a

Firor= [ swetai= [ cosute dr

—a

Since

cos wot = % (ei“’ot + e_iwot) ,



98 2 Fourier Transforms

SO
1 [* . .
FU) = [ (@t s ety
1 ei(wgfw)t @ efi(w0+w)t a
2 | i(wo —w) . ilwotw)|_,

sina (w—wp)  sina(w + wo)

w — Wy w + wo

This pair of Fourier transform is shown in Fig. 2.8.

tifItl -
(0= { O it a flo) = {£(1)

A ol
av \/‘v \/a _wv) V'

o
Fig. 2.8. The Fourier transform pair of a finite cosine wave

Example 2.7.2. Find the Fourier transform of the triangle function

t+2a —2a<t<O0
f)=< —t+2a 0<t<2a
0 otherwise

Solution 2.7.2. Following the procedure shown in Fig.2.7, one can easily
show that the triangle function is the convolution of two identical rectangle
pulse function

Ft) = Ha(t) * Ha(t).
According to the time convolution theorem

FAF)} = F{la(t) « Ha(t)} = F{Ia(t)} F {Ila (1)} -

Since

2 sin aw
Fl.(t)} = ;
w
therefore )
2sinaw 2sinaw  4sin” aw
t = . = .
Firm) =2 2 .

This pair of transforms is shown in Fig. 2.9.

We can obtain the same result by calculating the transform directly, but
that would be much more tedious.



2.8 Fourier Transform and Differential Equations 99
f(?) FLH()}

432
2a

-2a 2a

N

Fig. 2.9. Fourier transform of a triangular function

2.8 Fourier Transform and Differential Equations

A characteristic property of Fourier transform, like other integral transforms,
is that it can be used to reduce the number of independent variables in a differ-
ential equation by one. For example, if we apply the transform to an ordinary
differential equation (which has only one independent variable), then we just
get an algebraic equation for the transformed function. A one-dimensional
wave equation is a partial differential equation with two independent vari-
ables. It can be transformed into an ordinary differential equation in the
transformed function. Usually it is easier to solve the resultant equation for
the transformed function than it is to solve the original equation, since the
equation for the transformed function has one less independent variable. After
the transformed function is determined, we can get the solution of the origi-
nal equation by an inverse transform. We will illustrate this method with the
following two examples.

Ezxample 2.8.1. Solve the following differential equation:
y'(t) —ay(t) = f(2)

where a is a constant and f(t) is given function. The only imposed conditions
are that all functions must vanish as ¢ — +oo. This ensures that their Fourier
transforms exist.

Solution 2.8.1. Apply the Fourier transform to the equation, and let

~

yw)=F{y®)}, flw)=F{fO)}-

Since
FLy" ()} = (iw)*Fly(t)} = —w*J(w),

the differential equation becomes

~(@* +0a®)§(w) = f(w).
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Thus 1 R
7) = ~ ey @)
Recall 9
o) -
therefore

1 1
I _ =~ ~malt]
o+ a?) f{ 2° }

In other words, if we define

1 1

glw) = ey then g(t) = —%e—alt\.

According to the convolution theorem,

G(w) fw) = F{g(t) = £(t)}.
Since

Y(w) = —m

it follows that:

y(t) = FH{Gw)} = F F{g(t) * f(t)} = g(t) = f(2).

Therefore
1 oo
y(t) = e~ =l f(r)dr.

~5a .

This is the particular solution of the equation. With a given f(t), this equation
can be evaluated.

Example 2.8.2. Use the Fourier transform to solve the one-dimensional classi-

cal wave equation
0y(x,t) 1 0%y(w,t)
= 2.17
Ox? vZ  Ot2 (2.17)

with an initial condition
y(x,0) = f(z), (2.18)

where v? is a constant.
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Solution 2.8.2. Let us Fourier analyze y(x, t) with respect to x. First express
y(z,t) in terms of the Fourier integral

1 > -
Yot = o / Gk, )t dk, (2.19)

— 00
so the Fourier transform is

y(k,t) = /OO y(z, t)e ke d. (2.20)

— 00

It follows form (2.19) and (2.18) that:

y(x,0) = 2i /oo y(k,0)e*® dk = f(x). (2.21)

T J-

Since the Fourier integral of f(x) is

f@) = o [ T a (2.22)

clearly

~

y(k,0) = f(k). (2.23)

Taking the Fourier transform of the original equation, we have

o) 2 oo 2
/ 0 y(l‘,t) e—ikx de = i/ 0 y(I,t) e—ikz de,

o 022 v2 ) Ot?

which can be written as

oo 2 X 1 2 [ee] .
/ 9y(,t) y(@, t)e_‘k” de = o / y(z, t)e e da.

B vor ) .

The first term is just the Fourier transform of the second derivative of y (z,t)
with respect to x

oo 92
X

— 00
therefore the equation becomes
N 1 02
—k*y(k,t) =

vﬁ@@(k,t)

Clearly the general solution of this equation is

y(k,t) = cl(k')eik”t + cz(k')e_ik”t.
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where ¢1 (k) and co(k) are constants with respect to t. At t = 0, according
to (2.23)

G(k,0) = c1 (k) + calk) = F(k).

This equation can be satisfied by the following symmetrical and antisymmet-
rical forms:

11+ ~
ea(k) = 5 [Fk) +5(k)]
k) = L [Fk) - gtk
es(k) = 5 [ Fk) —5(k)]
where g(k) is a yet undefined function. Thus
~ 14 ikv —ikv 1 ikv —ikv
y(k,t) = if(k) (ek t 4 ik t) +§g(]€) (ek t_ o—ik t).

Substituting it into (2.19), we have

1 [ 1~ 7. .
y(z,t) = o §f(k) |:elk(a:+vt)_’_elk:(w t)} Ak
1 (<1

- ik(z+vt) _ ik(z—wvt)
+ o 2g(lc) [c e } dk.

Comparing the integral
1 [~ .
L= / Fk)e*ete
T J -

with (2.22), we see that the integral is the same except the argument x is
changed to x 4 vt. Therefore

I = f(z +vt).

It follows that:

[f(z+vt) + flx —ot)] + % l9(z + vt) — g(z — vt)]

N | =

y(l‘,t) =

where g(z) is the Fourier inverse transform of g(k). The function g(z) is
determined by additional initial, or boundary conditions.

In Chap.5, we will have a more detailed discussion on this type of prob-
lems.
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2.9 The Uncertainty of Waves

Fourier transform enables us to break a complicated, even nonperiodic wave
down into simple waves. The way of doing it is to assume that the wave is a
periodic function with an infinite period. Since it is not possible to observe
the wave over an infinite amount of time, we have to do the analysis based
on our observation over a finite period of time. Consequently we can never be
100% certain of the characteristics of a given wave.

For example, a constant function f(¢) has no oscillation, therefore the
frequency is zero. Thus the Fourier transform fis a delta function at w = 0,
as shown in Fig. 2.2. However, this is true only if the function f(t) is a constant
from —oo to +00. But under no circumstances can we be sure of that. What
we can say is that during certain time interval At, the function is a constant.
This is represented by a rectangular pulse function shown in Fig. 2.4. Outside
this time interval, we have no information, therefore the function is given a
value of zero. The Fourier transform of this function is 2sin aw/w. As we see
in Fig. 2.4, now there is a spread of frequency around w = 0. In other words,
there is an uncertainty of wave’s frequency. We can tell how uncertain is the
frequency by measuring the width Aw of the central peak. In this example,
At = 2a, Aw = 27/a. It is interesting to note that At Aw = 4m, which is a
constant. Since it is a constant, it can never be zero, no matter how large or
small At may be. Therefore there is always some degree of uncertainty.

According to quantum mechanics, photons and electrons can also be
thought of as waves. As waves, they are also subject to the uncertainty that
applies to all waves. Therefore in the subatomic world, phenomena can only
be described within a range of precision that allows for the uncertainty of
waves. This is known as the Uncertainty Principle, first formulated by Werner
Heisenberg.

In quantum mechanics, if f(¢) is normalized wave function, that is

/mkﬂﬂﬁﬁ=17

— 00

then the expectation value (t") is defined as

@%z/mvwFW®

— 00

The uncertainty At is given by the “root mean square” deviation, that is
1/2
At = <t2 — <t>2> :

If f(w) is the Fourier transform of f(¢), then according to Parseval’s

theorem - -
/ ‘f(w)rdw - QW/ 1£(8)]? dt = 2.

— 00 — 00
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Therefore the expectation value of (w™) is given by

(W™ = ! /00 ‘f(w)rwndw.

=5 N

The uncertainty Aw is similarly defined as
1/2
Aw = <w2 - <w>2> .
If f(t) is given by a normalized Gaussian function

2a

ft) = <7T)1/4 exp (—at?),

then clearly (t) = 0, since the integrand of [~ |f (t)]* t dt is an odd function,
and At = <t2>1/2 . By definition

(t*) = <2a)1/2 /OO exp (—2at?) £ dt.

™ —oo

With integration by parts, it can be easily shown that

/ exp(—2at*)t* dt = —4—75 exp(—2at?) + 7/ exp(—2at?)dt
a

oo oo 4a )
1/ 1\"? ) 1/ my\1/2
= (2a> /_OO exp(—u®)du = " <%) .
Thus s " s
At = (2)'/? Za i(’r)l/z _(L
B ™ 4a \2a - \da
Now

Thus
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Therefore

1\ /2 e 1
At-Aw= | — =-.
t-Aw (4@) (a) 5

As we have discussed, if we change the name of the variable ¢ (representing
time) to x (representing distance), the angular frequency w is changed to the
wave number k. This relation is then written as

A:c~Ak:1.
2

The two most fundamental relations in quantum mechanics are
E=hv and p=hk,

where E is the energy, p the momentum, and 7% is the Planck constant, h/27.
It follows that the uncertainty in energy is AE = A Aw, and the uncertainty
in momentum is Ap = h Ak. Therefore, with a Gaussian wave, we have

At~AE:E, AZE"APZE.
2 2

Since no other form of wave function can reduce the product of uncertainties
below this value, these relations are usually presented as

h h
At-AE > —, Ax - Ap > —,
2 2
which are the formal statements of uncertainty principle in quantum mechanics.

Exercises

1. Use an odd function to show that

© 1 _—cosTw . - 0<t<m
/ ————— sinwtdw = .
0 w 0 t>m

po |

2. Use an even function to show that

> coswt T
SOW dw = Tet,
/0 112 7 2°

3. Show that
t <0,

0

/°° coswt + wsin wt m
SRR TR Z
0 1"‘(.«)2 2
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4. Show that
sint
/°° sin 7w sin wt e 0<t<m.
————dw =
0 1 — w2 O
t>m
5. Find the Fourier integral of
() = 1 0<t<a,
10 t>a.
Ans. () = g/m sin aw coswtdw
m™Jo w
6. Find the Fourier integral of
() = t 0<t<a,
10 t>a.
oo 3 3 -1
Ans. f(t) = %/ (aslnaw 4+ aa; ) coswt dw.
0 w w

7. Find the Fourier integral of
f)y=et4+e 2 t>0.

6 [ 2+w?
Ans. f(t) = ;A mcoswtdw .

8. Find the Fourier integral of

flt) =

2 0<t<a,
0 t>a.

° 2 2 t
Ans. f(t) = %/ [(aQ - 2) sin aw + — cos aw} B .
0 w

w w

9. Find Fourier cosine and sine transform of

1 0<t<1,
)= 0 t>1
Ans. fAs= gl—cosw’ Ac: gsinw
T w T W

10. Find Fourier transform of

-t 0<t,
f(t){eo tzo.

Ans. m
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12.

13.

14.

15.

16.
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Find Fourier transform of

ﬂﬂ:{l—t|ﬂ<L

0 1<t.
2 iw iw _ —iw
Ans. < .e + e:) .
1w w

Find Fourier transform of

et <,
ﬂw{o 1< .

1—iw —1+iw

Ans, &
1—iw

Show that if f(¢) is an even function, then the Fourier transform reduces
to the Fourier cosine transform, and if f(¢) is an odd function it reduces
to Fourier sine transform.

Note that the multiplicative constants o and [ may not come out the
same as we have defined. But remember that as long as a x 3 is equal to
2/m, they are equivalent.

If f(w) = F{f(t)}, show that

FLit)" F(0)} = - Fw).

dwm

Hint: First show that % =—1F{tf(t)}.

Show that ) "
F{f0)} = —i/ flo')dw’
(a) Find the normalization constant A of the Gaussian function exp(—at?)
such that o
/ |Aexp(—at2)‘2dt =1.

o~

(b) Find the Fourier transform f(w) of the normalized Gaussian function
and verify the Parseval’s theorem with explicit integration that

Ans. A = (2a/7)"/%.
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17. Use Fourier transform of exp (— [¢t|) and the Parseval’s theorem to show
that
/ e dw 7
oo (T+w?)2 27
18. (a) Find the Fourier transform of

t
1—|=] 2<t<?2
5
0 otherwise

(b) Use the result of (a) and the Parseval’s theorem to evaluate the integral
= [T

19. The function f(r) has a Fourier transform

Ans. T =27/3.

N 1 e 11
f(k) = [COEE /f(r)elk d’r = (2n)p 2 R
Determine f(r).

Ans. f(r) = L

T dnr”

20. Find the Fourier transform of
F(t) = te™4"

Ans. f(w) = fi‘l/—gwe’“ﬂ/w.

21. Find the inverse Fourier transform of

o~

flw) =72l

2 1

22. Evaluate

1
Fle—m——— b,
{w2—|—4w—|—13}

Hint: w? + 4w + 13 = (w +2)2 + 9.

Ans. f(t) = te72te=31,
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Sturm—Liouville Theory and Special Functions






3

Orthogonal Functions and Sturm—Liouville
Problems

In Fourier series we have seen that a function can be expressed in terms of
an infinite series of sines and cosines. This is possible mainly because these
trigonometrical functions form a complete orthogonal set.

The concept of an orthogonal set of functions is a natural generalization
of the concept of an orthogonal set of vectors. In fact, a function can be
considered as a generalized vector in an infinite dimensional vector space and
sines and cosines as basis vectors of this space. This make us ask where does
such basis come from. Are there other bases as well? In this chapter we discover
that such bases arise as the eigenfunctions of self-adjoint (Hermitian) linear
differential operators, just as Hermitian n X n matrices provide us with sets
of eigenvectors that are orthogonal bases for n-dimensional space.

Many important physical problems are described by differential equations
which can be put into a form known as Sturm-Liouville equation. We will
show that under certain boundary conditions of the solution of the equation,
the Sturm—Liouville operators are self-adjoint. Therefore many basis sets of
orthogonal functions can be generated by Sturm-Liouville equations. Viewed
from a broader Sturm-Liouville theory, Fourier series is only a special case.

Some Sturm-Liouville equations are of great importance, we give names
to them. Solutions of these equations are known as special functions. In this
chapter we will discuss the origin and properties of some special functions
that are frequently encountered in mathematical physics. A more detailed
discussion of the most important ones will be given in Chap. 4.

3.1 Functions as Vectors in Infinite Dimensional Vector
Space

3.1.1 Vector Space

When we construct our number system, first we find that additions and
multiplications of positive integers satisfy certain rules concerning the order
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in which the computation can proceed. Then we use these rules to define a
wider class of numbers.

Here we are going to do the same thing with vectors. Based on the
properties of ordinary three-dimensional vectors, we abstract a set of rules
that these vectors satisfy. Then we use this set of rules as the definition of
a vector space. Any set of objects that satisfies these rules is said to form a
linear vector space.

As a consequence of the definition of ordinary vectors, it can be easily
shown that they satisfy the following set of rules:

— Vector addition is commutative and associative

a+b=Db+a,
(a+b)+c=at+(b+c).

— Multiplication by a scalar is distributive and associative
ala+b) =aa+ ab,
(o + B)a= aa+ Pa,
a(fa) = (af)a,

where o and 3 are arbitrary scalars.
— There exists a null vector 0, such that

a+0=a.

All vectors a have a corresponding negative vector —a, such that
a+(—a)=0.
— Multiplication by unit scalar leaves any vector unchanged,
la=a.
— Multiplication by zero gives a null vector,
0a = 0.

Now let us consider all well behaved functions f(z), g(x), h(z), ... defined
in the interval a < z < b. Clearly, they form a linear vector space, since it can
be readily verified that



3.1 Functions as Vectors in Infinite Dimensional Vector Space 113

alf(z)+g(@)] = af(z) + ag(z),
(a+pB)f(z) = af(x) + Bf(z),
a(Bf(2)) = (ap)f(x).
f@)+0=f(z)
f@) + (= f(2))
1 x f(z) = f(z)
0x f(z)=0.

0.

Therefore a collection of all functions of x defined in a certain interval of
x constitutes a vector space.

Dimension of a Vector Space. A three-dimensional ordinary vector v is
described by its three components (v1, v2, vs). It can be regarded a func-
tion with three distinct values [v(1), v(2), v(3)]. A n-dimensional vector is
defined by n-tuples [v(1), v(2),...,v(n)], as we have seen in the matrix theory.
Now the function f(z) is a vector, what is its dimension?

Let us imagine approximating the function f(z) between a < z < b in a
piecewise constant manner. Divide the z interval (¢ < x < b) into n equal
parts. Approximate the function by a sequence of values (f1, fo,...,fn),
where f; is the value of f(x) at the left endpoint of the ith subinterval, except
fn which is the value of f(b). For example, if we approximate f(z) = 1+ z
in 0 < z < 1 by dividing the interval into two equal parts, then f(z) is
approximated by [f(0), f(0.5), f(1)], or (1, 1.5, 2.0). Of course this is a very
poor approximation. A better approximation would be to divide the interval
in ten equal parts and approximate the function with 11 tuples of numbers
(1, 1.1, 1.2,...,2). Since the function is actually defined by all possible values
of & between 0 and 1, which consists of infinite number of values of = from
0 to 1, the function is described by n-tuples of numbers with n — oo. In this
sense, we say that the function is a vector in an infinite dimensional vector
space.

3.1.2 Inner Product and Orthogonality

So far we have not mentioned dot product of vectors. Dot product is also called
inner product or scalar product. Often it is written as u- v, or as (u| v), or
(u,v).

u-v=(ulv)=(uv).

A vector space does not need to have a dot product. But a function space
without an inner product defined is too large a vector space to be useful in
physical applications.

If we choose to introduce an inner product for the function space, how is
it to be defined? Again we elevate the properties of dot product of familiar
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vectors to axioms and require the inner product of any vector space to satisfy

these axioms.
From the definition of the dot product of two three-dimensional vectors

uand v:
3

u-Vv = ujv; + ugve + uszvsg = E UjVj,
Jj=1

it can be easily deduced that dot product is
— commutative
— and linear
(au+pv) - w=a(u-w)+8(v-w).
The norm (or length) of vector is defined as

1/2

3
afl = (w-w)"”? = | " uju,
j=1

— Therefore the norm is non-negative
u-u>0 for all uz#0.

In complex space, the components of a vector can assume complex values.
As we have seen in matrix theory, the inner product in complex space is
defined as

3
_ * * * _ *
UV = UV + UyVg + UgV3 = E U;v;,
J=1

where u* is the complex conjugate of u. Therefore in complex space,
— The commutative rule u-v = v - u is replaced by
u-v=(v-u)", (3.1)
This follows from the fact that

*
3

3 3
u~v=2u;vj=Z(ujvj)*: Zv;fuj =(v-u)".
=1 =1 j=1

Thus, if « is a complex number, then

(au-v) =a*(u-v), (3.2)

(u av) = a(u-v). 3.3
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Now if we use these properties as axioms to define a wider class of inner
products, then we can see that for two n-dimensional vectors u and v in
complex space, the expression

n
u-v =ujviwy + usvows + - - - + wrv,w, = E u;-‘vjwj (3.4)
j=1

is also a legitimate inner product as long as w; is a fixed real positive constant
for each j.

Let us use two-dimensional real space for illustration. Suppose that
u=(1,2) and v =(3, —4), with wy; =2, we = 3, then

u-v = (1)B)2) + (2)(—4)(3) = 18

veou=(3)(1)(2)+ (=49)(2)@3) = —18,

in agreement with the axiom u-v=v-u.
On the other hand, if wy = 2, wy = —3, then
u-u=(1)(1)(2) + (2)(2)(=3) = -10,
in violation of the axiom u-u > 0 for u # 0.

It can be readily verified that with real positive w;, (3.4) satisfies all the
axioms of inner product. The wj;s are known as “weights” because they attach
more or less weight to the different components of the vector. Of course, w;
can all be equal to one. In many applications, this is indeed the case.

To define an inner product in a function space in the interval a < z < b,
let us divide the interval into n — 1 equal parts and imagine that the functions
f(x) and g(x) are approximated in a piecewise constant manner as discussed
before:

f(x):(flv f27"'7fn)1
g(l’) = (gla 927"-7.977,)-
We can adopt the inner product as

(flg) = Zf;ngxj,
=1

where Az; is the width of the subinterval. Regarding Az; as the weights, this
definition is in accordance with (3.4). If we let n — oo, this sum becomes an
integral

b
ﬁm:/fww@m.

The weight could also be w(x)dx, as long as w(z) is a real positive function.
In that case, the inner product is defined to be

b
UWZ/fwwwmmm
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This is the general definition of an inner product of an infinite dimensional
vector space of functions. It can be readily shown that this definition satisfies
all the axioms of an inner product. As mentioned before, in many problems
the weight function w(z) is equal to one for all . It is to be emphasized that
our heuristic approach is neither a derivation nor a proof, it only provides the
motivation for this definition.

Two functions are said to be orthogonal in the interval between a and b if

b
<ﬂ@=/¢wmmmm@mzu

The norm of a function is defined as

b 1/2 b 1/2
IWﬂWW=VMWWWW]=VUWWM4-

The function is said to be normalized if

Il =1.

An infinite dimensional vector space of functions, for which an inner
product is defined is called a Hilbert space. In quantum mechanics, all
legitimate wavefunctions live in Hilbert space.

3.1.3 Orthogonal Functions

Orthonormal Set. A collection of functions {#,,(x)}, where n = 1,2,... is
called an orthogonal set if (¢, |¢,,) = 0 whenever n # m.
Dividing each function by its norm

1

= mwn@?%

P ()

we have an orthonormal set {¢,,(z)}, which satisfies the relation

_JOn#Em
It is to be noted that the functions in the set and their inner products are to
be defined in the same interval of x.
For example, with a unit weight function w(z) = 1, the set of functions

{sin ) (n=1,2,...) is orthogonal on the interval 0 <z < L, since
L
nmTr . Mmmx
/ sin —— sin dx:{gnfm.
0 L L 2 n=m
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Furthermore, {¢,,(x)} where

2
O () =1/ 7 sin %,

is an orthonormal set in the interval of ¢(0, L).
Gram—Schmidt Orthogonalization. Out of a linearly independent (but not
orthogonal) set of functions {u,(x)}, an orthonormal set {¢,} over an
arbitrary interval and with respect to an arbitrary weight function can be
constructed by the Gram—Schmidt orthogonalization method. The procedure
is similar to that we have used in the construction of a set of orthogonal
eigenvectors of a Hermitian matrix.

From a given linearly independent set {u,}, an orthogonal set {¢,,} can
be constructed. We start with n = 0. Let

Po(x) = uo(x)
and normalized it to unity and denote the result as ¢

Bo(2) = ).

[ 1o (@) w(x)dz]

Clearly,

[160(2) |wdx—w dx/wo 2 w(z) dz =

For n =1, let

Y1(z) = u1(z) + a1y ().
we require 1, (z) to be orthogonal to ¢, (),

[ i@ @ulo) o
/<z>0 2)uy (z)w(z) dz +a10/|¢0(x)|2w(x) dz = 0.
Since ¢, is normalized to unity, we have
a0 =~ [ Gi(em@u(a)d.

With a1 so determined, v, () is a known function, which can be normalized.
Let

¢1(x) = le(m).
[f |11 (@ )da:] K
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For n =2, let
Vo(z) = u2(x) + ag1¢ (z) + a0, (7).

The requirement that 1, (z) be orthogonal to ¢, (z) and to ¢y(x) leads to
as = —/ﬂ(x)ug(x)w(x) dz,
asp = —/qﬁé(x)uz(x)w(x) dz.

Thus ¥4 (x) is determined. Clearly this process can be continued. We take 1,
as the ith function of {¢,,} and set it to equal w; plus an unknown linear com-
bination of the previously determined ¢;, j = 0,1,...7 — 1. The requirement
that 1; be orthogonal to each of the previous ¢; yields just enough constraints
to determine each of the unknown coefficients. Then the fully determined ),
can be normalized to unity and the steps are repeated for 1, In terms of
the inner products, the procedure can be expressed as:

Yo = ug ¢0 =1y <¢0 W0>_1/2
Yy =u1 — ¢y (¢ |u1) b1 =Py (g W)1>71/2
o = up — ¢y (P |U2> — @0 <¢0 |U2> Gy = g <¢2 W2>_1/2

Wy =i — by (b ) — - by =, (0 [y) 2

Clearly {1, } is an orthogonal set and {¢,,} is an orthonormal set.

Ezxample 3.1.1. Legendre Polynomials. Construct an orthonormal set from the
linear independent functions u,(z) = z™, n = 0,1,2,... in the interval of
—1 <z <1 with a weight function w(z) = 1.

Solution 3.1.1. According to the Gram—Schmidt process, the first unnormal-
ized function of the orthogonal set {1, } is simply wo,

'll)O:’U,O:l.

The first normalized function of the orthonormal set {¢,,} is

~1/2

1
o= (0 o0) M=o | [ aa] =
0 0 (Yo [¥o) o/, NG
The next function in the orthogonal set is

P =u1 — @q <¢0 ‘U1> .
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Since )
(o lu1) = /_1 %xdx =0,
SO
Yy ==
and »
1 _
- 3
¢1 =¥y (Y1 |¢hy) V2 =g [/1 z? daz} =1/ 5%

Continue the process

Yy = uz — ¢y (1 |ua) — dg (B |ua) -

Since

L 1
(f1 |u2) = /71 \/3363 dz =0, (¢ |u2) = [1 \/ng dr = g7

V2, 1
V23 3’

By = 1y Uy [1hy) % = (x2 - ;) [ /_ 11 (ﬁ = ;)2 dx]
(- DEE )

The next normalized function is
T(5 5 3
It is straight-forward, although tedious, to show that

b, = /2n2+1Pn(x),

where P, (z) is a polynomial of order n, and

Pa(1) =1,

S0
by =122 —0—

and
—1/2

/1 P, (z) Py (x)dz = 2

——dnm-
-1 2n + 1 nm
These polynomials are known as Legendre polynomials. They are one of the
most useful and most frequently encountered special functions in mathemati-
cal physics. Fortunately, as we shall see later, there are much easier methods
to derive them.
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In this example, we have used the Gram—Schmidt procedure to rearrange
the set of linear independent functions {z"} into an orthonormal set for the
given interval —1 < z < 1 and given weight function w(z) = 1. With other
choices of intervals and weight functions, we will get other sets of orthogo-
nal polynomials. For example, with the same set of functions {#"} and the
same weight function w(x) = 1, if the interval is chosen to be [0,1], instead
of [-1,1], the Gram—Schmidt process will lead to another set of orthogo-
nal polynomials known as shifted Legendre polynomial {P:(x)}. With P%(x)
normalized in such a way that P5(1) =1,

Pi() = P, (2 <x— ;)) .

The first few shifted Legendre polynomials are
Pi(x) =1, Pi(x)=22—1, P5(x)=62>—6x+ 1.

As another example, with the weight function chosen as w(z) = e~* in the
interval of 0 < z < oo, the orthonormal set constructed from {z"} is known
as the Laguerre polynomial {L,(x)}. The first three Laguerre polynomials
are

1
(2 — 4z + 2°).

Lo(@) =1, Li(@)=1-x, La(z)=;

It can be readily verified that
oo
/ L, (z) Ly (z)e”*da = dpm.
0
Sometimes Laguerre polynomials are defined with a normalization
o0
/ Lo (2) L (2)e~%daz = 8,y (n1)2.
0
In that case, the first three Laguerre polynomials are
Lo(z) =1, Li(z)=1—x, Lo(x)=2—4x+2°
Obviously infinitely many orthogonal sets of functions can be generated
from {z"} by the Gram—Schmidt process. With a given weight function and a
specified interval, the Gram—Schmidt process is unique up to a multiplication
constant, positive or negative. This process is rather cuambersome. Fortunately,
almost all interesting orthogonal polynomials constructed by this method are

solutions of particular differential equations. Therefore they can be discussed
from the perspective of differential equations.
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3.2 Generalized Fourier Series

By analogy with finite dimensional vector space, we can consider an ortho-
normal set of functions {¢,,(z)} (n=0,1,2,...) on the interval a <z < b as
basis vectors in an infinite dimensional vector space of functions, in which

b
(G 6) = / 64 ()b (2)0(2) A = .

If any arbitrary piecewise continuous bounded function f(z) in the same
interval can be represented as the linear sum of these functions

f(@) = codo(x) + 1oy (@) + - =D cnd, (), (3.5)
n=0

then {¢,,(z)} is said to be complete. If this equation is valid, taking the inner
product with ¢,,(z), we have

<¢m |f> = Z Cn <¢m |¢n> = Zc7l5nm =Cm-
n=0 n=0

The coefficients ¢,

b
e = (b |f) = / o4 () f (2w (z) da (3.6)

are called Fourier coefficients and the series (3.5) with these coefficients

oo

fl@)=> (o, |f) én(x)

n=0

is called the generalized Fourier series. Clearly if a different set of basis {¢,, }
is chosen, then the function can be expressed in terms of the new basis with
a different set of coefficients.

The nature of the representation of f(x) by a generalized Fourier series is
that the series representation converges to the mean. Let us use real functions
to illustrate. Select M equally spaced points in the interval a < z < b at
1 =a, o =a+Azx, x3 =a+2 Az,... where Az = (b —a)/(M — 1). Then
approximate the function at any one of these M points by the finite series

N
F@) =Y Andy ().
n=0

In order to make this approximation as good as possible in the least square
sense, we have to minimize the mean square error. This means we have to
differentiate the mean square error D,
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M N 2
D= Z [f(xl) — Z And)n(xi)‘| w(z;) Az
i=1 n=0

with respect to each of coefficient A,, and set it zero. Let Aj be one of the
A,s. The differentiation with respect to Ay,

oD
ol
leads to
M N
> 2 lf(wi) - An%(ﬂﬂz‘)] [—én(z:)] w(zi) Az =0,
i=1 n=0
M N M
> p(@) faw(@)Ar =Y Ay Y ¢y (1), (zi)w(:) Az = 0.
1=1 n=0 1=1

Now if we take the limit as M — oo and Ax — 0, we see this approaching the
limit

b N b
| e@i@ue) -3 4, [ 0@, @) dr =0,
@ n=0 a
With real functions, the orthogonality condition is

b
L/mw%wmmm:ak

Therefore .
A= [ o) f@u) ds

which is exactly the same as the Fourier coefficient. In this approximation, the
mean square error is minimized. For the generalized Fourier series, in which
{,,} is a complete set and N — oo, the integral of the error squared goes to
Z€ro.

Of crucial importance is that the basis set must be complete. The set
{¢,,} is complete in the function space if there is no nonzero function that

is orthogonal to each of the function ¢,. For example, {%sin nx} (n =

1,2,...) is an orthonormal set on the interval —7 < z < m. But it is not
complete since any even function in that interval is orthogonal to any of ¢,
in the set.

It is not always that easy to use the definition to test if a set is com-
plete. Fortunately, complete sets of orthogonal functions are provided by the
eigenfunctions of certain type of differential operators known as Hermitian
(or self-adjoint) operators.
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3.3 Hermitian Operators

3.3.1 Adjoint and Self-adjoint (Hermitian) Operators

If the functions f(z) and g(x) in the vector space of functions, satisfy certain
boundary conditions, the adjoint of a linear differential operator L, denoted
by LT, is defined by the relation

(Lflg)=(f|LTg).

For example, in an infinite dimensional vector space consisting of all square-
integrable functions with the inner product defined as

qm:[|NM<m

all functions must satisfy the boundary conditions
f(z) — 0, as & — +o0.

If the differential operator L in this space, in which w(z) =1, is d/dz; (L =
d/dz), then the inner product (Lf |g) is given by

el = ptloy= [ (1) 9ae= [ sraan

With integration by parts,

[ gt = e [ rete= (|- 1) = 1170),

since the integrated part is equal to zero because of the boundary conditions
f(£o0) — 0. Thus, the adjoint of the operator L = d/dz is LT = —d/dz in
this space.

Ezample 8.3.1. In the space of square integrable functions f(x) on the interval
—00 < < oo, find the adjoint of the operators (a) L = d?/dz?, and

d
b) L=4%1—.
(b) tdx
d2
Soluti 3.3.1. L=—
olution (a) o2

(Lf g>=<;;f‘g>=<£jf‘—(ig> <f‘d 29> f|LTg).

Therefore the adjoint of d?/dz? is LT = d?/dz?.
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(b)L: i%’
1

o =)= ) - ) i)

d
where we have used (3.2) and (3.3). Therefore the adjoint of L = %d— is
x
d
Lt=31—.
tdz

=

An operator is said to be self-adjoint (or Hermitian) if LT = L. Thus, in
2

d
the above example, the operators and %d— are Hermitian, but d/dz is

2
not Hermitian since Lt = —d/dz Wlfich is not the same as L = d/dx.

In this example, the weight function w(x) is taken to be unity. In general,
w(zx) can be any real and positive function. Furthermore, the space can be
defined in any interval. If z is specified to be on the interval a < x < b, the

general expressions of inner products take the following forms.

wig = [~ @@y e@ui,

— 00

(f|Lg) = /_00 f(z)Lg(z)w(z)dw.

Since w(x) is real, and

/muv@»wmmmmdx(/wg%mLﬂmw@wm>i

— 00 —0o0

a self-adjoint operator L can also be expressed as

/O; f*(z)Lg(z)w(z) de = (/OC 9*(I)Lf(x)w(x)dx>*'

— 00

Symbolically, this also follows from the fact that (Lf |g) = (f |Lg) and
(Lflg) = (g [Lf)", so )
(f |Lg) = (g ILf)". 3.7)

In a finite dimensional space, the eigenvalues of a Hermitian matrix are
real and the eigenvectors form an orthogonal basis. In an infinite dimensional
space, the Hermitian differential operator plays the same role as the Hermitian
matrix in the finite dimensional space. Corresponding to the matrix eigenvalue
problem, we have the eigenvalue problem of differential operator

Lo(x) = Ap(x),

where A is a constant. For a given choice of A, a function which satisfies
the equation and the imposed boundary conditions is called an eigenfunction
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corresponding to A. The constant A is then called an eigenvalue. There is no
guarantee the eigenfunction ¢(z) will exist for any arbitrary choice of the
parameter A. The requirement that there be an eigenfunction often restricts
the acceptable values of A\ to a discrete set. We shall see in Sect. 3.3.2 that
the eigenvalues of a Hermitian operator are real and the eigenfunctions form
a complete orthogonal basis set.
Furthermore, the elements a;; of a Hermitian matrix are characterized by
the relation
Q5 = a;l (38)

In analogy, we often define a “matrix element” L;; of a Hermitian operator
Li; = (¢, |L¢j>~

By (3.7),
<¢i |L¢j> = <¢j |L¢i>*~
Therefore
Lij=Lj. (3.9)

The similarity between (3.8) and (3.9) is obvious.

In quantum mechanics, the expectation value of an observable (a physical
quantity that can be observed), such as energy and momentum, is the average
value of many measurements of that quantity. The outcome of a measurement
is of course a real number. Furthermore, the observable is represented by an
operator O and the expectation value is given by (¥ |O ¥) where ¥ is the
wave function describing the state of the system. Thus (¥ |O ¥) must be real,
that is

(wlow) =(w|ov).

Since
(wlow)" =(ow|v),

it follows
(O¥ )y =(F|OW).

Therefore any operator representing an observable must be Hermitian.

3.3.2 Properties of Hermitian Operators

The Eigenvalues of a Hermitian Operator are Real. Let \ be an eigenvalue of
the operator L and ¢ be the corresponding eigenfunction

Lo = M.

So
(Lo [¢) = (A |¢) = A" (¢ |9) -
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Since L is Hermitian, it follows that

(Lo [9) = (& [Lo) = (¢ |Ap) = A( |¢) .

Thus
A (P |o) = A (o |8).
Therefore
A=\,

the eigenvalue of a Hermitian operator must be real.

It is interesting to note that the Hermitian operator can be imaginary.
Even if the operator is real, the eigenfunction can be complex. But in all
cases, the eigenvalues must be real.

Because the eigenvalues are real, the eigenfunctions of a real Hermitian
operator can always be made real by taking a suitable linear combinations.
Since by definition

L¢i = )‘i¢ia

the complex conjugate is given by
Lo7 = Njoi = Nidy,

where we have used the fact A* = X. Thus both ¢, and ¢; are eigenfunctions
corresponding to the same eigenvalue. Because of the linearity of L, any linear
combination of ¢; and ¢} must also be an eigenfunction. Now both ¢,+ ¢; and
i(¢p; — ¢;) are real, so we can take them as eigenfunctions for the eigenvalue
Ai. So for a real operator, we can assume both eigenvalues and eigenfunctions
are real.

The Eigenfunctions of a Hermitian Operator are Orthogonal. Let ¢; and ¢;
be eigenfunctions corresponding to two different eigenvalues A; and A,

Lo; = g,

It follows that
(Lo |8;) = Nty |0;) = A] (95 |95) = Ni (05 [;)

the last equality follows from the fact that the eigenvalues are real. Since L is
Hermitian,

(Lo, |¢j> = (¢, |L¢j> = (& ‘/\j(bj> = \j (& ‘¢j>-
Thus

i <¢z |¢g> = )\j <¢z |¢j>a
(N = A3) (95 ;) = 0.
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Since A\; # \;, we must have
<¢z’ |¢j> = 0.

Therefore ¢; and ¢; are orthogonal.

Degeneracy. If n linear independent eigenfunctions correspond to the same
eigenvalue, the eigenvalue is said to be n-fold degenerate. If this is the case,
we cannot use the above argument to show that these eigenfunctions are
orthogonal and they may not be. However, if they are not orthogonal, we
can use the Gram—Schmidt process to construct n-orthogonal functions out of
the n linearly independent eigenfunctions. These newly constructed functions
will satisfy the same equation and be orthogonal to each other and to other
eigenfunctions belonging to different eigenvalues.

The Eigenfunctions of an Hermitian Operator form a Complete Set. Recall
that a Hermitian matrix can always be diagonalized. The eigenvector of a
diagonalized matrix is a column vector with only one nonzero element. For

e ()61 A02) (é) Y (é) (Ao1 AOQ) (i)) e G)

Any vector in this two-dimensional space can be expressed in terms of these

two eigenvectors
C1 _ ]. + 0
) " \o) T2\ )"

We say that these two eigenvectors form a complete orthogonal basis. Clearly,
the eigenvectors of a n x n Hermitian matrix will form a complete orthogonal
basis for the n-dimensional space.

One would expect that in an infinite dimensional vector space of func-
tions, the eigenfunctions of a Hermitian operator will form a complete set of
orthogonal basis. This is indeed the case. A proof of this fact can be found in
“Methods of Mathematical Physics”, Chap. 6, by Courant and Hilbert, Inter-
science Publishers (1953), Reprinted by Wiley (1989).

Thus, in the interval where the linear operator L is Hermitian, any piece-
wise continuous function f(z) can be expressed in a generalized Fourier series
of eigenfunctions of L, that is, if the set of eigenfunctions {¢,,} (n =10,1,2,...)

is normalized, then
o0

F@) = (f160) bns
n=0
where Lo, = \p&,,.

It is to be emphasized that in the space where L is Hermitian, the functions
in this space have to satisfy certain boundary conditions. It is these boundary
conditions that determine the eigenfunctions. Let us illustrate this point with
the following example.
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Ezample 8.3.2. (a) Let the weight function be equal to unity w(x) = 1, find
the required boundary conditions for the differential operator L = d?/dx?
to be Hermitian over the interval a < z < b. (b) Show that if the solutions
of Ly = Ay in the interval 0 < z < 27 satisfy the boundary conditions
y(0) = y(27), ¥/'(0) = ¢/(27), (where y’ means the derivative of y with respect
to ), then the operator L in this interval is Hermitian. (¢) Find the complete
set of eigenfunctions of L.

Solution 3.3.2. (a) Let y;(x) and y;(x) be two functions in this space. Inte-
grating the inner product (y; |Ly;) by parts gives

b b b
_ [0 Y <dy; dy; dy;
<y'L ‘Ly.7> _/ yl d d |: Z dx " _/a dx dx dCC

Integrating the second term on the right-hand side by parts again yields
b b
dy;” dy; dy; / d?y;
—Zdx = 1. _ 1 d
/a dr dz " dz ¥ 0 Jo da? Yt

dy; dy ’
Ty — | Y i, .
(i | Ly;) {yz de [dx L+<Lyz ly;) -

Thus

Therefore L is Hermitian provided

b b
* dyj dy;k _
], ] o

a

(b) Because of the boundary conditions y(0) = y(27), ¥’ (0) = y'(27),

* d j o * *
| = e en - om0 -0
T Jo

ﬁi; } yi'(2m)y;(2m) — y;'(0)y;(0) = 0.

Therefore L is Hermitian in this interval, since

dy] _ dy;
dx dx

b
(i |Ly;) = [ Z/j] + (Lyi ly;) = (wi |Ly;)

(c) To find the eigenfunctions of L, we must solve the differential equation

d?y(x)
dz?

= \y(z),
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subject to the boundary conditions

y(0) =y(2m),  y'(0) =y (2m).
The solution of the differential equation is

y(z) = Acos VAz + Bsin Vz,
where A and B are two arbitrary constants. So

y'(z) = —VMAsin Vz + VAB cos VA,

and

y(0) = A, y(27) = Acos V271 + Bsin vVA2r,
y'(0) = VAB, ¢/ (27) = —VAAsin VA2 + VAB cos VA2

Because of the boundary conditions y(0) = y(2x), 3'(0) = ¢'(27),

A = AcosV\2r + Bsin VA2,
VIAB = —VAAsin VA2r + VAB cos V2T,

or

A(l — cos \[\277) — BsinVA2r =0
Asin VX271 + B(1 — cos VA2r) = 0.

A and B will have nontrivial solutions if and only if

1—cos VA2  —sin V27 _ 0
sinvA2r 1 —cosvVA2r|

It follows that

1 — 2cos VA7 + cos® VA2T + sin? VA2 = 0,

or
2 — 2cos VA2 = 0.
Thus
cos V2 = 1
and

Vi=n, n=0,12,....

Hence, for each integer n, the solution is

yn(x) = Ay cosnz + By sinna.

129
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In other words, for this periodic boundary conditions, the eigenfunctions of
this Hermitian operator d?/dz? are cosnz and sinnz. This means that the
collection of {cosnz, sinnz} (n =0,1,2,...) is a complete basis set for this
space. Therefore, any piecewise continuous periodic function with period of
271 can be expanded in terms of these eigenfunctions. This expansion is, of
course, just the regular Fourier series.

A systematic account of the relations between the boundary conditions
and the eigenfunctions of the second-order differential equations is provided
by the Sturm—Liouville theory.

3.4 Sturm—Liouville Theory

In the last example, we have seen that the eigenfunctions of the differential
operator d2 /dz? with some boundary conditions form a complete set of orthog-
onal basis. A far more general eigenvalue problem of second-order differential
operators is the Sturm—Liouville problem.

3.4.1 Sturm—Liouville Equations

A linear second-order differential equation

AW) oy B) Syt Clay + AD()y =0, (3.10)

where )\ is a parameter to be determined by the boundary conditions, can be
put in the form of

d? d

@y-i-b(ac)@y—i-c(x)y—i—)\d(x)y =0 (3.11)
by dividing every term by A(z), provided A(z) # 0. Let us define an integrat-
ing factor p(x),

p(x) _ efw b(m’)dz'.
Multiplying (3.11) by p(z), we have
d? d
P() Sy 4 p(@)b(a) Sy plae()y + M)y 0. (3.12)

Since

dp(x) _ d fl b(z')dz’ _ fl b(z’)dz’ d /r / _
o) _ 4, o L bt ae = @)
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SO

d d d? dp(z) d d? d
T [p)gs] =)y + S = pte) o + ) o

Thus, (3.12) can be written as

T [pe)gs] + atwy  dwter =0, (3.13)
where ¢(x) = p(x)c(z) and w(z) =
where nonzero, the solutions of (3.10
are equivalent.

Under the general conditions that p, g, w are real and continuous, and
both p(z) and w(x) are positive on certain interval, equations in the form of
(3.13) are known as Sturm-Liouville equations, named after French mathe-
maticians Sturm (1803 —1855) and Liouville (1809—1882), who first developed
an extensive theory of these equations.

These equations can be put in the usual eigenvalue problem form

p(z)d(x). Since the factor p(z) is every-
)—(3.13) are identical, so these equations

Ly=M\y

by defining a Sturm—Liouville operator

L= | (o) +aw). (3.14)

Sturm-Liouville theory is very important in engineering and physics,
because under a variety of boundary conditions on the solution y(z), lin-
ear operators that can be written in this form are Hermitian. Therefore the
eigenfunctions of the Sturm—Liouville equations form complete sets of orthog-
onal bases for the function space in which the weight function is w(z). The
set of cosine and sine functions of Fourier series is just one example within a
broader Sturm-Liouville theory.

We note that the definitions of the Sturm—Liouville operator vary; some
authors use

d d
L=—
dx ( dax) +al@)
and write the eigenvalue equation as
Ly = —hwy.

As long as it is consistent, the difference is just a matter of convention. We
will use (3.14) as the definition of the Sturm-Liouville operator.
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3.4.2 Boundary Conditions of Sturm—Liouville Problems

Sturm—Liouville Operators as Hermitian Operators. Let L be the Sturm-—
Liouville operator in (3.14), and f(z) and g(z) be two functions having
continuous second derivatives on the interval a < x < b, then

(Lflg) = /:{—1 [d(l < ddx) +q] f}*gw dz.

Since p, ¢, w are real, the integral can be written as

b b
wrig=- [ 4 (rgsr)oae— [Carrg s

With integration by parts,

b

/” df* d_df*
=\ P gxpdga
and

b b
df*dg . (7df* dg . .. dg
/ Pz dxdx_/a arPae =y,

It follows that

P ar

b .d [ dg
‘/afdx(ded
b
/f ( >dx—/qf*gda:7
or
Ldg dfs \1® /b 17d [/ d
sl = o (40 - dxg)]ﬁ/a ol (i) o] oo
N b
- |p(rE-Se)] <.

It is clear that if )
Ldg df*
- _ = 1
[ (f S A g)} 0. (3.15)

(Lflg)=(f|Lg).

In other words, if the function space consists of functions that satisfy
(3.15), then the Sturm-Liouville operator L is Hermitian in that space.

« |b

_df
<Lf|g>——pdx9a

then

Sturm—Liouville Problems. It is customary to refer to the Sturm-Liouville
equation and the boundary conditions together as the Sturm—Liouville prob-
lem. Since the operator is Hermitian, the eigenfunctions of the Sturm—Liouville
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problem are orthogonal to each other with respect to the weight function w(z)
and they are complete. Therefore they can be used as basis for the generalized
Fourier series, which is also called eigenfunction expansion.

If any two solutions y,,(z) and y,,(z) of the linear homogeneous second-
order differential equation

[p(x)y ()] + qlx)y(z) + dMwy(z) =0, a<z<b

satisfy the boundary condition (3.15), then the equation together with its
boundary conditions is called a Sturm—Liouville problem. Since the operator
is real, the eigenfunctions can also be taken as real. Therefore the boundary
condition (3.15) can be conveniently written as

ROWAO
PO | ) )| v

= 0. (3.16)

Depending on how the boundary conditions are met, Sturm-Liouville
problems are divided into the following subgroups.

3.4.3 Regular Sturm—Liouville Problems

In this case, p(a) # 0 and p(b) # 0. The Sturm-Liouville problem consists of
the equation

Ly(x) = Ay(x)
with L given by (3.14), and the boundary conditions

ay(a) + azy'(a)

= ()7
Bry(d) + Bay'(b) = 0,
where the constants «; and oo cannot both be zero, and 8, and 3, also cannot
both be zero.
Let us show that these boundary conditions satisfy (3.16). If y,(x) and
ym(z) are two different solutions of the problem, both have to satisfy the
boundary conditions. The first boundary condition requires

Oélyn(a) + O‘Zy;z(a) 0,
a1ym(a) + azyy,(a) = 0.

This is a system of two simultaneous equations in «; and as. Since a; and
g cannot both be zero, the determinant of the coefficients must be zero,
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Similarly, the second boundary condition requires

Clearly,

b®) V0| yula) w(@)
“))’ym(b) y;xb)‘ ( )’ymm) gl ()

Therefore the boundary condition of (3.16) is satisfied.

Ezample 8.4.1. (a) Show that for 0 <z <1,

y/l + )\y — O
y(0) =0, y(1)=0,

constitute a regular Sturm-Liouville problem.
(b) Find the eigenvalues and eigenfunctions of the problem.

Solution 3.4.1. (a) With p(z) =1, ¢(x) =0, w(z) = 1, the Sturm-Liouville
equation
(py) +qy + dwy =0

becomes
y" 4+ Xy =0.

Furthermore, with a = 0, b =1, a1 =1, aa =0, 8, = 1, 5 = 0, the
boundary conditions

ary(a) + asy'(a) = 0,
Bry(b) + Bay'(b) = 0,

become
y(0) =0, y(1)=0.

Therefore the given equation and the boundary conditions constitute a regular
Sturm—Liouville problem.

(b) To find the eigenvalues, let us look at the possibilities of A = 0, A < 0,
A > 0.
If A = 0, the solution of the equation is given by

y(z) = a1z + co.
Applying the boundary conditions, we have

y(0) =c2=0, y(l)=c1+ca=0,
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so ¢; = 0 and ¢y = 0. This is a trivial solution. Therefore A = 0 is not an
eigenvalue.
If A <0, let A = —p? with real p, so the solution of the equation is

y(x) = creM® 4 coe™H,
The condition y(0) = 0 makes ¢; = —c;. The condition y(1) = 0 requires
y(1) =ci(e* —e™#) =0.

Since p # 0, so ¢; = 0. Again this gives the trivial solution.
This leaves the only possibility that A > 0. Let A\ = p? with real y, so the
solution of the equation becomes

y(x) = ¢ cos px + co sin p.
Applying the boundary condition y(0) = 0 leads to
y(0) =¢; =0.
Therefore we are left with
y(z) = o sin px.
The boundary condition y(1) = 0 requires
cosinp = 0.
For the nontrivial solution, we must have
sinp = 0.

This will occur if p is an integer multiple of T,

Thus the eigenvalues are
A =p?=(nm)?, n=1,2,...,
and the corresponding eigenfunctions are
yn(x) = sinnrz.

Of course, we can solve this problem without knowing that it is a Sturm—
Liouville problem. The advantage of knowing that {sinnwz}(n = 1,2,...)
are eigenfunctions of a Sturm—Liouville problem is that immediately we know
that they are orthogonal to each other. More importantly, we know that they
form a complete set in the interval 0 < x < 1.
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Ezample 8.4.2. (a) Put the following problem into the Sturm-Liouville form,

y' =2y +dy=0, O0<z<n7
y(0) =0, y(m)=0.

(b) Find the eigenvalues and eigenfunctions of the problem.
(c) Find the eigenfunction expansion of a given function f(z) on the interval
0<x<m.

Solution 3.4.2. (a) Let us first find the integrating factor p,
p(z) = efm(_z)dm/ =727,
Multiplying the differential equation by p(z), we have
e 27y _ 2672y 4 N2y — (),
which can be written as
(e™2™y') + X e %y = 0.

This is a Sturm-Liouville equation with p(z) = e=2*

e~ 2%,

, ¢(z) =0, and w(z) =

(b) Since the original differential equation is an equation with constant
coefficients, we seek the solution in the form of y(x) = ™*. With this trial
solution, the equation becomes

(m? —2m + \)e™ = 0.
The roots of the characteristic equation m? — 2m + A = 0 are
m=1+v1—-\,

therefore
y(x) =e” <c10V T 17”)

for X # 1.
For A = 1, the characteristic equation has a double root at m = 1, and the
solution becomes
ya2 () = csx + ¢4.

The boundary conditions y2(0) = 0 and yo(7) = 0 require that ¢z = ¢4 = 0.
Therefore there is no nontrivial solution in this case, so A = 1 is not an
eigenvalue.

For A # 1, the boundary condition y(0) = 0 requires

y(0) =c¢1 +c2 = 0.
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Therefore the solution becomes

y(x) — clex (e\/l—)\z _ e—\/l—/\m).

If A < 1, the other boundary condition y(m) = 0 requires

y(m) = cre” (e‘/m’r - e*m”) =0.

This is possible only for the trivial solution of ¢; = 0. Therefore there is no
eigenvalue less than 1.
For A > 1, the solution can be written in the form of

y(@) = c1e® (ei\/,\—u _ e—i\/,\—u)

= 2ici1e” sin vV A — 1x.
The boundary condition y(7w) = 0 is satisfied if
sinvA —1r = 0.

This can occur if
A—1=n, n=1, 2,....

Therefore the eigenvalues are
M=n?+1, n=1,2,...,
and the eigenfunction associated with each eigenvalue A, is
o, (x) = ¥ sinnz.

Any arbitrary constant can be multiplied to ¢,,(z) to give a solution for the
problem with A = \,,.

(c) For a given function f(z) on the interval 0 < x <, the eigenfunction
expansion is

f@) = cnt, (@),

Since {¢,,} (n = 1,2,...) is a set of eigenfunctions of the Sturm-Liouville

problem, it is an orthogonal set with respect to the weight function w(z) =
—2z
e

)

(D |Om) = /W(e‘r sinnz)(e” sinmz)e **dz =0, for n#m.
0

For n = m,

(D, @) = / (e® sinnx)(e” sinnx)e 2 dr = / sin? nz dz = g
0 0
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Therefore
<¢n |¢m> = =0nm.

Taking the inner product of both sides of the eigenfunction expansion with
®,,, we have

o0 o0 T
(f D) z::lcn ;cn§ = 7cm.
Therefore 9
=—(fl¢n),
T
where

(f o) / f(x)e®sinnx e 2“7d33—/ f(x)e " sinnx dz.

It follows that

||M8 HMX

3w

(f1on) ¢

2
— (/ f(x)e ®sinnx dx> e” sin nx.
T

Ezample 8.4.3. (a) Find the eigenvalues and eigenfunctions of the following
Sturm-Liouville problem:

f(z)

y'+ Xy =0,
y(0) =0, y(1) —y'(1) =0.

(b) Show that the eigenfunctions are orthogonal by explicit integration,

1
/ Yn(2)ym(x)de =0, n #m.
0
(c) Find the orthonormal set of the eigenfunctions.

Solution 3.4.3. (a) It can be easily shown that for A < 0, no solution can
satisfy the equation and the boundary conditions. For A = 0, it is actually an
eigenvalue with an associated eigenfunction yo(z) = z, since it satisfies both
the equation and the boundary conditions

d2

@x =0, (0)=0, yo(1)— y(’)(l) =1-1=0.



3.4 Sturm-Liouville Theory 139

Most of the eigenvalues come from the branch where A = o? > 0. In that case,

the solution of &2
@9(33) +a?y(z) =0

is given by
y(z) = Acosax + Bsinax.

The boundary condition y(0) = A = 0 leaves us with
y(z) = Bsinax.
The other boundary condition y(1) —y(1) = 0 requires that
sinaw — acosa = 0. (3.17)
Therefore o has to be the positive roots of
tana = a.

These roots are labeled as «, in Fig. 3.1. The roots of the equation tanx = ux
are frequently needed in many applications, and they are listed in Tables 4.19
and 4.20 in “Handbook of Mathematical Functions” by M. Abramowitz and
I.A. Stegun, Dover Publications, 1970. For example, in our case u = 1,
a1 =4.49341, as=7.72525, a3=10.90412, a4=14.06619.... Thus the eigen-
values of this Sturm-Liouville problem are A\g = 0, A, = a2(n = 1,2,...), the
corresponding eigenfunctions are

yo(z) =, yn(x) =sinapz (n=1,2,...).

tanx

51

104

151

Fig. 3.1. Roots of tanz = x, a, is the nth root. ay = 4.49341, . = 7.72525,
a3 = 10.90412,. .. as listed in Table 4.19 of “Handbook of Mathematical Functions”,
by M. Abramowitz and I.A. Stegun, Dover Publications, 1970
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(b) According to the Sturm-Liouville theory, these eigenfunctions are ortho-
gonal to each other. It is instructive to show this explicitly. First,

1 1
. T 1.
rsin o,z dz = |—— cos a,x + —5 sina,
0 Qnp g, 0
1 .
=— [—ay, cos ay, + sina,] = 0,
an

since «, satisfies (3.17). Next

1 1
/ sin apz sin apz do = = / [cos(avy, — aum)x — cos(a, + )] da
0 2 Jo
1 [sin(a, —ap)  sin(a, + o)
2 Qp — Qi a, + oy
Now
sina,, sina,
ay — Q,y = tana, — tana,,, = —
coSQ,  COS Ol
sin o, COS Qy, — COS vy, SiN Oy, sin(ay, — aum)
COS Qy, COS Oy, COS iy, COS Q|
thus )
sin(a, — )
——————— % = COS (ty, COS Oy, -
Qp — Oy
Similarly

sin(ay, + am)

= COS Oy, COS Oy, -
Oy + Oy

It follows that

1
/ sin a,x sin oy, dz = 3 [cos auy, COS Ay, — €COS iy, €OS Qi | = 0.
0

(¢) To find the normalization constant 52 = 01 y2(x) da:

2
= de = .
B /Oac x

1 1
62 = / sin? a,z do = %/ (1 — cos2a,x) dx
0 0

1 sin2a,z]' 1 sin2a,
—2{x— 2ap, ]0_2_ dan,
1 sina, cos oy,
2 20, '
Since tan a,, = a,, from the following diagram, we see that
. (o 7% 1
sina, = —— COS Qv =

Vi+az’ VitaZ
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Thus
2

«
B = -

1 1 « 1

2 n

1= =

2( an /14 o2 \/1—4—04%) 2(14+a2)

Therefore, the orthonormal set of the eigenfunctions is as follows:

2(1 2
{\/gx, (—’—a")sinanx} (n=1, 2, 3,...).

(e27

3.4.4 Periodic Sturm—Liouville Problems

On the interval a < x < b, if p(a) = p(b), then the periodic boundary condi-
tions

y(a) =y(b), o'(a)=y'(b)

also satisfy the condition (3.16). This is very easy to show. Let y,(z) and
ym () be two functions that satisfy these boundary conditions, that is

n(b)7 y;(a) = y;(b)’
m(b),  Ym(a) =y, (b)-
Clearly
yn(0) (D) ‘ ’ yn(a) yp(a)
b P —pla n =0,
O]} sl | v o) 1o
since the two terms are equal.

Therefore, a Sturm—Liouville equation plus these periodic boundary con-
ditions also constitute a Sturm-Liouville problem. Note that the difference
between the regular and periodic Sturm-Liouville problems is that the bound-
ary conditions in the regular Sturm—Liouville problem are separated, with one
condition applying at * = a and the other at x = b, whereas the boundary
conditions in the periodic Sturm—Liouville problem relate the values at x = a
to the values at x = b. In addition, in the periodic Sturm-Liouville problem,
p(a) must equal to p(b).

For example,

y' +dy=0, a<z<b
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is a Sturm—Liouville equation with p = 1, ¢ = 0, and w = 1. Since p(a) =
p(b) = 1, a periodic boundary condition will make this a Sturm-Liouville
problem. As we have seen, if y(0) = y(27), y'(0) = y/(27), the eigenfunctions
are {cosnz, sinnz} (n=0,1,2,...), which is the basis of the ordinary Fourier
series for any periodic function of period 2.

Note that, within the interval of 0 < z < 27, any piece-wise continuous
function f(x), not necessarily periodic, can be expanded into a Fourier series
of cosines and sines. However, outside the interval, since the trigonometric
functions are periodic, f(z) will also be periodic with period 2.

If the period is not 2w, we can either make change of scale in the Fourier
series, or change the boundary in the Sturm—Liouville problem. The result
will be the same.

3.4.5 Singular Sturm—Liouville Problems

In this case, p(z) (and possibly w(z)) vanishes at one or both endpoints. We
call it singular, because Sturm-Liouville equation

(ry")' +qy +  wy =0

can be written as
py" + 'Y +qu+ Iwy =0,

or

1 1 1
y'+ =0y + —qy+ A-wy = 0.
p P p

If p(a) = 0, then clearly at « = a, this equation is singular.

If both p(a) and p(b) are zero, p(a) = 0 and p(b) = 0, the boundary
condition (3.16) is automatically satisfied. This may suggest that there is no
restriction on the eigenvalue A\. However, for an arbitrary A, the equation
may have no meaningful solution. The requirement that the solution and its
derivative must remain bounded even at the singular points often restricts
the acceptable values of A to a discrete set. In other words, the boundary
conditions in this case are replaced by the requirement that y(z) must be
bounded at z = a and = = b.

If p(a) = 0 and p(b) # 0, then the boundary condition (3.16) becomes

oo o] -

This condition will be met, if all solutions of the equation satisfy the boundary
condition

B1y(b) + ﬂ2y/(b) =0,

where constants 5, and 5 are not both zero. In addition, solutions must be
bounded at = = a.



3.4 Sturm-Liouville Theory 143

Similarly, if p(b) = 0 and p(a) # 0, then y(z) must be bounded at = = b,
and
ary(a) + azy’(a) = 0,

where a7 and as are not both equal to zero.
Many physically important and named differential equations are singular
Sturm-Liouville problems. The following are a few examples.

Legendre Equation. The Legendre differential equation
(1—2®)y" =22y’ + \y=0, (-1<z<1)

is one of the most important equations in mathematical physics. The details
of the solutions of this equation will be studied in Chap. 4. Here we only want
to note that it is a singular Sturm—Liouville problem because this equation
can be obviously written as

[(1—22)y] + Xy =0,
2

which is in the form of Sturm-Liouville equation with p(x) = 1 — 22,
g = 0,w = 1. Since p(z) vanishes at both ends, p(1) = p(—1) = 0, it is a
singular Sturm-Liouville problem. As we will see in Chap. 4, in order to have a
bounded solution on —1 < z < 1, A has to assume one of the following values

An=n(n+1), n=0,1,2 ....

Corresponding to each A, the eigenfunction is the Legendre function P, (x),
which is a polynomial of order n. We have met these functions when we
constructed an orthogonal set out of {z™} in the interval —1 < z <1, with a
unit weight function. The properties of this function will be discussed again
in Chap. 4. Since P, (z) are eigenfunctions of a Sturm-Liouville problem, they
are orthogonal to each other in the interval —1 < x < 1 with respect to a unit
weight function w(x) = 1. Furthermore, the set {P,(z)} (n = 0,1,2,...) is
complete. Therefore, any piece-wise continuous function f(z) in the interval
—1 <z <1 can be expressed as

f(z) = chPn(z),

n=0

where

1P f_llf(x)Pn(x)dx.

Cn =
(P |Pn) [, P2(x)da

This series is known a Fourier-Legendre series, which is very important in
solving partial differential equations with spherical symmetry, as we shall see.

Bessel Equation. The problem consists of the differential equation

22y () + zy' (z) — vy + N2y (x) = 0, 0<z<L (3.18)
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and the boundary condition
y(L) =0.

It is a singular Sturm—Liouville problem. In the equation, v* is a given constant
and A\? is a parameter that can be chosen to fit the boundary condition.
To convert this equation into the standard Sturm-Liouville form, let us first
divide the equation by z?2,

2

1 1
V') + (1) =~y + Ny(a) =0, (319)

and then find the integrating factor
— o) T =g

Multiplying (3.19) by this integrating factor, we have

1
zy" (@) +y'(2) — —vy(@) + Nay(w) =0, (3.20)
which can be written as
1
(2] — ;sz + My = 0.

This is a Sturm-Liouville equation with p(z) = z, ¢(z) = —v?/z, w(z) = .
Of course, (3.20) can be obtained directly from (3.18) by dividing (3.18) by «.
However, a step by step approach will enable us to handle more complicated
equations, as we shall soon see.

Since p(0) = 0, there is a singular point at z = 0. So we only need the
other boundary condition y(L) = 0 at = L to make it a Sturm-Liouville
problem.

Equation (3.18) is closely related to the well known Bessel equation. To
see this connection, let us make a change of variable, t = Az,

dy dydt dy

de  dtdz adt’

d2y d [(dy d dy 2d2y
@ Q@ (dx) =% ()\dt) =N

Thus

dy dy

da:

t\dy _

)\ dt
2d y _(t 2d2 _ 2d2
dz2 — \\ dt2 dez”

dt’
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It follows that (3.18) can be written as

tQ@ + e
de? dt
This is the Bessel equation which is very important in both pure mathematics
and applied sciences. A great deal of information about this equation is known.
We shall discuss some of its properties in Chap. 4.

There are two linearly independent solutions of this equation. One is known
as the Bessel function J, (¢), and the other, the Neumann function N, (¢). The
Bessel function is everywhere bounded, but the Neumann function goes to
infinity as t — 0.

Since t = Az, the solution y(x) of (3.18) must be

y(x) = AJ,(Ax) + BN, (Az).

Since the solution must be bounded at x = 0, therefore the constant B
must be zero. Now the values of the Bessel functions J, (t) can be calculated,
as we shall see in Chap.4. As an example, we show in Fig.3.2 the Bessel
function of zeroth order Jy(t) as a function ¢. Note that at certain values of ¢, it
becomes zero. These values are known as the zeros of the Bessel functions, they
are tabulated for many values of v. For example, the first zero of Jy(t) occur
at t = 2.405, the second zero at ¢t = 5.520,.... These values are listed as
201 = 24057 202 = 5520, e

The boundary condition y(L) = 0 requires that

Jy(AL) = 0.
This means that A can only assume certain discrete values such that
)\1.[/:,21,17 )\QL:ZVQ, )\3L:ZV3,... .

That is,

0.75 ¢

Jo(9) o5 |

0.25

o 2% 5 75 \ 10 /125 15
—0.25 1 t

Fig. 3.2. Bessel function of zeroth order Jo(t)
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It follows that the eigenfunctions of our Sturm—Liouville problem are
yn(2) = J,(Anx).

Now J, (Apz) and J, (A, z) are two different eigenfunctions corresponding two
different eigenvalues A, and \,,. The eigenfunctions are orthogonal to each
other with respect to the weight function w(xz) = . Furthermore, {J,(A\,z)}
(n=1,2,3,....) is a complete set in the interval 0 < x < L. Therefore any
piece-wise continuous function f(z) in this interval can be expanded in terms
of these eigenfunctions,

flz)= Z cndy(An),

where
@ 0w fy F@) T O de
(o On) O [E 1 )P da

This expansion is known as Fourier—Bessel series. It is needed in solving partial
differential equations with cylindrical symmetry.

n

Ezxample 3.4.4. Hermite Equation. Show that the following differential equa-
tion

Yy’ —2xy +20y =0, —oc0o<z<00
forms a singular Sturm-Liouville problem. If H,(z) and H,,(x) are two

solutions of this problem, show that

/ Hn(x)Hm(x)e_mzdm =0 for n#m.

Solution 3.4.4. To put the equation into the Sturm-Liouville form, let us
first calculate the integrating factor

p(r) = eff!zwldwl — e,

Multiplying the equation by this integrating factor, we have
2
—x

ey — 2 ey +2a ey =0.

Since ,
[e—x2y/] _ e—xzy// _ 9 e—zzy/7

the equation can be written as

—22 —a?
[e y} +2ae™* y=0.



3.4 Sturm-Liouville Theory 147

z? g=0
w(r) = e~ *. Since p(o0) = p(—o0) = 0, this is a singular Sturm-Liouville
problem. Therefore, if H, (z) and H,,(z) are two solutions of this problem,
then they must be orthogonal with respect to the weight function w(z) = e~
that is

This is in the form of a Sturm-Liouville equation with p(z) = e~
xr

/ Hn(x)Hm(x)e*ﬁdx =0 for n#m.

Ezxample 3.4.5. Laguerre Equation. Show that the following differential equa-
tion
2y +(1—2)y +ny=0, 0<2z<o0

forms a singular Sturm-Liouville problem. If L, (z) and L,,(z) are two solu-
tions of this problem, show that

oo
/ Ly ()L (z)e™"dz =0 for n #m.
0
Solution 3.4.5. To put the equation into the Sturm-Liouville form, let us
first divide the equation by =
1-— 1
y”—l—ixy’-i-nfy:O
x x

and then calculate the integrating factor

T o1

p(z) = of SFds’ R

Multiplying the last equation by this integrating factor, we have
re "y +(1—z)e "y +ne "y=0.

Since
-z, / —x, I

[z e y]/:xe y' + (1 —x)e "y,

the equation can be written as
E e_xy']l +ne%y=0.

This is in the form of a Sturm-Liouville equation with p(z) = x e™*,¢q = 0,
w(zx) = e~ . Since p(0) = p(co) = 0, this is a singular Sturm—Liouville prob-
lem. Therefore, if L,(z) and L,,(z) are two solutions of this problem, then
they must be orthogonal with respect to the weight function w(z) = e™7,
that is -

/ Ly(x)Ly(z)e”*dx =0 for n#m.

— 00
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Ezxample 3.4.6. Chebyshev Equation. Show that the following differential equa-
tion

(1—2?)" —ay +n’y=0, —-l<z<l1
forms a singular Sturm-Liouville problem. If T,,(z) and T,,(x) are two solu-
tions of this problem, show that

| @t

ﬁdfzo for n#m

Solution 3.4.6. To put the equation into the Sturm—Liouville form, let us
first divide the equation by (1 — z?)

1

Y

z / 2
2y 1

1 _
11—z a:2y_0

1—

and then calculate the integrating factor

plz)=e | =,

To evaluate the integral, let v = 1 — 22, du = —2z dz, so
o , 1 [du 1 1 9
Thus

p(z) = ¢ S Emda’ _ edIn(1—2?) _ |:eln(1—m2)] 1/2 = (1 - z?)2,

Multiplying the last equation by this integrating factor, we have
(1 _ 1'2)1/2:(/// _ (1 _ 1‘2)_1/21'2/ + ?’L2(1 _ $2)_1/2y —=0.

Since ,
[(1 _ x2)1/2y’} —(1- x2)1/2y” (- x2)*1/2xy’,
the equation can be written as
I
[(1 _ x2)1/2y/:| (1 —a?)" Y2y = 0.

This is in the form of a Sturm-Liouville equation with p(z) = (1—22)1/2, ¢ =
0, w(z) = (1 —x?)~1/2. Since p(—1) = p(1) = 0, this is a singular Sturm-
Liouville problem. Therefore, if T, (x) and T,,(z) are two solutions of this

problem, then they must be orthogonal with respect to the weight function
w(z) = (1 — 22)~Y/2, that is

T ()T ()

> 1
———dx =0 for n#m.
/—oo vV1-— x? ?é
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3.5 Green’s Function

3.5.1 Green’s Function and Inhomogeneous Differential Equation

So far we have shown that if the solutions of the Sturm-Liouville equation
satisfy certain boundary conditions, then they become a set of orthogonal
eigenfunctions y, (x), with associated eigenvalues A,,.

Now suppose that we want to solve the following inhomogeneous differen-
tial equation in the interval a < xz < b,

d

az |? { (2 )di } + q(z)y + kw(z)y = f(z), (3.21)

where f(z) is a given function. The boundary conditions to be satisfied by
the solution y(z) are the same as that satisfied by eigenfunctions y, (z) of the
Sturm—Liouville problem

d d
e {p(w)dxyn] + q(2)yn + Apw(z)y, = 0.
Note that k # A,,. In fact, k& can even be zero.

It is more convenient to work with the normalized eigenfunctions. If y,,(x)
is not yet normalized, we can define

1
bp(x) = Wyn($)7

so that

D | B0) /as Jw(2)dz = .

Since {¢,,} (n=1,2,...) is a complete orthonormal set, the solution y(z)
of (3.21) can be expanded in terms of ¢,,,

Putting it into (3.21), we have

i . {;x [p(w);x} + q(:v)} )+ k(e Z Cntry(z) = f(2).

{3 [pogt] + a0} 6.0 = Aw@is, o)
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SO

n(=An + F)w(@)d, (2) = f(2).

K

n=1

Multiplying both sides by ¢,,(z) and integrating,

[e'S) b b
> enlhn ) [ 0@ @ (e)de = [ 1@)o,, (@)
n=1 a a

Because of the orthogonality condition, we have

b
(A + k) = / F (@) (),

or
1

kE— X

Cp =

/a " F)on(x)d.

Hence the solution y(z) is given by

00 00 1 b
Y@ =Y ctn(@) =Y [ — f(x/)(i)n(x/)dx’] 0u(2).

Since f(x) is a given function, presumably this series can be computed.
However, we want to put it in a somewhat different form, and introduce a
conceptually important function, known as the Green’s function. Assuming
the summation and the integration can be interchanged, we can write the last
expression as:

b > ’ T
a n=1 n

Now if we define the Green’s function as:
d 1
G, z) = Z M7 (3.22)
then the solution y(z) can be written as:
b
va) = [ 16l )

3.5.2 Green’s Function and Delta Function

To appreciate the meaning of the Green’s function, we will first show that
G(z', ) is the solution of (3.21), except with f(x) replaced by the delta func-
tion §(z’ — x). That is, we will show that
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d d ! ! ! /
e p(z)aG(x )| +q(2)G (2, x) + kw(z)G(2', 2) = §(z" — x), (3.23)

where the delta function §(2’ — x) is defined by the relation

F(x) = /b F(2")6(z' —x)da’, a<z<b.

:Z —Aw(z)d, ()b, () Z M :w(m)qun(ﬂ?/

which can be shown as the eigenfunction expansion of the delta function. Let

5z’ —x) Z and,,(
The inner product of both sides with one of the eigenfunctions shows that

an = (0(2' = z) [$,(2)) .

Therefore
5o/ — ) Zangb = 3 (3" — ) |6, (2)) b (x)

:ZV §(z' — x)¢, (x)w(x)dz| ¢, ( Z

Furthermore, since d(z’ — z) is nonzero only for z = 2/,
6(z' —x) =6(x — ) Z (3.24)

Equation (3.23) is thus established.

Now the Green’s function can be interpreted as follows. The linear dif-
ferential equation, such as (3.21), can be used to describe a linear physical
system. The function f(z) in the right-hand side of the equation represents
the “force,” or forcing function applied to the system. In other words, f(z)
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is the input to the system. The solution y(z) of the equation represents the
response of the system.

The Green’s function G(z’, x) describes the response of the physical system
to a unit delta function, which represents the impulse of a point source at x’
with a unit strength.

We can model any input f(z) as the sum of a set of point inputs. This is

expressed as
/ f(2)o(z" — x)da'.

The value of f(z') is simply the strength of the delta function at z’. Since
G(z',z) is the response of a unit delta function, if the strength of the delta
function is f(a’) times larger, the response will also be larger by that amount.
That is, the response will be f(z') G(z’, x). Since the system is linear, we can
find the response of the system to the input f(z) by adding up the responses
of the point inputs. That is

z) = / PG )de.

Ezample 3.5.1. (a) Determine the eigenfunction expansion of the Green’s func-
tion G(2/,x) for

y'ty==
y(0) =0, y(1)=0.
(b) Find the solution y(z) of the inhomogeneous differential equation through

y(z) = /01 ' G(2 x)da’.

Solution 3.5.1. (a) To solve this inhomogeneous differential equation, let us
first look at the related eigenvalue problem,

Y +y+ Xy =0.
y(0) =0, y(1) =0,

which is a regular Sturm-Liouville problem, with p(z) =1, ¢(z) =1, w(z) =
1. The solution of the equation

y'=—-(1+Ny

is
y(x) = AcosvV1+ Az + Bsin V1 + Ax.

The boundary condition y(0) = 0 requires

y(0) =A=0,
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S0
y(1) = Bsinv1+ A\

Thus the other boundary condition y(1) = 0 makes it necessary that
1+ A=nm, n=1, 2, 3,
It follows that the eigenvalues are
A\ =n’7m? —1,
and the corresponding eigenfunctions are
yn(x) = sinnrz.

Therefore the normalized eigenfunctions are

() = SInTE = V2sinnmz.

Uol sin® nma dm] i

Hence the Green’s function can be written as

00 , .
d) sinnma’ sinnrx
0— /\ 1 — n2x2
n=1

(b) The solution y(a:) is therefore given by

1 1
y(m):/ 'G(a', x)da’ —2ZM/ 2 sinnrz’ de’.
0

nw? J,

Since

nm

1 1 1
! 2 !/ /! / 1 / 1 !/ /!
' sinnrx’ dz’ = |x —— COsSnnmx + — cosnmx dx
0

0 nm 0
(_1)n+1
= ——cosnmw = ——,
nmw nmw
the solution can be expressed as:

[e’e] 1 .
2 Z n+ sinnmwx
T = 1—n27r2) '

153

In this example, with the eigenfunction expansion of the Green’s function,
we have found the solution of the problem expressed in a Fourier series of sine
functions. To show that the Green’s function is the response of the system
to a unit delta function, it is instructive to solve the same problem with a

Green’s function obtained directly from the equation
2

da?

This we will do in the following example.

G2, 2)+G(2',2)=06(x' —x).

(3.25)
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Ezample 8.5.2. (a) Solve the problem of the previous example with a Green’s
function obtained from the fact that it is the response of the system to a
unit delta function. (b) Solve the inhomogeneous differential equation of the
previous example, with the Green’s function obtained in (a).

Solution 3.5.2. (a) Since the Green’s function is the response of the system
to a delta function, we require it to be continuous and bounded in the interval
of interest. For = # z’, the Green’s function satisfies the equation

2

d ’ / _
@G(x,x)—l—G(m,x)—O.

The solution of this equation is given by
G(2',z) = A(z') cosx + B(x2) sinz.

As far as z is concerned, A(2’) and B(z') are two arbitrary constants. But
there is no reason that these constants are the same for z < 2’ as for z > 2/,
in fact they are not. So let us write G(2/, x) as

acosT +bsinz x <,
ccosx +dsinx x> 2.

6le'0) = {

Since the Green’s function must satisfy the same boundary conditions as the
original differential equation. At x = 0, G(z’,0) = 0. Since x = 0 is certainly
less than z’, therefore we require

G(2',0) =acos0+bsin0 =a = 0.
Furthermore, because at x = 1, G(z/,1) = 0, we have
G(2',1) = ccos1 +dsinl = 0.

It follows that
cos 1

sinl’
Thus, for z > a/,

osl . . .
sine = c——(sin 1 cosx — cos 1 sin z)
1 sin 1

G(x',z) = ccosx — s

C

sin(1 — x).

sin 1

Hence, with boundary conditions, we are left with two constants in the Green’s
function to be determined,

bsinx T <,
sin(1 —x) x> 2.

Gz, z) = {C .

sin 1
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To determine b and ¢, we invoke the condition that G(z’, ) must be continuous
at x = 2/, so

L . ’
bsinz' = ¢ sin(1 — ')
Thus,
, G~ (2, :E)_bSiHCC x <,
G, z) = Gt (2, z) = bms(li‘xw ysin(l—z) = >a'.

Next we integrate both sides of (3.25) over a small interval across ',

x’+e 42 x’+e z'+e
/ ﬁG(m", x)dz + / G(z',x)dz = / §(x’ — x)dz.
- x

/—e€ z/—e z’—e

The integral on the right-hand side is equal to 1, by the definition of the delta

function. As € — 0,
J;’-‘re
lim G(z',xz)dz = 0.
€e—0 Jor_¢
This integral is equal to 2e times the average value of G(z’,z) over 2e at
x = x'. Since G(a’,x) is bounded, this integral is equal to zero as € goes to

zero. Now
m'—l—s

z'+e d2 dG(JZ/,IE)
L g0 elde = —3 =

'—e€

It follows that as € — 0,

_dG™ (¢, z)

or

“n( =) [sin(1 — ") cosz’ + cos(1 — ) sinz’] = 1.

Since
[sin(1 — ") cos 2’ + cos(1 — ) sinz'] = sin(1 — 2’ + 2’) =sin1,

SO
b sin(1 — ')
N sin 1

Thus, the Green’s function is given by
) { _enl=al) G p < x,

G(IE,,SC _ sin 1
S;]‘fi sin(1 —x) x> 2.
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1
y(r) = / 2’ G(z’, x)dz’
0
T : ! 1 : !
1—
- _/ x’SI,nx sin(1 — x)da’ —/ xlw sinz dz’
0 sin 1 - sin 1
. 1— x . 1
= *M/ ' sing’ dz’ — s%nm/ 2’ sin(1 — 2')da’.
sin 1 0 sinl /,
Since
/ 2'sing’ da’ = [~2 cosa’ +sina’]; = —x cosx + sinw,
0
! 1
/ #'sin(1 — 2")da’ = [2/ cos(1 — 2') + sin(1 — 2')],
=1—xcos(l —z) —sin(l — z),
S0
1 . . .
y(z) = —— 1 [~z sin (1 — x)cosz + sinx — xsinz cos (1 — z)]
sin
1
= ~2nl [~zsin(l—x+z)+sinz] =2 — pr sin .

To see if this result is the same as the solution obtained in the previously
example, we can expand it in terms of the Fourier sine series in the range of
0<x<1,
1 o0
Tr— ——sinx = an, sinnwx,
sin 1 Z "

n=1

! 1
ap = 2/ (a: — ——ssin x) sinnmz dz.
0 sinl

It can be readily shown that

: (-
rsinnmr de = ————,
0 nm

1
1 1 1
/0 sinz sinnre doe = 3 |:TL7T — sin (nm — 1) — m——] sin (nm + 1)}
O P o VP B o e 90
~2 [m_lsmlﬂmﬂml B T



3.5 Green’s Function 157

Thus

n+1 n n
L fen cyrtee] ey
" nm n2mw2 —1 nr (1 —n2m2)’

and

1 0 ( 1n+1
T — — sinex = — E — — ——sinnnx
sin 1 T = n (1 —n?r?) ’
n—=

which is identical to the result of the previous example.

This problem can be simply solved by the “ordinary method.” Clearly x is
a particular solution, and the complementary function is y. = A cosz+ B sinz.
Applying the boundary conditions y(0) = 0 and y(1) =1 to the solution

y(x) = yp +yo = x + Acosz + Bsinz,

we get

y(x)=o— o Sme

We used this problem to illustrate how the Green’s function works. For
such simple problems, the Green’s function may not offer any advantage, but
the idea of Green’s function is a powerful one in dealing with boundary condi-
tions and introducing approximations in solving partial differential equations.
We shall see these aspects of the Green’s function in a later chapter.

Exercises

1. (a) Use the explicit expressions of the first six Legendre polynomials

Py(z) =1, P (z) =u, PQ(.I):%(?)ZL'Z—l), Ps(z) =

1
Py(2) = 3 (352" — 302 +3), Ps5(z)=

(5303 — 3ac) ,

DN | =

(63z° — 702° + 15z)

| =

to show that the conditions

1
2

are satisfied by P, (x) at least for n =0 to n = 5.
(b) Show that if y, = P,(z) for n =0,1,...,5, then

(1 =2y, — 22y, +n(n+ Ly, = 0.
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Express the “ramp” function f(x)
0 -1<2<0

in terms of the Legendre polynomials in the interval —1 < x < 1. Find
the first four nonvanishing terms explicitly.

2n+1

Ans. f (l‘) = ZZO:O an P (l‘) ’ fO
5

fe) = {Po (@) + 3P () + 1—6P2< ) - 33—2P4< )+

Laguerre polynomial. (a) Use the Gram—Schmidt procedure to generate
from the set {z"} (n = 0,1,...) the first three polynomials L, (x) that
are orthogonal over the interval 0 < x < oo with the weight function e™.
Use the convention that L, (0) = 1.

(b) Show, by direct integration, that

/ L, (z) Ly (z)e”*da = dpm.
0

(¢) Show that if y, = Ly(z), then vy, satisfies the Laguerre differential
equation
Yy + (1= 2)y, + 1y = 0.

(you may need [/ z"e"*dz = nl)

Ans. Lo(x) =1, Li(x) =1—x, Ly(z) =122+ %x2

. Hermite polynomial. (a) Use the Gram-Schmidt procedure to generate

from the set {z"} (n = 0,1,...) the first three polynomials H,(x) that
are 2orthogonal over the interval —oo < x < oo with the weight function
e~ " . Fix the multiplicative constant by the requirement

/ Hn(a:)Hm(a:)e_xzdx = 0pmn!2™/T.

(b) Show that if y, = Hy(z), then vy, satisfies the Hermite differential
equation
Y + =22y, + 2ny, = 0.

(you may need [~ e~ dz = /)
Ans. Ho(z) =1, Hi(z) = 2z, Hy(x) = 42? — 2.

. Associated laguerre equation. (a) Express associated Laguerre’s differen-

tial equation
wy"(z) + (k+1-2)y'(z) + ny(z) =0

in the form of a Sturm-Liouville equation.
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(b) Show that in the interval 0 < z < oo, it is a singular Sturm-Liouville
problem.
(¢) Find the orthogonality condition of its eigenfunctions.

Ans. (a) [xk+1e_’3y'(x)]l +naFe %y(z) =0
(©) J° 2y (@)ym(@)dz = 0, n #m.

. Associated laguerre polynomial. (a) Use the Gram—Schmidt procedure to
generate from the set {2} (n = 0,1,...) the first three polynomials L’ (z)
that are orthogonal over the interval 0 < x < co with the weight function
x e~ ". Fix the multiplicative constant by the requirement

/ Ll (2)L} (z)x e %dx = Spm-
0

(b) Show that if y,, = L.(z), then y, satisfies the Associated Laguerre
differential equation with £ =1

zy, + (k+ 1+ x)y, +ny, = 0.

Ans. Ly(z) =1, Li(z) = 55(z - 2), Li(z) = ﬁ(ar;2 — 6x 4 6).

. Chebyshev polynomial. (a) Show that the Chebyshev equation
(1-2)y"(z) —ay'(z) + \y(z) =0, —1<z<1

can be converted into
d2

with a change of variable x = cosf. (O(6) = y(x(0)) = y(cosb)).
(b) Show that in terms of 6, dy/dz can be expressed as

% = [ AV Asin VA0 — BV/) cos ﬁe]

1
d sinf’

Hint: ©(0) = Acos VA0 + BsinV\b;
dy do6 dods do 1

dz ~ dzr  dfdz’ dzr  sinf
(c) Show that the conditions for y and dy/dz to be bounded are

B=0, A=n% n=0,1,2,....
Therefore the eigenvalues and eigenfunctions are

A =n% 60,(0) = cosnd
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(d) The eigenfunctions of the Chebyshev equation are known as Cheby-
shev polynomial, usually labeled as T,,(x). Find T,,(x) with the condition
T,(1) =1 for n =0,1,2,3,4.

Hint: T,,(z) = yn(z) = 0,(0) = cosnb; cos20 = 2cos?f — 1, cos30 =
4dcos®h —3cosl, cosdd =8cos*H —8cos?h+ 1.
(e) Show that for any integer n and m,

1 1 0 n#£m
T, ()T (2) ——=dz=¢ ® n=m=0.
/—1 V1—a? /2 n=m#0

Ans. () Ty =1, Ty =z, Tp = 22%—1, T3 = 42® 32, Ty = 8x* —8x%+1.
Hypergeometric equation. Express the hypergeometric equation
(x— 22y +c— (1 +a+b)zx]y —aby=0

in a Sturm—Liouville form. For it to be a singular Sturm—Liouville problem
in the range of 0 < z < 1, what conditions must be imposed on a,b and
¢, if the weight function is required to satisfy the conditions w(0) = 0 and
w(l) =07

(14a+b)x T c—(14+a+b)z dz

Hint: Use partial fraction of C_:r(lifz) to evaluate exp [ 2)

Ans. [z°(1 — z)otb=ey/] —abret(1—z)*tt ¢y =0, ¢>1, a+b>c.

Show that if L is a linear operator and
(h |Lh) = (Lh |h)
for all functions A in the complex function space, then

(f ILg) = (Lf |g)
for all f and g.
Hint: First let h = f + g, then let h = f + ig.
Consider the set of functions f(z) defined in the interval —oco < z < oo,
that goes to zero at least as quickly as 7!, as + — Zoco. For a unit

weight function, determine whether each of the following linear operators
is hermitian when acting upon {f(z)}.

d a2 d _d
()42 (b)) T3, () —iz-+e% ()i

Ans. (a) no, (b) yes, (c) yes, (d) no.
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13.

14.
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(a) Express the bounded solution of the following inhomogeneous differ-
ential equation

1=y =22y + ky = f(x), —-1<z<1,
in terms of Legendre polynomials with the help of a Green’s function.
(b) If k=14 and f(x) = 523, find the explicit solution.
) 2n 1Pn x’ Pn(l)
Ans. G (¢!, ) = Yooy 2t PG 1
(a) y(2) =20 ganPn (2), an =2 im0, f (&) P (2f) da'.
(b) y(z) = (102 — 5z) /4.

Determine the eigenvalues and corresponding eigenfunctions for the fol-
lowing problems.

(a)y"+xy=0, y(0)=0, '(1)=0.
(b) "+ y=0, %'(0)=0, y'(7)=0.
(©) 9"+ =0, y(0)=y(2r), ¥(0)=1y(2n).

Ans. (a) Ay = [2n+1)7/2>, n=0,1,2,...; yp(z)=sinZ S(2n+1)x.
M) A\ =n% n=0,1,2,...; yn(x)=_cosnz.
() \n=n2%, n=0,1,2,...; yu(z)=cosnz, sinnz.

(a) Show that the following differential equation together with the bound-
ary conditions is a Sturm—Liouville problem. What is the weight function?

y' =2y +ly=0, 0<z<1,
y(0) =0, y(1)=0.

(b) Determine the eigenvalues and corresponding eigenfunctions of the
problem. Fix the multiplication constant by the requirement

! 1

Ans. (a) [e y] +Ae™ 2y =0, w(r)=e 2.
(b) A\p =n?7%2+1,  yu(x) = e®sinnmz.

(a) Show that if a1, as,as,... are positive roots of

tana = —,
«



162 3 Orthogonal Functions and Sturm-Liouville Problems

then )\, = a2 and y,(z) = cosa,x, n = 0,1,2,... are the eigenvalues
and eigenfunctions of the following Sturm—Liouville problem:

y' + Ay =0, 0<z<1
y'(0) =0, y'(1)+hy(1) =0.

(b) Show that

1
2
/ €08 & €oS @ da = B, Spm.-
0

5= o2 +h*+h
2(a2 + h2)
) 2a, h
Hint: 8> = 1 + %i’l", sin 2av, = 2sin oy, cos ay, = QQL_:hz'

15. Find the eigenfunction expansion for the solution with boundary con-
ditions y(0) = y(m) = 0 of the inhomogeneous differential equation

y' +ky = f(x),

where k is a constant and

f(x)Z{ x 0<z<m/2

m—z w/2 <z <.

4 (_1)(n71)/2 .
Ans. Yy (Z‘) = Zn:odd m Ssimmnx.

16. (a) Find the normalized eigenfunctions y,(x) of the Hermitian operator
d?/dz? that satisfy the boundary conditions y,,(0) = y,,(7) = 0. Construct
the Green’s function of this operator G(a/, x).

(b) Show that the Green’s function obtained from

2

d N ’
o G(z'z) =6(z' —x)

is

G’ x) = x(d —m)/m 0<ax<ua
= (x—m)/m o' <x <

(¢) By expanding the function given in (b) in terms of the eigenfunctions
yn(x), verify that it is the same function as that derived in (a).

Ans. (a) y, (z) = (%)1/2 sinnz, n=1,2,....
G (2 2) = —-23>>" L sinna’sinna.

s
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Bessel and Legendre Functions

In the last chapter we have seen a number of named differential equations.
These equations are of considerable importance in engineering and sciences
because they occur in numerous applications. In Chap. 6, we will discuss a
variety of physical problems which lead to these equations. Unfortunately
these equations cannot be solved in terms of elementary functions. To solve
them, we have to resort to power series expansions. Functions represented by
these series solutions are called special functions.

An enormous amount of details are known about these special functions.
Evaluations of these functions and formulas involving them can be found in
many books and computer programs. We will mention some of them in the
last section.

In order to be able to work with these functions and to have a feeling of
understanding when results are expressed in terms of them, we need to know
not only their definitions, but also some of their properties. Certain amount
of familiarity with these special functions is necessary for us to deal with
problems in mathematical physics.

In this chapter, we will first introduce the power series solutions of second-
order differential equations, known as the Frobenius method. Next we will
apply this method to finding the series solutions of Bessel’s and Legendre’s
equations.

Undoubtedly, the most frequently encountered functions in solving second-
order differential equations are trigonometric, hyperbolic, Bessel, and Legendre
functions. Since the reader is certainly familiar with trigonometric and hyper-
bolic functions, we will not include them in our discussions. Our discussions
are mostly about the characteristics and properties of Bessel and Legendre
functions.

In exercises, we will present some other special functions mentioned in the
last chapter. Their properties can be derived by similar methods discussed in
this chapter.
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4.1 Frobenius Method of Differential Equations

4.1.1 Power Series Solution of Differential Equation

A second-order linear homogeneous differential equation in the form of

d%y dy
122 —|—p(m)£ +q(z)y =0 (4.1)

can be solved by expressing y () in a power series
(o)
y(@) =) ana™ (4.2)
n=0

if p(x) and ¢(x) are analytic at z = 0.
The idea of this method is simple. If p(z) and g(z) are analytic at = = 0,
then they can be expressed in terms of Taylor series

p(x) = po + pr1a + paz® + - - -
q(x) = qo + Q& + gaa® + - - -

Around the point z = 0, the differential equation becomes

y" + oy’ + qoy = 0.

This is a differential equation of constant coefficients. The solution is given by
either an exponential function or a power of x times an exponential function.
Both of these functions can be expressed in terms of a power series around
x = 0. Therefore it is natural for us to use (4.2) as a trial solution. After
(4.2) is substituted into (4.1), we determine the coefficients a,, in such a way
that the differential equation (4.1) is identically satisfied. If the series with
coeflicients so determined is convergent, then it is indeed a solution. The
following example illustrates how this procedure works.

Example 4.1.1. Solve the differential equation
y'+y=0
by expanding y(z) in a power series.

Solution 4.1.1. With
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the differential equation can be written as

o0 o0
Z apn (n—1) "2 4+ Z apx™ = 0.
n=0 n=0

The first two terms of the first summation [ag (0) (—1) 272 and a; (1) (0) 271]
are zero, so the summation is starting from n = 2,

Z anpn(n —1)z" 2 + Z anx” = 0. (4.3)
n=2 n=0

In order to collect terms, let us write the index in the first summation as
n=k+ 2,
so the first summation can be written as
oo o0
Z apn (n—1)z" 2 = Zak+2 (k+2)(k+1)z"
n=2 k=0

Now k is a running index, it does not matter what name it is called. So we
can rename it back to n, that is

Zakﬁ (k4+2)(k+1)z* = Z ant2(n+2)(n+1)z™.
k=0 n=0

Thus (4.3) can be written as

S G (n+2) (n+ 1) 2"+ ana™ =Y lansa(n+2) (n+1) + ay] 2" = 0.
n=0 n=0 n=0

For this series to vanish, the coefficients of ™ have to be zero for all n.
Therefore

nt2(n+2)(n+1)+a, =0,
or

1
Ap42 = 7( Ay, .

n+2)(n+1)
This is known as the recurrence relation. This equation relates all even coef-
ficients to ag and all odd coefficients to a;. For

n =20, as 72'1a0,

, 1 1 1

=S ME TR T g\ T %) T ot
1

n:47 ae - ap,



166 4 Bessel and Legendre Functions

1
:]_ _—
n ) as 3'20417
. 1 1 1o\ 1
TS BETEB T Ty T3 M) T e
1
TL:5, ar 7ﬁa15

1 5 1 1
o |(z—F2°+ S — 5+ ).
These two series are readily recognized as cosine and sine functions,

y(x) = ag cosx + ay sin z.

4.1.2 Classifying Singular Points

Now the question is if p(z) and ¢(z) are not analytic at x = 0, can we still
use the power series method? In other words, if z = 0 is a singular point for
p(z) and/or g(z), is there a general method to solve the equation? To answer
the question, we must distinguish two kinds of singular points.

Definition. Let z( be a singular point of p(z) and/or g(z) . We call it a regular
singular (or nonessential singular) point of the differential equation (4.1) if
(z — x0) p(z) and (x — z0)° ¢(z) are analytic at . We call it an irregular
singular (or essential singular) point of the equation if it is not a regular
singular point.

By this definition, = 0 is a regular singular point of the equation

fx) , g9(x)

y'+ ==y + =5y =0,
x x

if f(z) and g(x) are analytic at = 0. When we say that they are analytic,
we mean that they can be expanded in terms of Taylor series

f@)=> faz", g(z)=)_ gna",
n=0 n=0

including cases that f(z) and g(x) are polynomials of finite orders. For exam-
ple, the equation
2y 4+ 2y + 2y =0
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has a regular singular point at x = 0, since written in the form of

72

2
y'+ -y + 5y =0,
T X

we can see that 2 and z? are both analytic at 2 = 0.

If the singularity is only regular singular, we can use the following
Frobenius series to solve the equation. Fortunately, almost all singular points
we encounter in mathematical physics are regular singular points.

For the convenience of our discussion, we will assume that the singular
point xg is at 0. In the case that it is not zero, all we need to do is to make
a change of variable £ = x — x(, and solve the equation in £. At the end, £ is
changed back to x, so that the series is expanded in terms of (z — zo) .

4.1.3 Frobenius Series

A differential equation with a regular singular point at = 0 in the form of

an f(x)y, n 9(322)y _0
X x

can be solved by expression y(x) in the following series
y(x) = 2P Z anz". (4.4)
n=0

if f(x) and g(z) are analytic at = 0.
The idea of this method is simple. If f(x) and g(z) are analytic at « = 0,
then they can be expressed in terms of Taylor series

f(@) = fo+ fiz+ foa® +- -
9(z) = go+ iz + gox® + - -

Around the point x = 0, the differential equation can be written as

1 1
Y + = foy' + =90y = 0.
X X
or
22y + foxry' + goy =0 (4.5)

This is an Euler—Cauchy differential equation which has a solution in the form
of

y(z) = P.

This is the case because, after this function is put in (4.5)

p(p—1) 2P + fopa? + goa? = 0,
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we can always find a p from the quadratic equation

p(P—1)+ fop+ 90 =0,

so that aP is a solution of (4.5).

Thus it is natural for us to use (4.4) as a trial solution. In fact there is a
mathematical theorem known as Fuchs’ theorem which says that if z =0 is a
regular singular point, then at least one solution can be found this way. We
will be satisfied in learning how to find this solution rather than to prove this
theorem.

After (4.4) is substituted into the differential equation, we determine the
coefficients a,, in such a way that the equation is identically satisfied. If the
series with coefficients so determined is convergent, then it is indeed a solution.
In using (4.4), we can assume ag # 0, because if ag is equal to zero, we can
increase p by one and rename a; as ag. The following example illustrates how
this procedure works.

Example 4.1.2. Solve the differential equation
"+2y +2y=0
by expanding y(x) in a Frobenius series.

Solution 4.1.2. With
oo
y = Z anxn+p7
n=0

[e%S)
S =S
n=0

Zan ) (n+p—1)a"P2,

the differential equation becomes

o0 o0
S an(ntp)(ntp—1)a" P £23 " a, (n+p) 2!
n=0 n=0

oo
+ Z apz" TPt =0,

or

{Zan (n+p)(n+p—1)+2(n+p)] "1+Za x"“} 0.

n=0
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Since
(n+p)(n+p-1)+2(n+p) =Mn+p)(n+tp+1),

and zP cannot be identically equal to zero for all x, so

Z an(n+p)(n+p+ 1)zt + Z anz" Tt = 0.

n=0 n=0

In order to collect terms, we separate out the n = 0 and n = 1 terms in the
first summation,

ap(p+1)a ' +ar(p+1)(p+2)+ > an(n+p) (n+p+ D"
n=2

oo
+ Z apz"tt = 0.

n=0
Furthermore,
Y an(n+p)(n+p+1)a"t = anpa (n+p+2) (n+p+3)at,

n=2 n=0

therefore
aop(p+ 1)z + a1 (p+1) (p+2)

+ ) ans2(n+p+2) (n+p+3) +ax] 2" =0.

n=0

For this to vanish, all coefficients have to be zero,

aop (p+1) =0, (4.6)
ai(p+1)(p+2)=0, (4.7)
nt2(n+p+2)(n+p+3)+a, =0. (4.8)

Since ag # 0, it follows from (4.6)
p(p+1)=0.
This equation is called the indicial equation. Clearly
p=-1, p=0.
There are three possibilities that (4.7) is satisfied,

case 1: p=-1, a3 #0,
case 2 : p=-—1, a; =0,

case 3 : p=0, a; = 0.
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From here on we solve the problem in these three separate cases. In case
1, p = —1, it follows from (4.8) that

-1
Ap42 = ( Ay, .

n+2)(n+1)

This kind of relation is known as recurrence relation. From this relation, we
have

~1
n=20 GQ—ﬂCLO
) -1 -1 /-1 (—1)
= N = —_— = —_— — = a
" M=y 32T g \21 a0
—1 -1 [(-1)? (-1)°
n=4: as 6'5(14_65[ 1l GO]: 610
~1
n=1 as 3.—2(11
~1 1 /-1 (-1
nedn 54“3—5.4<3.2“1)— 5 Y
-1 ~1 [(-1)° (-1)°
n=5: a7 76a5_7~6[ 5 ”112 oo

1 1 1
y(x) = 2 ag (1 ——a? 2t - —ab . )

which we recognize as
1 1.
y(x) = ap—cosz + a;—sinz.
x x

In this we have found both linearly independent solutions of this second-order
differential equation.
In case 2, p = —1, and a; = 0. Because of the recurrence relation, all odd
coeflicients are zero,
a1:a3:a5:~~:0.

Therefore we are left with

1
y(z) = ag_ CoS T,
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which is one of the solutions.
In case 3, p = 0, and a; = 0. In this case, all odd coefficients are again
equal to zero, and for the even coefficients, the recurrence relation becomes

-1

So the solution can be written as

3! 5! 7!
_ 1 L 3,15 7
—aox(z—?)'x —|—ax —ﬁx +
1.
= ap—Ssine,
T

which is the other solution. Note that the ag in case 2 is not necessarily equal
to the ag in case 3. They are arbitrary constants. We recover the general
solution by a linear combination of the solutions in case 2 and in case 3,

1 1 .
y(x) = ¢1—cosx + co— sin .
x x

The Frobenius series is a generalized power series

oo
y = zP E anx™.
n=0

If the exponent p is a positive integer, it becomes a Taylor series. If p is a
negative integer, it becomes a Laurent series. Any equation that can be solved
by Taylor or Laurent series, it can also be solved by Frobenius series. Frobenius
series is even more general than that because p may be a fraction number, in
fact it may even be a complex number. Therefore if one is trying to solve a
differential equation by series expansion, instead of first trying to determine if
the expansion center is an ordinary point or a regular singular point, one can
just try to solve it with the Frobenius series. However, before accepting the
series as the solution of the equation, one must determine whether the series
is convergent or divergent.

4.2 Bessel Functions

Bessel function is one of the most important special functions in mathematical
physics. It occurs, mostly but not exclusively, in problems with cylindrical
symmetry. It is the solution of the equation

2%y (@) + wy'(2) + (2° = n?)y(z) = 0, (4.9)
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where n is a given number. This linear homogeneous differential equation is
known as the Bessel’s equation, named after Wilhelm Bessel (1752-1833), a
great German astronomer and mathematician.

4.2.1 Bessel Functions J,(x) of Integer Order

Although n can be any real number, but we will first limit our attention
primarily to the case where n is an integer (n =0, 1,2, ---). We seek a solution
of the Bessel’s equation in the form of Frobenius series

y=aP Zajxj = Zaj:rj'”’, (4.10)
=0 =0

where p is some constant, and
agp 7& 0.

Assume for the present that the function is differentiable, so

v = a;(j+padtr,
=0

v =Y a;G+p)i+p— Dt
j=0
Substituting them into (4.9), we obtain
S IG+p)G+p=1)+ G +p) + (@® = n?)] aa? P =0,
7=0
or
2 |3 16 +p)° = nflaga? + ) at? | = 0. (4.11)
3=0 i=0
After j = 0 and j = 1 terms are written out explicitly, the first summation
becomes
SIG+p)° = n?laga? = [ = n?lao + (0 + 1) - n*Jare
§=0
+ 301G+ ) — nlaga,

=2

and the second summation can be written as
E ;7' T? = E aj—ox?,
i=0 =2

The quantity in the bracket of (4.11) must be equal to zero, therefore



4.2 Bessel Functions 173

[p*> —n*lag + [(p+1)* — n’laz + Z{[(] +p)? —n?laj +a;_o}a? =0.

For this equation to hold, the coefficient of each power of x must vanish. Thus,

[p* —n*lag = 0, (4.12)
[(p+1)> —n*lay =0, (4.13)
[(j +p)* = n*a; +a;_s = 0. (4.14)
Since ag # 0, (4.12) requires
p=+n,

we will first proceed with a choice of +n. Clearly (4.13) requires
a; = 0.
From (4.14), we have the recurrence relation

—aj;_2 -1
0 — S ai_g. 415
T Gan)?-n2 4207 (419)

Since a; = 0, this recurrence relation requires az = 0, then a5 = 0, etc.;
thus
agj,lzo j:1,2,3,...

Since all nonvanishing coefficients have even indices, we set
j=2k, k=0,1,2,...,

thus the recurrence relation (4.15) becomes

—1
== _1)- 4.16
azk 2k(k + 1) a(k—1) (4.16)
This relation holds for any k, specifically we have
B 1
TR T )™
ay = — 1 as = (=1 a
T2 2 m+2) 7 202+ 2)(nr 1)
(—1)*
= . 4.17
Ok R+ k)t k—1) - n+1)" (4.17)

Thus ag is a common factor in all terms of the series. Therefore it is a multi-
plicative constant and can be set to any value. However, by convention, if ag
is chosen to be



174 4 Bessel and Legendre Functions
1
- onpl”

the resulting series for y(z) is designated as J,(x), called Bessel function of
the first kind of order n. With this choice, (4.17) becomes

ag (4.18)

_ (= 1 e oLs .
kT Mk p )l onrzk T DS (4.19)
and

o oo _1\k n+2k
OED DD ;C'Eki)n)t (5)"
k=0 k=0 " '

z" 22 xt
= ol (1 TPt D) Mmr )mt2) ) - (420)

By ratio test, this series is absolutely convergent for all x. Hence J,, () is
bounded everywhere from z = 0 to z — oo.

The results for Jy, J1, J2 are shown in Fig. 4.1. They are alternating series.
The error in cutting off after n terms is less than the first term dropped. The
Bessel functions oscillate but are not periodic. The amplitude of .J,,(z) is not
constant but decreases asymptotically.

4.2.2 Zeros of the Bessel Functions

As it is seen in Fig.4.1 for each n, there are a series of = values for which
Jn(x) = 0. These x values are the zeros of Bessel functions. They are very im-
portant in practical applications. They can be found in tables, such as “Table
of First 700 Zeros of Bessel Functions” by C.L. Beattie, Bell Tech. J. 37, 689
(1958) and Bell Monograph 3055. The first few are listed in Table 4.1.

As an example of how to use this table, let us answer the following question.
If \,,; is the jth root of J,,(Ac) = 0 where ¢ = 2, find Ao1, A23, As3. The answer
should be

1.0

Fig. 4.1. Bessel functions, Jo(z), Ji(z), J2(x)
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Table 4.1. Zeros of the Bessel function
Number of  Jo(x) Ji(x) J2(x) Js(x) Ja(z) Js(z)

Zeros

2.4048 3.8317 5.1356 6.3802 7.5883 8.7715
5.5201 7.0156 8.4172 9.7610 11.0647 12.3386
8.6537 10.1735 11.6198 13.0152 14.3725 15.7002
11.7915 13.3237 14.7960 16.2235 17.6160 18.9801
14.9309 16.4706 17.9598 19.4094 20.8269 22.2178

Tt W N~

2.4048
Aop = = — = 1.2024,

11.6198
Aoy =~ = 5.8099,

15.7002

4.2.3 Gamma Function

For Bessel function of noninteger order we need an extension of the factorials.
This can be done via gamma function.
The gamma function is defined by the integral

I'(a) = / ettt de. (4.21)
0
With integration by parts, we obtain

I'a+1)= / e o dt = —e
0

[e°) [oe]
+ a/ e it dt.
0 0
The first expression on the right is zero, and the integral on the right is aI"'(«).
This gives the basic relation
I'a+1)=al'(a).

Since -
r(1) :/ e tdt =1,
0

we conclude for integer n,

I'in+1)

nl'(n) =n(n—1)I(n—-1)
=n(n—1)---1I'(1) = n! (4.22)

For a noninteger «, the integral of (4.21) can be evaluated. The gamma
functions I'(«) for both positive and negative a are shown in Fig. 4.2.
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Al

5—

I8

Fig. 4.2. Gamma function I'(«)

It follows from (4.22) that

0=ra)=1
Since nI'(n) = I'(n + 1), thus I'(n) = I'(n + 1) /n. It follows that
ro) = @ — 00,
ry="9 o

and for any negative integer

F(—n):”%n—kl)eoo.

The special case of I'(1/2) is of particular interest,

1 o0
r () :/ e 12 qt.
2 0

Let t = 22, sodt = 2zdz and t=1/2 = -1

1 51 <,
1"():/ ec”fodx:2/ e * dux.
2 0 € 0

(4.23)

(4.24)

For a definite integral, the name of the integration variable is immaterial
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o0 2 o0 2
/ e 7 dx:/ e Y dy,
0 0

1\1? © ©
(= :4/emdm/eydy
2 0 0
:4/ / e~ = Y’ dx dy.
o Jo

The double integral can be considered as a surface integral over the first
quadrant of the entire plane. Change to the polar coordinates,

22 4 y? =
da = pdé dp,
we have
1 2 oo pm/2 L,
(= :4/ / e ” pdfdp
2 o Jo
= 4E/ efPdep =7 [—effﬂ] =T.
2 Jo 0
Thus

2

r (1) =T (4.25)

4.2.4 Bessel Function of Noninteger Order

In our development of Bessel function of integer order, we had in (4.18) ag =
1/(2™n!), which can be written as

1

WO 1)

This suggests that, for noninteger o, we choose

1

T (et 1)

Following exactly the same procedure as for the integer order, we find the
noninteger order Bessel function is given by

i (—1)* 7\ at+2k
Jalw) = kZ:O KIT(k+a+1) (5) ' (4.26)

In fact this formula can be used for both integer and noninteger a.
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Example 4.2.1. Show that

2 . 2
Jija(w) = — sinz, J_12(x) = ”E COS .

Solution 4.2.1. By definition,

0o (_1)k N (1/2)+2k
Jija(z) = Z m (5)

P 1/2 (_1)k 2k+1
(5) Z < RID(k+ § + 1) 2241

(2k—1)(2k—3)~~~1p<1>.

2k~+1

It follows that

K\ (k + % + )22 = El[(2k+1) 2k —1)--- 1] T (;) oF

:[2k(2k—2)-~-2][(2k;+1)(2k—1)-~-1]F(;>

=QRk+ DI (;) = (2k+ 1)/

Thus
Z k 2kt
J1/2 .
\/ T = 2k+1
But
Loy Los g (D e
ST == gt e T ATk
therefore
2
J =4/ —sinzx. 4.27
1/2(0) =\ = sinz (427)
Similarly,

s (,1)k ) (;)—(1/2)-&-2!@

Tpa@) =3 KT(k— 1 +1

k=0

12 (DR,
= <§> 1/22 @(W;)(é)x k= \/zcosx. (4.28)

k=0
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4.2.5 Bessel Function of Negative Order

If « is not an integer, the Bessel function of the negative order of J_,(z) is
very simple. All we have to do is to replace a by —«a in the expression of
Jo(z), that is

)_a% (4.29)

Re (=¥ x
z) _kzzok!l“(k—a—i—l) (5

Since the first term of J, and J_, is a finite nonzero multiple of % and
x~ %, respectively, clearly J, and J_, are linearly independent. Therefore the
general solution of Bessel’s equation of order « is

y(x) = e do(x) + cad_o ().

However, if « is an integer, the negative order J_,(z) and the positive
order Bessel function J,(z) are not linearly independent. This can be seen as
follows. Starting with the definition

e (=1)¥ x
_kzzokll”(k—n—&—l) (5

If £k < n, then I'(k—n+1) — oo and all the corresponding terms will be zero.
Therefore the series actually starts with k = n,

Zk'F —n+1) (2)

Let us define j = k — n, then k£ = n + j, thus

0 ( n+j —n+2(j+n)
7; (n+j 'F]—|—1) ( )

) —n+2k

—n+2k

n © 2j+n 1 ”J
ot () = ),

7=0

Therefore J_, (x) and J,(z) are linearly dependent. So in this case, there must

be another linearly independent solution of Bessel’s equation of order n.

4.2.6 Neumann Functions and Hankel Functions

To determine the second linearly independent solution of the Bessel function
when o« = n and n is an integer, it is customary to form a particular linear
combination of J,(z) and J_, (z) and then letting o — n. The combination

cos (am) Jo(x) — J_o(x)
sin (o)

No(z) = (4.30)
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is called the Bessel function of the second kind of order a. It is also known as
the Neumann function. In some literature, it is denoted as Yy ().

For noninteger «, N, (z) is clearly a solution of the Bessel equation, since
it is a linearly combination of two linearly independent solutions J,(z) and
J_a(x).

For integer o, « =m and n =0,1,2,..., (4.30) becomes

cos (nm) Jp(x) — J_p ()

sin (n)

Ny (z) =

)

which gives an indeterminate form of 0/0, since cos (n7) = (—=1)", sin (n7) =
0 and J,(z) = (—=1)" J_,(z). We can use 'Hospital’s rule to evaluate this
ratio. If we define the Neumann function N, (z) as

cos (am) Jo(z) — J_o(x) -

Nole) = (llgil sin ()
Then
Nofa) = |2l o) = JW))]
5 Sin (ar) .

l—ﬁ sin (am) Jq () 4 cos (o) 3%‘]04 6‘1 J_a (;v)]
! a=n

7 cos ()
- gt - @] (4.31)

Now we will show that N,,(z) so defined is indeed a solution of the Bessel’s
equation. By definition, J, and J_,, respectively, satisfy the following differ-
ential equations

2 J" () +xJ’ (z) + (2° = a®) Jo(z) = 0,
2?J" (2) + 2] (z) + (z* — &) J_qo (z) = 0.

Differentiate with respect to «,

d2 [aJ d [9J aJ,
2 47 (O0Ja a (9dJa 2 2y 9%Ja _
xdx2<8a)+xdx<8a>+(x O‘)aa 20Ja =0,

2
ad <aJa> L4 (&M) b (2= a?) a;,a %ad. =0,

dz2 \ da dz \ O« o

Multiplying the second equation by (—1)" and subtracting it from the first
equation, we have

d? [oJ 0J_ d (0Ja 0J_
2 o \n o n e}
da? (804 (=1) O ) T (804 (=1) O >
0o n 0J o n
+ (22 — o?) < o —(-1) o ) —2a(Jo — (=1)"J_s) = 0.
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Taking the limit & — n, the last term drops out because
Jp—(=D)"J_, =

Clearly the Neumann function expressed in (4.31) satisfies the Bessel’s equa-
tion.
Neumann function has a logarithmic term, since

0Jo ﬂ (-1)" ( >2k
da O « kI ( k+a+1) 2
—-1\" 2k 0 & —1\)" 2k
# (£ 4o 2 =)t (£)".
— ( ) \2 Oa L= K (k+a+1) \2

and P 9

x alnz alnz e’

—_— = = Inz=2%Inz.

50 = 9o e nr=az%nzx
Thus N,,(z) contains a term J,(z)lnz. Clearly it is linearly independent of

Jn(x).

Neumann functions diverge as z — 0. For o # 0, it diverges because the
series for J_,, starts with a term x~. For a = 0, the term Jo(z) lnx goes to
—00 as x goes to zero.

Like Bessel functions, the values and zeros of Neumann functions have
been extensively tabulated. The first three orders of Neumann functions are
shown in Fig. 4.3.

Since J,(z) and N, (x) always constitute a pair of linearly independent
solutions, the general solution of the Bessel’s equation can be written as

y(x) = erJo(x) + 2Ny, (2) .

No(x) Ny (%) N2( )

o//w\/

Fig. 4.3. Neumann functions Ny(z), Ni(z), Na(z)
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This expression is valid for all a.

In physical applications, we often require the solution to be bounded at the
origin. Since N, (x) diverges at x = 0, the coefficient c; must be set to zero,
and the solution is just a constant times J, (x). However, there are problems
where the origin is excluded. In such cases, both J,(z) and N, (z) have to be
used.

Hankel Functions. The following linear combinations are useful in the study
of wave propagation, especially in the asymptotic region where they have pure
complex exponential behavior. They are called Hankel functions of the first
kind

Hv(zl)(x) = Jn(x) +1Nn(2),

and Hankel functions of the second kind
H? (2) = J,(2) — iN, ().

These functions are also known as Bessel functions of the third kind.

4.3 Properties of Bessel Function

4.3.1 Recurrence Relations
Starting with the series representations, we can deduce the following proper-
ties of Bessel functions

1.
d

L T (@)] = 2" (@), (4.32)

Proof:

n+1 __n+1 ( 1)k n+2k+1
T (@) = @ Zw k—l—n+2)< )

( 1)k 2n+2k+2
<KD (k +n +2) 20F2RFL

o (2" Ty (2)] = ch:;J RIT(k+n+2) ont2ktl
( 1)k 2n+2k+1

_Zk'F (k+n+1) 2042

( 1)k n+2k

— TL+1 — n—‘rlJ )
Zk'F irnrnom 8 Il
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%[x_",]n(ac)] (). (4.33)

Proof:

( 1)k n+2k e (71)k x2k
771(] . 7n _
v n(@) = Z RIT(k+n+1) 292 ~ £ KD (k +n+ 1) 272

d Z‘Qk_l

e Zk'ﬁ k+n+1) on+2k

Since the first term with & = 0 is zero, it follows that the summation
starts with k£ = 1.

d s ka—l
@ Z k + n -+ 1) on+2k
o (71)k m2k71
; k— )T (k+n+ 1) 2n+2k—1"
Now let j =k —1,s0 k =7+ 1 and
d © 1)i+1 229+1
@) =3
dx o 'F (j —|— n+ 2) 2n+2i+l
oo . .
I (—1)7 gl
= L GG s T — @)

=0

With these properties, we can derive the following recurrence relations

Tsr () = %”Jn@c) T (@), (4.34)
To(w) = 3lna(@) — ua (@) (435)
Ji(@) = —Ji(x). (4.36)
Starting with
S ()] = (1 D (@) + 2" (),

it follows from (4.32) that

n+ Da" Ty (z) + "I (2) = 2", (2),
+
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which can be written as

n+1
72—&-1(33) = Ju(x) - Jnt1(2),
or n
J(2) = Jp-1(z) — EJn(x) (4.37)
From (4.33), we have
—nz ", (2) F 2T (2) = 2 " Ty (2),
or n
J(x) = —=Jp(x) — Jns1(2). (4.38)
T

It follows from (4.37), (4.38) that

Jnfl(:v) —

S Taa) = () = Taa (@),
Taa(@) = () — T ()

which is the recurrence relation 3.

Adding (4.37)—(4.38), we have

1

J;L(:r) = E[Jn—l(l') — Jn+1(f£)]

which is the recurrence relation 4.

The particular case Jj(z) follows directly from property 2. Put n = 0
in (4.33), we have
which is the recurrence relation 5.

These recurrence relations are very useful. It means that as long as
we know Jy(z) and Ji(z), all higher orders Bessel functions and their
derivatives can be generated from these relations.

Another interesting relation follows from property 1 is

/Ord[x”"’lJnH(x)] = /OT 2"t T, (x) da.

Therefore

/ 2" (@) de = " T, (). (4.39)
0

An important special case is for n = 0,

/07“ xJo(z)dx = rJi(r). (4.40)
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4.3.2 Generating Function of Bessel Functions

Although Bessel functions are of interest primarily as solutions of differential
equations, it is intructive and convenient to develop them from a completely
different approach, that of the generating function.

Recall
=1
exp(z) = 3 —a”,
n=0 -
SO
xt 1 (at\" =1 T\
exp (2) =2 (2> ()= n(5)
It follows
[e%s} | oo
xt x 1 [at 1 xr\™m
e p<2_2t> 3 (2> > ()
X (=)™ l+m
-3 (-1) (f) = (4.41)
!'m! 2
=0 m=0
Let

l—m=mn, then [=m+mn and | +m =2m+n,

so (4.41) can be written as

o (3-5)- S S S 0

n=—oo \m=0

Since the Bessel function J, () is given by

Jn(z) = Z (=™ m (;)2771-"-71’

it is clear .
rt n
exp <2 - 2t> = Z T ()t (4.42)

The left-hand side of this equation is known as the generating function of the
Bessel functions, sometimes designated as G (z,t),

xt T
G(.’L‘,t) = exp <2 — 2t> .
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4.3.3 Integral Representation

A particularly useful and powerful way of treating Bessel functions employs
integral representations. If we substitute

t=e",

then
Ll
t

Therefore (4.42) can be written as

—e 1% = 2isin 6.

e(izsine) — Z Jn(x)eine — JO(ZE) + Z [Jn(z)ei"6+(]_n(x)e’i”0]
n=-—o0 n=1

= Jo(x) + Z Jn(x)(cosnb + isin nd)

n=1

+ Z(fl)”Jn(:r)(cos nf — isinnd)

n=1
= Jo(z) + 2[J2(x) cos 20 + Jy(x) cos 46 + - - - ]
+ 2i[Jy(x) sin 0 + J3(x) sin 30 + J5(x) sin 50 + - - -].

But o
elizsing) — cog(zsin §) + isin(zsin ),
thus
cos(xzsinf) = Jy(z) + 2[J2(x) cos 20 + Jy(x) cos 46 + - - -], (4.43)
sin(zsin @) = 2[Jy(z) sin @ + Js(z)sin 30 + J5(z)sinb0 + ---].  (4.44)

These are Fourier type representations. The coefficients J,,(z) can be readily
obtained. For example, multiply (4.43) by cos(nf) and integrate from 0 to ,
we obtain

I . [ Ju(z), n even
;/0 cos(xblnﬂ)cosnﬁdﬁ—{ 0, n odd
Similarly from (4.44)
(" . . 0, n even
;/0 sin(z sin #) sinnf df = {Jn(x), n odd |
Adding these two equations, we get
1 s
In(z) = — / [cos(x sin @) cos nf + sin(x sin #) sin nd]dd
T Jo
1

™

f/ cos(x sin @ — nd)do. (4.45)
0
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As a special case,
Jo(z) = 7/ cos(x sin 6)d6. (4.46)
0

On the other hand, cosine is an even function and sine is an odd function

™ 1 2m
/ cos(zsin0)dd = 7/ cos(z sin 0)d0,
0 2 Jo

2m
/ sin(x sin #)dé = 0.
0

Therefore (4.46) can be written as

1 27 1 2w
Jo(z) = o cos(xsinf)dé = o /0 [cos(z sin 0) + isin(z sin 0)]d6
1 27

1 27
=5 ; exp(izsin@)dG:%/O exp(iz cos0)do.

This form is very useful in the Fraunhofer diffraction with a circular aperture.

4.4 Bessel Functions as Eigenfunctions
of Sturm—Liouville Problems

4.4.1 Boundary Conditions of Bessel’s Equation

As discussed in the last chapter, by itself Bessel’s equation is not a Sturm—
Liouville equation. There is no way for it to satisfy any given boundary con-
dition. However, the closely related equation

2 4%

02 + mj—z + (V22 —n?)y=0 (4.47)

is a Sturm—Liouville equation. It can easily be shown that
y(@) = Jo ()

is a solution of this equation. Let z = Az, then

dy _ dJu(z)dz )\dJn(z)

dx dz dz dz ’

d2y d [)\dJn(z)] _d {)\dJn(z)} dz _ o d2(z)

dz

dz?2 ~ dx dz dz dz dz?2
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Substituting them into (4.47), we have

2
xz)\Qd ({:2(2) x)\djgz(z) + ()\23:2 — n2) In (2) =
2

The second line is just the regular Bessel’s equation. Therefore we have
established that J, (Ax) is the solution of (4.47).
We have shown in the last chapter that (4.47) written in the form

d dy 9 n? B
T <xdx) + ()\ x — x> y=0 (4.48)

together with a boundary condition at x = ¢ constitute a Sturm—Liouville
problem in the interval of 0 < x < ¢. The general boundary condition is of
the form

Ay (c) + By' (c) =0,

where A and B are two constants. If B = 0, it is known as the Dirichlet
condition. If A =0, it is known as the Neumann condition.
The problem also requires that the solution be regular (bounded) at = 0.
This precludes Neumann function as a solution.
This means that only those values of A\ that satisfy the equation
dJ,(A\x)

r=c

are acceptable. Since Bessel functions have oscillatory character, there are
infinite number of A that satisfy this equation. These values of A are the
eigenvalues of the problem. For example, if B =0, n =0, ¢ = 2, then

Jo(2)) = 0.

The jth root of this equation, labeled Ag;, can be found from the table of
zeros of J,(z) (Table 4.1) as

2.4048 —1.2924, Aoy = 5.5201

Ao1 = = 2.7601, etc.

The zeros of J'(x) are also tabulated. So if A = 0, A,; can also be read
from the table. In general, if both A and B are nonzero, then \,; has to be
numerically calculated.

4.4.2 Orthogonality of Bessel Functions

Corresponding to the set of eigenvalues {\,;}, the eigenfunctions are
{Jn (Anjz)}. These eigenfunctions form a complete set and they are orthog-
onal to each other with respect to the weight function x, that is
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c
/ I i) I Q) zdz =0 if  Apy; # Ak
0

Therefore any well-behaved function f(z) in the interval 0 < z < ¢ can be
expanded into a Fourier—Bessel series

f(z) = Z%‘Jn (Angz) s

where

1 c
a; = [REA ()\njl')]z & /0 f(@)Jn(Apjx)z de.

In Sect. 4.4.3, we will evaluate the normalization integral

g2, = / [ Q)] 2 da

under various boundary conditions.

4.4.3 Normalization of Bessel Functions

One way to find the value of the normalization integral ﬁij

y = Jn (Ax) into (4.48) and multiply it by 2x(d/dx)J,(\z) :

is to substitute

2:6%]”@3;) {Ci (x;xjn()\x)) + (A2 n2)Jn(>\x)} 0.

X

It is not difficult to see that this equation can be written as

d <den()\:E)> : + (\2? — nQ)Jn()\x)2%Jn()\x) =0,

dz dx

or )

d d 2.2 2y d 2 _

i (xden()\x)> + (A2 —n )dx (Jn(Ax))” = 0.
Furthermore,

N2 (7,0 = L (W2 (7, 00)] - 2% (1, 0.

dx dx

Thus

% l(xih(z\ﬂ:)) + X222 (J,(\x))? = n? (J"(/\x))ﬂ — 2\2z (J(A2))?
(4.50)
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From (4.38) , we have

Replace = by Az leading to

:cdixJn(/\z) =nJ,(Ax) — AzJp11(Ax). (4.51)

Square it,

2
(mi@(xﬁ) = n2J2(\2) = 202 Jn(Ae) Js1 (Az) + N2 J2,, (),

and substitute it into (4.50)

% IN22 T2, (02) + V22 T2 (A\x) — 2nAa g, (Az) T (A2)] = 2\%2 (Jn(Az))?.

By integrating with respect to z, we obtain
(N22? T2 (Az)+ N2 22 T2 () — 2w, (Az) T g1 (Az)]§ =202 / (Jn (M),
0

or

(22

/Ocac (Jo(Az))? dz = 5 [J21(Ae) + J2(Ae)] — %Jn()\c)JnH(/\c). (4.52)

Now if the boundary condition is such that B = 0 in (4.49), then
Jn (/\njc) =0.

In this case, the normalization constant is given by

¢ 1
Bng = / 2 (o) do = 50 (nje);, B=0. (4.53)

nj

If B # 0, then (4.49) can be written as

A dJ, (\z)

EJ" (Ac) = dx

which, according to (4.51), is given by

dJ, (Azx)

n
g = an (Ae) = Aps1(Ae).

Tr=cC
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It follows that

n A

Tnir(Ae) = % (C _ B) Ju (A). (4.54)

Putting it into (4.52), we have

2

/c (aa)?de = S22 (0) [14 5 (24 | _ne(n_A 2 (Ac)
anzxiznc »\e B Ach"C
Ac

= Lo [(Acf —nt (B)Q

2

Therefore, in the case A = Aj, where A; is the root of (4.54),

‘ 2
/Bij - /0 x(‘]”()‘jx))2 doe = %Jﬁ (>\jC) [(AjC)Q —n? + <‘éc>

J

. B#0.

(4.55)

4.5 Other Kinds of Bessel Functions

4.5.1 Modified Bessel Functions

Besides the Bessel equation of order n, one also encounter the modified Bessel

equation

2y +zy — (2* +n®)y =0.

The only difference between this equation and the Bessel equation is the minus
sign in front of the second z? term. If we change x to iz, this equation reduces
to the Bessel equation. Therefore J, (ix) and N, (iz) are solutions of this
equation.

It is customary to define

I,(z) =i "J, (ix)

as the modified Bessel function of the first kind. Since

. B %) (_1)k ir 2k+n
i) =3 e (5)

the modified Bessel function I, (z)

1 . oo 1 N\ 2k+n
1) = 5 ()= 3 i (3)

is a real and monotonically increasing function.
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The second modified Bessel functions of the second kind are usually defined
as K, ()

T . T . . .
Kn(w) = 5i HTHWM (i) = 5 1T, (iz) + 1N, (iz)] .

These functions do not have multiple zeros and are not orthogonal functions.
They should be compared with sinh(z) = —isin (iz) and cosh(x) = cos (iz) .
Because of this analogy, I,(z) and K, (z) are also called hyperbolic Bessel
functions. The ¢ factors are adjusted to make them real for real x. The first
three I, (z) and K, (z) are shown in Fig.4.4. Note that the first modified
Bessel functions I,, are well behaved at the origin but diverge at infinity, the
second modified Bessel functions K,, diverge at the origin but well behaved
at infinity.

0 X

0 125 25 375 5

Fig. 4.4. Modified Bessel functions. The functions I,(x) diverge as © — oo, and
the functions K, (z) diverge at the origin

4.5.2 Spherical Bessel Functions

The equation

22y 4 2xy’ 4+ [2% — 11+ 1))y =0 (4.56)

with integer [, arises as the radial part of the wave equation in spherical coor-
dinates. It is called spherical Bessel’s equation because it can be transformed
into a Bessel equation by a change of variables. Let

1
y= WZ(I)
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So
, 2 1 2
V= e

1" /
,, z z 3 z

Y = a2 T 32 T g2

Substituting them into (4.56) and multiplying it by z'/2, we have

1 11
21 1 / / 2 _
x*[z -7 +1—x2z]+2x[z —Egz]—i—[x —l(l+D]z=0

or
1
222" 22 + 2% — U1+ 1) — Z}Z =0. (4.57)
Since

1 1,
l(l+1)+1—(l+§),

clearly (4.57) is a Bessel equation of the order I + 1/2, therefore

2(x) = C1Jip1/2(x) + Cod_(141/2) (),

1 1
y(.’l?) = C] \/;Jl+1/2(1') + CQ\/;J_(H_l/g)((E).

The two linearly independent solutions are known as spherical Bessel function
ji(x) and spherical Neumann function n;(x) . They are, respectively, defined as

Ji(w) = \/Zjul/z(x),
ny(x) = \/ZNI_H/Q (z).

cos [(1+1/2) 7] Jit1/2(2) — J_(+1/2)(2)
sin [(1 +1/2) ]

and

Since

Nij1j2(x) = = (1) g1y (@),

so my(x) can also be written as

m() = (0T @)

The spherical Hankel functions are defined as

h (@) = ji(x) +im(z),
Ji(x) —iny(x).
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All these functions can be expressed in closed forms of elementary func-
tions. In (4.27) and (4.28), we have showed that

[2 . /2
Jio(x) = - S, J_1/2)(x) = o COS T

With the recurrence relation (4.34)

2n
Jn—&-l(x) - ?Jn(x) - Jn—l(m)a

we can generate all Bessel functions of half-integer orders. For example, with
n =1/2, we have

1 1 2 2
J3/a(x) = Ejl/g((lf) —J_q)9(x) = E“ESIHCE — | —cosz.

With n = —1/2, we have

—1
Jija(w) = —J_12(x) — J_3/2(2),
xr

or
~1 1 [2 [2 .
J—3/2(37) = 7J71/2(33) - J1/2($) = —m\/;cosx — Esmm'
Therefore,
) [ 1.
Jo(z) = 2*%/2( x) = —sinz,
. 7r 1 . 1
Ji(z) = \/?Jg/g( x) = —3sinz — —cosz,
and
() =— Ay () = ——cosz
no = o —1/2 = ,
1 1
ni(r) = 4/ 7rJ_3/2( ):—ﬁcosm—gsinx.

The higher order of spherical Bessel functions can be generated by the recur-

rence relation
20+ 1

Jigr = Ji— fi1, (4.58)

where f; can be j;, ny, hl(l), or hz(2 . This recurrence relation is obtained by
multiplying (4.34) by /7/(2z) and set n =1+ 1/2.
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The asymptotic expressions of j;, ny, hl(l), and hl(z) are of considerable

interests. In the asymptotic region, the 1/x term dominates all other terms.
Since jo(z) = (1/x)sinx, and

. . 1 1 . T
lim ji(x) > ——cosz = —sin (x - f) ,
xT—00 X T 2

so for [ = 0 and [ = 1, asymptotically we can write

1 l
jl(;1c)—>$sin(gc—;r>7 1=0,1

For higher order of [, we see from the recurrence relation (4.58) that

1 —1
lim ji(2) = lim [~jio1(2)] — - —sin (x _ (12)7r)

Therefore for any integer [, asymptotically
i (2) 1 . I
) — —sin|x—— ).
Ji o D)

Similarly, we can show that asymptotically

€T

1 l -1 l 1 .
hl(l)(w) — —sin (IE - ;) +1i— cos (gc — ;) = Zelle=(+D)/2)m)
z x

1 l —1 l 1 .
hl(2)(x) — —sin (:1: — ;) —i— cos (;c — ;) — lemila=((+1)/2)7)
T €T T

These asymptotic expressions are very useful for scattering problems.
We should mention that from jo(z), j1(x), and (4.58), one can show with
mathematical induction that

z dz T

L
jz(x)le< 1d) ST

Similarly,

l
mi) =o' (~14) 2.

r dx T

These are known as Rayleigh’s formulas.
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4.6 Legendre Functions

The differential equation

2

d d
J— 2 — —_ —_— =
(1—27) 2V 2xdzy +Ay=0 (4.59)

is known as Legendre’s equation, after the French mathematician Adrien-
Marie Legendre (1785-1833). This equation occurs in numerous physical ap-
plications. The solution of this equation is called Legendre function which is
one of the most important special functions.

Legendre function ariss in the solution of partial differential equations
when the Laplacian is expressed in the spherical coordinates. In that usage,
the variable z is the cosine of the polar angle (z = cosf). Therefore z is
limited in the range of —1 <z < 1.

4.6.1 Series Solution of Legendre Equation

We start with the series solution of (4.59)

y(z) = 2" Z anz”™, (ag #0). (4.60)

d2

dTZ =Y an(n+k)(n+k— a2
n=0

Put them into (4.59), we have

(1 —2?%) Z an(n+k)(n+k—1)z"*2 _ 2 Z an(n + k)z"tr1

n=0 n=0

+ A Z anz"F =0,
n=0
or

Z an(n+k)(n+k— 1Dz tF=2 — Z an(n+k)(n+k—1)z" "

n=0 n=0

-2 Z an(n +k)z" ™ 4\ Z anz™ ™ = 0.
n=0 n=0

Combining the last three summations

Z an(n+k)(n—|—k—1)x”+k_2—z an|[(n+k)(n+k—1)+2(n+k)—N2z"t* = 0.
n=0 n=0
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Explicitly writing out the first two terms in the first summation, amd using
m+k)(n+k—-1)+2(n+k)—A=n+k)(n+k+1)— A
we have

aok(k — 1)z*2 + ay(k + ka1 + Z an(n +k)(n+k—1)z"t+=2

n=2

- Z an[(n+k)(n+k+1) — Na" =0. (4.61)

n=0

Shifting the index by 2 units, we can write the summation starting with n = 2
as

Z an(n+k)(n+k—1)z" 2 = Z anio(n+k+2)(n+k+1)z"tF,

n=2 n=0

Thus (4.61) becomes

aok(k — D" 2 + a1 (k 4+ 1)ka* 14
D Hanr2(n+k+2)(n+k+1) = an[(n+k)(n+k+1) = A} 2"t =0,

n=0
which implies
apk(k —1) =0, (4.62)
ai(k+ 1)k =0, (4.63)
pta2(n+Ek+2)(n+k+1)—apy[(n+k)n+k+1)—A=0. (4.64)
)
e

Since ag # 0, from (4.62) we have k =0 or k = 1. If kK = 1, then from (4.63
a1 must be 0. If k = 0, a1 can either be 0, or not equal to 0. So we have thre
cases:

casel: k=0 and a; =0,
case2: k=1 and a; =0,
case3: k=0 and a; #0.

We will first take up case 1. Since k = 0, (4.64) becomes

ania(n+2)(n+1) —au[n*+n— N =0,

or
nn+1)—A
Uptg = ——————0Up. 4.65
2T mr2)(n+1) (4.65)
Since a; = 0, from this equation, it is seen that ag = a5 = - -- = 0. Therefore

we have only even terms left. Let us write this equation as
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Ap+4+2 = f(?’l)(ln,

where
nn+1)— X\

1= G mr
y(x) = ao(1 + f(0)2* + f(2) £ (0)z* + f(4)F(2)£(0)a° + ---), (4.67)

which is an infinite series. We must now determine if this is a converging
series. For this purpose, it is helpful to write the series in the form of

y(x) = bi(a?),
=0

(4.66)

where
bo = ao,
bl - Clof(o),
bj =aof(2j —2)f(2j —4)--- f(0)
bj+1 =aof(25)f(25 —2)-- f(0).

For the ratio test, we examine

bj(x?) !

k=l @2 M 1),
By (4.66)
L 225+ 1) =X
f(24) = DT (4.68)
SO

lim f(25)2* = 22
j—o0

Therefore for —1 < z < 1, the series converges. However, for x = 1, the
ordinary ratio test gives no information. We must go to the second-order
ratio test (also known as Gauss’s test or Raabe’s test) which says with

R—1-— f (4.69)

if s > 1, the series converges, if s < 1, the series diverges. This test is based
on comparison with the Riemann Zeta function £(s), defined as

o0

1
JOED -
=17
Since e
oo i
/ z %dx = —S—|-11 8%17
1 o]

Inz|] s=1
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The integral is divergent for s < 1 and convergent for s > 1. Thus, according
to integral test, £(s) is divergent for s < 1 and convergent for s > 1. For £(s),

1 . 1) -5 . 1 —s
thmMH.)zhszzhm<]f> SR
j—oo  1/j° i=o (j4+1)7 dmee \ j

which is in the form of (4.69). It can be shown that the same convergence
criteria can be applied to any series that asymptotically behaves in the same
way as the Riemann Zeta function £(s) (see, for example, John M.H. Olmsted,
Advance Calculus, Prentice Hall, 1961).

Now in (4.68)
J A S

j+1 0 j(1+1/j) J

R= lim f(2j) =
j—oo

Since s = 1, the series will diverge. Therefore for an arbitrary A, the solution
will not be bounded at x = 1. However, if

A=1(+41), [=even integer,

then the series will terminate and become a polynomial and we will not have
the convergence problem. It is clear from (4.65)

nn+1)—I1(l+1)

Qn, = Qg , 4.70
+2 (n+2)(n+1) ( )
that a;1o = 0. It follows that a;44 = a6 = --- = 0. For example, if
I = 0, then ag = a4 = --- = 0. The solution, according to (4.60), is

simply y = ag. For any [, the solution can be systematically generated from
(4.66) and (4.67) . Since

nn+1)—I1(l+1)

O IS VI (4.71)
y(x) = ao(L+ f(0)2” + f(2)f(0)z" + f(4) f(2) f(0)2° +---),
thus
1=0: f(0)=0, y=ao. (4.72)
1=2: f(0)=-3; f(2) =0, y=ag(l—3z?). (4.73)
z=4:ﬂm=—w;ﬂ@=—ghﬂ®=0,y:%u—1wﬁ+%#y

For case 2, k =1, a3 =0, (4.64) becomes

anra(n+3)(n+2) = anl(n+ 1)(n+2) — A = 0,
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or

(n+1)(n+2)— )\a

(n+3)(n+2)
Again because of a; = 0 and this recurrence relation, all a,, with odd n will
be zero. The solution is then given by

Unyo = (4.74)

y = x(ag + agx® + agz +---)
= apx + aga® + agx® + -, (4.75)

which is a series with odd powers of x. With a similar argument as in case 1,
one can show this series diverges for x = 1, unless

A=1(l+1) [ =odd integer.
In that case,

(n+1)(n+2)-1(1+1)

(TL—|—3)(TL—|—2) an:f(n+1)an7

Ap42 =

and
y = aolz + f(1)2* + f(3) f(1)z° + f(5)F(3) f(1)a" +---].
It follows

l= 13 f(l) = 0> Yy = aox, (476)

5 5
1=3, f0)=-2: f8)=0, y=ao(e—2a%). (A7)
For case 3, k = 0, a; # 0. Since ag is not equal to zero, it can be easily
shown that the solution is the sum of two infinite series, one with even powers
of x, and the other with odd powers of x. In this case, the series solution
diverges at x = £1.

4.6.2 Legendre Polynomials

In the last section we found that the solution of the Legendre Equation

d

&(1 — mQ)%y(x) +I(l4+1y(x)=0

is given by a polynomial of order . Furthermore the polynomial contains only
even orders of z if [ is even, and only odd orders of = if [ is odd. These solutions
are determined up to a multiplicative constant ag. Now, by convention, if ag
is chosen in such a way that y(1) = 1, then these polynomials are known as
Legendre polynomials P,(z). For example, from (4.73)

=2, ya(z) = ao(1 - 3z%),
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requiring

we have to choose

ag = —5

With this choice yo(x) is known as Py(z), that is
1 1
yo(2) = —5(1 - 32%) = 5(33c2 —1) = Py().

Similarly, from (4.77)

5
1=3, ys3(x)=ae(r— 5553),
with
ap = 3 (1)=1
0= 9’ Ys = 1.
Therefore

Ps(z) = %(5x3 — 3z).

201

The first few Legendre polynomials are shown in Fig.4.5 and they are

listed as follows
1
Py(x) =1, Pi(x) =z, Py(x) = 5(3x2 -1
1 1
Py(x) = 5(5553 —3z), Pyz)= g(35334 — 3022 + 3)

1
§(63x5 — 702% + 157).

Fig. 4.5. Legendre polynomials



202 4 Bessel and Legendre Functions

Clearly
P (1)=1, for all I

If [ is even, then Pj(x) is an even function, symmetric with respect to zero,
and if [ is odd, then P, (x) is an odd function, antisymmetric with respect

to zero. That is
P (—z) = (-1)' (),

and in particular

4.6.3 Legendre Functions of the Second Kind

By choosing A =1 (I + 1), we force one of the two infinite series to become a
polynomial. The second solution is still an infinite series. This infinite series
can also be expressed in a closed form, although it diverges at x = +1.

Another way to obtain the second solution is the so called “method of
reduction of order.” With P;(z) being a solution of the Legendre equation of
order [, we write the second solution as

ya(z) = w(z) P ().

Requiring ya2(x) to satisfy the Legendre equation of the same order, we can
determine u;(x). Substituting y2(x) into the Legendre equation, we have

2

(1= 2) g @ P@)] ~ 222 (@) Pw)] + 10+ 1) (@) P )] = 0.

This equation can be written as
(1—2?) Pa)f (2) — [22P)(x) — 2(1 — 2*)F} ()] uj(2)

2

|- 5

@Pl(x) — 256%131(56) +1(1+1) Pz(x)] w(z) = 0.

Since P;(x) is a solution, the term in the last bracket is zero. Therefore

(1~ 2) Pi@)uf (x) — [20Pi(x) — 21— 2*) P (2)] wj(z) = 0,

or
2z 2
W0 = | s = )] wito)
Since u)/(z) = auf (x), this equation can be written as
duj(z) 2x 2,
= — P,
aw [T w

Integrating both sides, we have
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Inuj(z) = —In (1 —2%) —2In P(z) + C,

or

Thus " 4
c ar
wo) = | Tem e

The arbitrary constant ¢ contributes nothing to the property of the function.
With ¢ chosen to be 1, the Legendre function of the second kind is designated

as Q(x).
With Py(z) = 1,

(2) /x dz’ 1/73 da’ n dx’ 11 1+x

ug(x) = _— = ——+—— | ==In .

0 (1—2?) 2 l+2  1-2/) 2 1-2z

The additive constant of this integral is chosen to be zero for convenience.
With this choice

1. 1+«

Qo(z) = ug(x)Po(x) = Fh—

(4.78)

Similarly, with Py (z) = =,

* dz’ r dz’ dz’ 1 142 1
w@) = [ gy = (ot ) =i,

and

Qi) = (x) Pr(x) = 5 In i £

Higher order Q;(z) can be obtained with the recurrence relation
Qz) =2l —1)2Qi-1(z) — (1 — 1) Qi—2(z),

which is also satisfied by P}, as we shall show in Sect. 4.7. The first few Q;(x)
are as follows:

—1= Pl(l‘)QQ(J}) —1.

1 14z 3
Qo= -1In , Q1 =PiQo—1, Q2 =PFPQo— -z,
2 1—x 2
55

_ 5 9 _ 35 4
Q3 = P3Qo 5% Q4 = PsQo g” +51%
63 , 49 , 8

:P —_— — — —_——_—
Qs 5Qo 8£U+8$ 15

It can be shown that these expressions are the infinite series solutions
obtained from the Frobenius method. For example, the coefficients in the
second solution of (4.75)

3 5
Y = agx + a2x” + agx” + - - -,
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are given in (4.74)
(n+1)(n+2)—A

Gn+2 = (n+3)(n+2) tn-
With A =0,
SUES
Therefore

15 15 ag, 1+=x
- z z ) =29 i
Y a0($+3x tye ) 2 "1
This expression is identical to agQo(z).
Therefore the general solution of the Legendre equation for integer order
lis
y(r) = a1 P(x) + caQu(z),
where P;(x) is a polynomial which converges for all z, and @Q;(x) diverges at
r ==+£I1.

4.7 Properties of Legendre Polynomials

4.7.1 Rodrigues’ Formula
The Legendre polynomials can be summarized by the Rodrigues formula

1 d

Pi(r) = g

(z? —1)%. (4.79)
Clearly this formula will give a polynomial of order . We will prove this
polynomial is the Legendre polynomial. There are two parts of the proof.
First we will show that d'/dz!(z2 — 1)! satisfies the Legendre equation. Then
we will show that P;(1) with P;(z) given by (4.79) is equal to 1.

Before we start the proof, let us first recall the Leibniz’s rule for differen-
tiating products:

m

am ml dmk a*
qpm A@)B(@) = ;) R — )1 dam = A @) i B @)

- [dm A(m)] B(z) +m { - A(a:)} [dB(x)} bt A) {de(x)] .

dxm dxm—1 dx dax™
(4.80)

To prove the first part of (4.79), let
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v= (2 -1,
j—v =1z - 1) 122
i
d
(22 — 1)£ = (22 — 1)'22 = 2lav. (4.81)

Differentiating the left-hand side of this equation [ + 1 times by Leibniz’ rule
d
[with A(z) = dl and B(z) = (22 — 1)]:
x

d+t dv d+2y d*ly 1+ 1) dw

_ 2 _ - v -
dat+! ("= 1) dz (@ 1)d$l+2 ++ 1)2xdxl+1 + 2! dat’

and differentiating the right-hand side of (4.81) I + 1 times by Leibniz’ rule
[with A(x) = v and B(x) = 2lx]:

dl+1 +1 dlv
we have
di*2y dtly (14 1) dw dtly dlv
2 _
Simplifying this equation, we get
d+2y d*ty dl
2 _
(.’L’ _l)dml+2 +2xdxl+1 —l(l—i‘l)@ —07

or
d 5. d [dw dlv
d:v{(l_x >£ [dxl}}—i—l(l—i—l) {dxl} =0.
Clearly
dlv d!
a ~ar @ Y

satisfies the Legendre equation. Now if we can show

1 d
— (2 — 1)l] =1,
[QIZ! da! I
then )
1 d
Pil) = o gt

must be the Legendre polynomial.

(a* = 1)
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This can be done by writing

d! d!

-1 = = ) (1)

and using the Leibniz’ rule with A(z) = (z — 1)! and B(x) = (z + 1)!

l 1 -1
1) )’ {ddl(x— 1) ] (a+1) +z{ddl T 1)1} fo(“l)l]Jr...
(4.82)
Notice 41
@ =l -1,

at x = 1, this term is equal to zero. In fact as long as the number of times
(x—1)! is differentiated is less than I, the result will contain the factor (z —1).
At x = 1, the derivative is equal to zero. Therefore all terms on the right-hand
side of (4.82) except the first term are equal to zero at = 1, thus

me-very]  {lSe-n]esr}

Now

therefore
1 d

ot azt

This completes our proof.

4.7.2 Generating Function of Legendre Polynomials

We will prove a very important identity

m Z x)2", |z < 1. (4.83)

This relation has an advantage of summarizing P, into a single function. This
enables us to derive relationships between Legendre polynomials of different
orders without using explicit forms. Besides its many applications in physics,
it is also very useful in statistics.

To prove this relationship, we will make use of the fact that the power
series

1 n
f= ia = HZ:OFn(x)z (4.84)
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exists. Then we will show that the coefficient F, (x) satisfies the Legendre
equation, and that Fj,(1) = 1. That will enable us to identify F,,(z) as P, (z).
Now

% = —%(1 — 222+ 2%) 732 (~22) = 2f3, (4.85)
of 1 2\—3/2 — 3
3, = —5(1 —2xz + 27) (=22 +22) = (x — 2)f~, (4.86)
f= ;z = fA1—22242%) = (1-2°) 2+ (z — 2)° .

It follows from the last equation

(1=a2)fP=f—(z—2)>2f.
Thus

(-0 e =2 @2

—: - -0 Y] -2 (@- 2.

Differentiate both sides of the last equation with respect to x

5 |-G =t Tl -9 =g |1+ @ - 0]
]

— —z% [f+ (x—2)2f*] = —z% {f—&—zgf
0 0 2
= —zg-5-(2f) (zf)

With the series expansion of f, we have

0 p O 0 e

z Z Fn(x)z"] )

or
ni; {6‘1(1 - xQ)aan(m)] o —ngn(a:);Zznﬂ
= -2 F(z)(n+1)n ZFn )(n+1)n
n=0
Thus
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Therefore F, () satisfies the Legendre equation

0 0

%(1 - :UQ)a—an(:E) +n(n+1)F,(z) =0.

Furthermore, for z =1

\/1—22—1—22 ZF

Since
1 B 1 1
Vi-2z4+22 J(1-22 1-2
and
1 = .
l—z_nzzoz’
hence
F,(1)=1.

Thus, (4.83) is established. The left-hand side of that equation is known
as the generating function G (z, z) of Legendre polynomials,

1
G2,2) = = Pu(a)"
(=,2) V1-2xz+2%2 —= (=)=

4.7.3 Recurrence Relations

The following recurrence formulas are very useful in handling Legendre poly-
nomials and their derivatives.

1.
(n+1)Poyi(x) — 2n+ D)zP,(x) + nPp_1(z) = 0. (4.87)

Proof:

%[(1—2@"2—}—2 1/2} ;i

(1—2zz+ z2)73/2 (x—2)= Z P (x)nz""1,

(1 —2zz + 2%) ! _
) 1—2x2+ 22 - Z Po(@)nz

(x — 2) ZP 1—2xz+z ZP 2

n=0

(x — 2
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Z 2Py ( Z P, (z)z"
= i nP,(x)z" "t — i 2aznP,(x)z" + i nP,(x)z" Tt
n=0 n=0 n=0

Collecting the terms, we have

ZnPn(a:)z” Z(Qn—i—l Yo Py (x)2" +Z (n+1)P,(z)z" ™ = 0.
n=0 n=0
Since
Z nP,(x)z""t = Z nP,(z)z" " = Z(n + )Py (2)2",
n=0 n=1 n=0
Z(n + 1)Py(x)2" ! = Z nP,_1(z)z" = Z nP,_1(x)z",
n=0 n=1 n=0
thus
Z [(mn+1)Phi1(z) — (2n+ 1)z Py (z) + nPy—1(x)] 2" = 0.
n=0
Hence
Poiq(z) = [(2n+ 1)zP,(z) — nP,_1(x)]. (4.88)

n+1

This means as long as we know P,_1(z), P,(z), we can generate P, 11(x).
For example with Py(z) = 1, and P;(z) = z, this recurrence relation with
n = 1 will give Py(z) = 1/2(32% — 1). With Pj(z) and Py(z), we can
generate P3(x) and so on. In other words, just with the first two orders,
a Do-Loop in the computer code can automatically generate all orders of
the polynomials.

nP,(z) —zP)(z) + P,_,(x) =0, where P, (x)=d/dzP,(x). (4.89)

Proof: Taking the derivative of the generating function with respect to z
and x, we get, respectively,

L )72 Z”P

(1 —2x2z+ 2?2)
/
o = 2 Pl

(1—2xz+z
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Taking the ratio, we get

r—z _ Zn:OnP( ) net

z Zn Oprll( )Zn

It follows that

(x — 2) Z Pl (x)z" =2 Z P,(x)nz""
n=0 n=0

oo

> aP(x Z P! (z)z" ! = Z nPy( (4.90)

n=0

Now
Z P! (z Z P! (z

since Pj(x) =0, and

PRTIEEED SN
since n = 0 term is equal to zero. It can also easily be shown that
>R =3

n=0
Thus (4.90) can be written as

Z [#P),(z) — P}_1(z) — nPy(z)] 2" = 0.
n=1

It follows
P! (z) - P!

) _1(z) = nP,(x) =0. (4.91)
This relation together with the recurrence relation of (4.87) can gener-
ate the derivative of all orders of the Legendre polynomial based on the
knowledge of Py =1 and P, = x.

Many other relations can be derived from these two recurrence relations.

For example, from (4.88) we have

2n+1
P =="""(P,+zP))—- ——FP
n+1 7’L+1( +x n) +1 n—1»
or 1
n
PP=—"pP ,—P, P
xz n 2 _|_1 n+1 +2 _|_1 n—1-
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Putting it into (4.91)

n+1 _, n

il n+1—Pn+mszf1—PL1—npn=0,
and collecting terms
Pl - P~ (i )P =0,
we obtain another very important relation
P, = %LH (PP ] (4.92)

This equation enables us to do the following integral

1
2n +1

/ Pa(0)dC = [Poi(2) = Py ()]

4.7.4 Orthogonality and Normalization of Legendre Polynomials

As we have discussed in the last chapter, the Legendre’s equation by itself in

the form of
d

dliq_,d _
dx[(l :r)dxy}Jr)\yO

constitutes a Sturm-Liouville problem in the interval of —1 < x < 1 with
a unit weight function. The requirements that solutions must be regular
(bounded) at = %1 restrict the acceptable eigenvalues A to I(I + 1), where [
is an integer. The corresponding eigenfunctions are the Legendre polynomials
P,(z). Since eigenfunctions of a Sturm-Liouville problem must be orthogonal
to each other with respect to the weight function, therefore

1
/ Pi(2)Py(2)dz =0, if 141
1
An extension to this fact is that
1
/ 2" P(x)de =0, if n<l,
1

since z" can be expressed as a linear combination of Legendre polynomials,
the highest order of which is n.

Any well-behaved function f(x) in the interval —1 < 2 < 1 can be
expanded as a Fourier—Legendre series

f(a;‘) = Zanpn($)7
n=0
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an = f_llpé(x)d:c/—l f(z)Pp(x)dx.

where

To carry out this expansion, we need to know the value of the normalization
integral
1
B2 = / P%(z)d.
-1

There are many ways to evaluate this integral. The simplest is to make use of

(4.92)
Pala) = 5 [P (@) = Py (@]

Multiply both sides by P, (z) and integrate

1 1 1
1
/_1 P%(z)dx = ST [/_1 Py (z)P) i (x)dz — /_1 Pn(x)P,'LI(x)dx} .
The second integral on the right-hand side is equal to zero because P! _;(x)
is a polynomial of order n — 2. The first integral on the right-hand side can
be written as

/_1 P (z)P)(z)dz = /_1 Pn(x)dp%;(x)dx = /_1 P, (2)dPyy1(x)

= [P(@) Papa (@), — / o1 (2) P (2)da.

-1
Again, the last integral is zero because P/ (z) is a polynomial of order n — 1.
The integrated part is
1
[Pr(@) Pryr(2)]2 = P (1) Paga (1) = P (=1) Py (1)
=1—(-)"(-)" =2

Thus
2

n+1°

1
5= [ Piaae -

4.8 Associated Legendre Functions
and Spherical Harmonics

4.8.1 Associated Legendre Polynomials

The equation

2
1‘2:| y(x) = 0. (4.93)
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is known as the associated Legendre equation. This equation is of Sturm-—
Liouville form. It becomes an eigenvalue equation for A if we require that
the solution be bounded (finite) at the singular points x = £1. If m = 0, it
reduces to the Legendre equation and A = [(I + 1). For m equal to nonzero
integer, we could solve this equation with a series expansion as we did for the
Legendre equation. However, it is more efficient and interesting to relate the
m # 0 case to the m = 0 case.
One way of doing this to start with the regular Legendre equation

(1-a%)

S P) - 23:%3(3:) U+ 1)P) = 0 (4.94)

and convert it into the associated Legendre equation by multiple differentia-
tions. With the Leibnitz’s formula (4.80), we can write

d2 m—+2 dm+1 m

_ 2

dm
— P,
dz™ )

dm d dm+! dm
— 22— P)| =220—+—P, +2m——2~P,.
dz™ dx T m

Therefore differentiating (4.94) m times and collecting terms, we have

) dm+2 dvrz+1 dam
Denoting
dm
= —~F
v= dz™ (@),

the above equation becomes
(1 —2*)u” = 2z(m+ D' + [I(1+ 1) — m(m + 1)]u = 0. (4.96)
Now we will show that with
u(z) = (1- x2)7m/2 y(z),

y(x) satisfies the associated Legendre equation. Inserting u(z) and its deriv-
atives

—m m —m/2— mx —m
W= =y By = (o ) (et

x m m(m + 2)x? 2\ —m/2
1—
el pe Uy y| (L—=2%)~™/7,

" __

2m
11
Y +1_

into (4.96) and simplify, we see that

1 — 22y — 22y’ + |I(1 LA PP
@)y’ = 2ey + I+ 1) - 5|y ==0,
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which is the associated Legendre equation. Thus

y(x) = (1 _ $2)m/2u(z) _ (1 B xQ)m/QL

I
dz™ (@)

must be the solution of the associated Legendre equation. A negative value
for m does not change m? in the equation, so this solution is also a solution
for the corresponding negative m.

This solution is called the associated Legendre function, customarily des-
ignated as P/™(z). For both positive and negative m, it is defined as

e 4™ d|'rn|

dzxlml

P (z) = (1-2?) Bi(x). (4.97)

Using the Rodrigues formula, it can be written as

1 " dl+7n
ﬁ(l _ 1‘2) /2

P (z) = (x> — 1 (4.98)

dglt+m
Since the highest power term in (22 — 1) is 2%, clearly —1 <m <.

A constant times (4.97) is also a solution, this enables some authors to
define P/ differently by multiplying a factor (—1)" . Still others use (4.98)
to define P, (x) which differs from (4.97) by a constant factor (see exercise
25). Unless otherwise stated, we shall assume that the associated Legendre
polynomial is defined in (4.97). The first few polynomials are listed below. In
applications most often « = cos#, therefore P/™(cosf) are also listed side by
side

7Pll(as) =(1—a?)1/2 P} (cos@) = sin6

P)(zx) = 32(1 — x%)1/2 Pj (cos ) = 3cosfsind

Pi(z) = 3(1 — 2?) PZ(cosf) = 3sin® 0

Pi(z) = (3/2)(52% — 1)(1 — 2%)Y/2  P}(cosf) = (3/2)(5cos? — 1)sin 6
Pi(z) = 15z(1 — 2?) P2(cos @) = 15cosfsin” 0

P (x) = 15(1 — 22)3/2 P} (cosf) = 15sin® 6.

4.8.2 Orthogonality and Normalization of Associated Legendre
Functions

The associated Legendre equation is of the Sturm—Liouville form, therefore
its eigenfunctions, the associated Legendre functions, are orthogonal to each
other.

Let us recall the standard Sturm-Liouville equation
d d
o [r) ] + @ + xtary =o.
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If r (a) = r (b) = 0, then this equation, by itself, is a singular Sturm-Liouville
problem in the range of a < z < b, provided the solution is bounded at
x = a and x = b. This means that its eigenfunctions are orthogonal with
respect to the weight function w ().

With the associated Legendre equation written in the form

d d m?

(=) P | + L+ VP (@) - T P ) =,
we can identify
1
r(z) =2 =1, q(x)=—-1(+1), w(f):ma =m?,
and conclude that
1
/ P (z)P" (x) —ade=0,  m'#m (4.99)
—1 -
On the other hand, we can identify
2 m®
r(z) =1-a7, q(‘r):_l_ixgv w(z)=1, A=1(l+1),
so we see that P/ (x) also satisfies the orthogonality condition
1
/ P ()P (x)dz =0, [#1. (4.100)
—1

In practical applications, (4.100) is of great importance, while (4.99) is only
a mathematical curiosity.

To use {P/™(z)} as a basis set in the generalized Fourier series, we must
evaluate the normalization integral,

[ s =g,

—1

By definition

/ [P ()] da = / (1_xz)mdez(a:) d"P(z)

1 1 da™ da™
! d™P/(z) . [d™ 1P(z)
= 1—a%)™ .
[1( ) dzm™ d[ dgm—1 }

Integrating by parts we have
1 -1 -1
d™Py(x) . [d" 1 P(z) d™Py(x) d" " P(x)
_ n2\ym _ _ .2\ym
/_1(1 ) dz™ d [ dgm—1 (1=2%) dam dgm—1

_/1 d™1P(z) d [(1_m2)mdel(x)} dz.

o, dazml dx dzm

1

—1
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The integrated part vanishes at both upper and lower limits, and

d d™Py(z) dm™ 1Py (x) _,d™P(x)
el 1_2m7:1_2m7_2 1_2m 17.
dx (1=2%) dz™ (1=-2%) dxmt1 ma(l—z7) dz™
Replacing m with m — 1 in (4.95), the equation becomes
9 m—+1 dam dmfl
Multiplying this equation by (1 — x2)m71 , we see that
m 4" P () m—1 4" P ()
(1 —xQ) W —me(l _1'2) 1d$7m
dm-1p
=—(1—-2H™ 1 +m)l —m+ 1)W_l§x)
Therefore
1 1 ym-—1 m—1
m N2 d Pi(x) 2ym—14 P (x)
R = am—me ) [ S0ty S

1
:U+mW—m+U/[Hm%ﬂ%m
-1
Clearly this process can be continued, after m times
! 2 ! 2
[ @ as =, [ (@) .
1 —1

where

ki = (L+m)({—m+ 1)1 +m—1)(1—m+2)-- (I + 1)
—(+m)+m—1) - ((+Dl ((—m+2)(—m+1)

(

Since
P, de = ——
| R@rar = 52
it follows that the normalization constant 37, is given by
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4.8.3 Spherical Harmonics

The major use of the associated Legendre polynomials is in conjunction with
the spherical harmonics Y (6, ¢) which is the angular part of the solution of
the Laplace equation expressed in the spherical coordinates,

. l1tav1a-my . .

where 6 is the polar angle and ¢ is the azimuthal angle and m > 0. For m < 0,
v " o,0) = ()" [ 0,0)] (4.102)

Over the surface of a sphere, {Y;"} forms a complete orthonormal set,

27
/ / lenl* sz (0, ¢)sin@db de = 01, 150m, ms-
0=0

The orthogonality with respect to (mq,ms) comes from the ¢-dependent part
exp(imyp)

27 . ) 27 )
/ e iIMeimae 4o, — / el(mz—ma)e dp = 278, s
»=0 ¢=0

and the orthogonality with respect to (I1,l2) is due to the associated Legendre
function P/ (cos6),

/0:0 P™(cos 0)P7(cos 0) sin 0 df dp = 1 m&l,zz-

The first few spherical harmonics are listed as follows

T
Ylo(ea @) = % cos YjEl =F 2;;3 sin @ cos fe'¥
Vi, 0) = F 3 sinfel? Y530, ¢) = 1/ > BSin e

T

The factor (—1)™ in (4.101) is a phase factor. Although it is not necessary,
it is most convenient in the quantum theory of angular momentum. It is called
the Condon—Shortley phase, after the authors of a classic text on atomic
spectroscopy. Some authors define spherical harmonics without it. Still others
use cos ¢ or sin ¢ instead of e?. So whenever spherical harmonics are used,
the phase convention should be specified.

Any well-behaved function of § and ¢ can be expanded as a sum of spher-
ical harmonics,
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[e%S) l

f (9’ QO) = Z Z Clm}/lm(ea (p)a

=0 m=—1

where L on
o= [ 1 / Y76, 0)]" (6, ) dipd (cos ).

This is another example of generalized Fourier series where the basis set is
the solutions of a Sturm—Liouville problem.

4.9 Resources on Special Functions

We have touched only a small part of the huge amount of information
about special functions. For the wealth of material available, see the three
volume set of “Higher Transcendental Functions” by A. Erdélyi, W. Magnus,
F. Oberhettinger, and F.G. Triconi (McGraw-Hill, 1981). An excellent sum-
mary is given in “Formulas and Theorems for the Special Functions of
Mathematical Physics” by W. Magnus, F. Oberhettinger, and R.P. Soni,
(Springer, New York, 1966).

Extensive numerical tables of many special functions are presented in
“Handbook of Mathematical Function with Formulas, Graphs, and Mathe-
matical Tables” edited by M. Abramowitz and I.A. Stegun (Dover Publica-
tions, 1972).

Digital computers have made numerical evaluations of special functions
readily available. There are several computer programs for calculating spe-
cial functions listed in “Numerical Recipes” by William H. Press, Brian
P. Flannery, Saul A. Teukolsky and William T. Vetterling (Cambridge
University Press, 1986). A more recent comprehensive compilation of spe-
cial functions, including computer programs, algorithms and tables is given
in “Computation of Special Functions” by S. Zhang and J. Jin (John Wiley
& Sons, 1996).

It should also be mentioned that a number of commercial computer pack-
ages are available to perform algebraic manipulations, including evaluating
special functions. They are called computer algebraic systems, some promi-
nent ones are Matlab, Maple, Mathematica, MathCad, and MuPAD.

This book is written with the software “Scientific WorkPlace”, which also
provides an interface to MuPAD (Before version 5, it also came with Maple).
Instead of requiring the user to adhere to a rigid syntax, the user can use
natural mathematical notations. For example, the figures of Bessel function
Jn, Neumann function N,,, and modified Bessel functions I,, and K,, shown
in this chapter are all automatically plotted. To plot J,,(z), all you have to
do is (1) from the Insert menu, choose Math Name, (2) type BesselJ in the
name box, enter a subscript, enter an argument enclosed in parentheses, (3)
choose OK, and (4) click on the 2D plot button. The program will return with
a graph of Jy, Ji, or J3 depending on what subscript you put in.
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Unfortunately, as powerful and convenient as these computer algebraic
systems are, sometimes they fail without any apparent reason. For example,
in plotting N, (x), after the program successfully returned Ny(z) and Ny (x),
with the same scale, the program hanged up on Na(x). After the scale is
changed slightly, the program worked again. Even worse, the intention of the
user is sometimes misinterpreted, and the computer returns with an answer to
a wrong problem without the user knowing it. Therefore these systems must
be used with caution.

Exercises

1. Solve the differential equation
dT (t)
= yaT@t) =
" +aT (t)=0

by expanding T (t) into a Frobenius series

T(t)=1") " ant".
n=0

3t3

Ans. T (t) = ag (1 —at+ ‘X;fz -5+ ) =age .

2. Laguerre Polynomials. Use the Frobenius method to solve the Laguerre
equation
1 / —
2y +(1—2)y + Ay =0.
Show that if A is a nonnegative integer n, then the solution is a polynomial
of order n. If the polynomial is normalized such that it is equal to 1 at
x = 0, it is known as the Laguerre polynomial L,(x). Show that

(=Dfn
L,(x) = —a".
(@) ];) (n— k) (k)

Find the explicit expression of Lo(z), Li(z), La(z) and show that they
are identical to results obtained in Exercise 3 of the last chapter from the
Gram—Schmidt procedure.

n

3. Find the coefficients ¢,, of the expansion
f(z) = Z cnLy ()
n=0

in the interval of 0 < z < co. Let f(x) = 22, find ¢,, and verify the results
with the explicit expressions of Lo (), Li(z), La(x).

Hint: Recall Laguerre equation is a Sturm-Liouville problem in the in-
terval of 0 < z < oo. Its eigenfunctions are orthogonal with respect to

weight function e™%.
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Rodrigues Formula for Laguerre Polynomials. Show that

L,(x) = lezd—n (z"e™7)
" n!  dzn '
Hint: Use Leibnitz’s rule to carry out the differentiation of x™e™".

Associated Laguerre Polynomials. (a) Show that the solution of the asso-
ciated Laguerre equation

' +(K+1—2)y +ny=0

is given by

dk
© dat
(b) Other than a multiplicative constant, these solutions are known as the
associated Laguerre polynomials L¥ (z). Show that Li(x), Li(z), L3 (z)
found in Exercise 6 of the last chapter are, respectively, proportional to

Yy Lypyk ().

d d d
@Ll(m)a @LQ(m)a £L3(1’)

Hint: (a) Start with the Laguerre equation of order n + k. Differentiate
it k times.

Warning: There are many different notations used in literature for asso-
ciated Laguerre polynomials. When dealing with these polynomials, one
must be careful with their definition.

Hermite Polynomials. Use the Frobenius method to show that the follow-
ing polynomials
y=>_ cxt,
k=0

where
Ck+2 2k — 2n

Ck (k+1)(k+2)

are solutions to the Hermite equation
y" — 2xy’ + 2ny = 0.

Here we have a terminating series with £ = 0,2, ..., n terms for n even and
with £ = 1,3,...,n terms for n odd. If the coefficient with the highest
power of z is normalized to 2", then these polynomials are known as
Hermite polynomials H,(z). Find the explicit expressions of Hy(z),
Hy(x), Ho(z). Show that these are the same polynomials found in Ex-
ercise 4 of the last chapter from the Gram—Schmidt procedure.
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7. With the product of

446
et —1—t2+——

2!7 Z

(22)° (2»”6);’:0
=

2! 3! k!

written as

7t2 29:15 Z A

show that forn =0, n=1, n =2,

where H,,(x) are the Hermite polynomials found in the previous problem.

8. Generating Function of Hermite Polynomials. Show that (a) A, (z) of the
previous problem can be written as

n on
_ k d _
- CknT ", an Cnn = nl ’

where k£ and n are either both even or both odd.
(b) Show that ¢, is given by

ok (71)(71*16)/2
®n = T [ —k) /20
(c) Show that the ratio of ¢t , over ¢y, is given by

Cht2n _ 2k — 2n

(d) Show that in general

t2 2zt Z H

where H,(z) is the Hermite polynomial of order n. The left-hand side
of this equation is known as the generating function G (z,t) of Hermite
polynomials,

G (z,t) = et 21,

Hint: (a) The power of 2 can come only from the expansion of e**!.
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(b) The coefficient of " is the product of the coefficient of t* in the
expansion of 2** and the coefficient of t"~* in the expansion of e=t". Set
(n—k)=2L

(d) The coefficients satisfy the recurrence relation of the Hermite poly-
nomials and the coefficient of the highest power of z is normalized to
(1/n!)2m™.

9. Recurrence Relations of Hermite Polynomials. Show that

(a) 2zH,(x) =2nH,_1(x) + Hpp1(z), n>1,
d
(b) aHn(m) =2nH, 1(x), n>1.
Hint: (a) Consider éG(ﬂc t). (b) Consider gG(:lc t)
' ot T ox T
10. Rodrigues Formula for Hermite Polynomials. Show that

377,

— = Hy, (),
(@) FmG@0)| =M@

o" 2 O™ 2

& ot L —(t-x)
(b) atnG(w,t) e ome ,
(© Holw)= (-1 Lo’
¢ nlx) = e 3x”e

Hint: (b) G ((E,t) — eft2+2xt — ew2f(t7w)2 — e:v2€7(t7w)2
mzi —(t—2)? _ _1) 22 on —(t—2)?

(c) e FY (-D)"e Fro .

11. Use the series expression of Bessel functions

B (-=1)* 2\ 2k
In(@) = kZ:O KT (n+k+1) (5)

to show that
(a) Jo(0)=1; J,(0)=0 for n=1, 2, 3,...,
(b) Jo(z) = —Ji(z).

12. Let Ay; be the jth root of J, (Ac) = 0, where ¢ = 2. Find g1, A2, A2
with the table of “zeros of the Bessel function.”
Ans. 1.2024, 3.5078, 5.8099.
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14.

15.

16.

17.
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Show that

(a) /O Jo (Ar)rdr = §J1 (Ac).

(b) /0 Jy(Ar)dr = %, if Jo(A)=0.
Hint: (a) Use (4.32). (b) Use (4.36).

Show that -
Jo(x) +2)  Jon(z) = 1.
n=1

Hint: Use the generating function.

Solve

y"'(z) +y(x) =0
by substituting y = y/zu and solving the resulting Bessel’s equation. Then
show that the solution is equivalent to

y(x) = Asinx + Bcosz.

(a) Show that an equation of the form
22y (z) + zy/ (x) + (amﬁ)2 y—b2y=0

is transformed into a Bessel equation

2
22y (2) + 2y () + 2%y — () y=0

by a change of variable

(1,$ﬁ
zZ=—.

B
(b) Solve
22y + zy’ + dzty — 16y = 0.
Ans. (b) y(l‘) = Cng (332) + 62N2 (1‘2) .

Solve
2y (x) — zy' (z) + 2%y () = 0.

Hint: Let y(z) = z%u(x), and show that the equation becomes

(
2.1 (

U+ (2a — 1) zu’ + [2% + (o — 2a)] u = 0.

then set o = 1.
Ans. y(z) =z [e1J1(z) + 2Ny (2)] .
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18. Use the Rodrigues formula

1 d !
@) = g qer =)

to develop the following series expressions of the Legendre polynomials

o A (- '<2l—2k> —
A 211' k;'l— I (1= 2k)! ’

where [[/2] =1/2 if | is even, and [I/2] = (I — 1)/2 if | is odd. Show that
(2n)!

Pon (0) = (1) 20 () Pani1(0) = 0.
19. Use the generating function G (0,¢) to find Pa, (0).
Hint:
Loy lpy ll8e
ire T2l A
_ Z (-1)" @0 -1l ,,
B — nl on ’

(2n— 1)l = (2n — 1)”8@ _ @

20. Use Rodrigues’ formula to prove that
Pra(@) = Py (z) = 2n+ 1) Py ().

Hence show that

1
/ P, (z)dx = ﬁ [P—1(z) — Ppy1(x)].

21. Use the fact that both P,(x) and P, (x) satisfy the Legendre equation
to show that

/1 P, (z)Py(x)dx =0 if m #n.

-1
Hint: Multiply the Legendre equation

ddx {(1 - :r2)diP (x )] +m(m+1)P,(x) =0

by P,(z) and integrate by parts:
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1 —z? i _ i =mim 1 X x)axr
[1(1 2?) [dem(x)_ — Py (a)de = m( +1)[1Pn( )Py (2)dz.

Similarly,

/11(1 - Lfrp n(®@)] = Pulwyde = n(n+ 1) [ 11 Pyu(2) Py (2)da.

Then get the conclusion from
1
[m(m+1) —n(n+1)] / P, (z) Py (x)dx = 0.
-1

. Use the Rodrigues formula to show

/1 (Po(2)]2 de = —2

Hint: First show that

/11 [Po()]” do = {2"111!]2/1101 [(E;_ll (2 — 1)"] (% (22— 1)",

then use integration by parts repeatedly to show

/1 [P ()] dz = (—1)" {2,1111!]2/1 (z2—1)" dd;:n (z* —1)" da.

-1 -1

Note that (d2"/dz?") (22 —1)" = (2n)!, so

/11 [Po())” da = [2:7“} 2 (2n)! /11 (1-2?)" da.

Evaluate the integral on the right-hand side with a change a variable
x = cosf. First note

1 1 ™
/ (1- :cQ)ndx = / (1 — cos® 0)" dcosf = / (sin#)?"*1de,
0

-1 -1

then show that
(2n+1) / (sin§)%"1dg = 2n / (sin/)*" ' de,
0 0
by repeated integration by parts of

1 1 0
d
/ (1—cos?0)" dcost = / (sin 6)*" d cos O = 7/ cos 9@ (sin6)*" A
—1 —1 e

= 2n/ (sin )" "' do — 2n/ (sin 6)*" d6.
0 0
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Finally get the result from

T 2n(2n —2)---2 T [2”n!]2
2n+1 — =92
/0 (sin 6) 40 (2n+1)(2n71)~~~3/0 sin6 df (2n + 1)1

23. If

1 O<zxl1l

f@)_{0—1<x<0’

show that f(x) can be expressed as

flz) = % + ix+z_:1(—1) 121322&2?))2]32714—1( ).

Hint: Show that

1 1

flz) = §P0(I)+§

oo

> [P2n (0) = Pong2 (0)] Pong (2).
n=0

24. Show that
2(n+1)

! (2n+1) (2n + 3)
@ [ P = 3
-1 (2n—1)(2n+ 1)

0 otherwise
2(n+1)(n+2)
2n+1)(2n+3) (2n+5)

1 2(2n? 4+ 2n — 1)
o Py (a)Pofade = § by D o0+

(2n — )(n—l) +1)

if m=n+1

if m=n-1"

m=n-+2

m=n

m=n-—2

otherwise
Hint: Use (4.88).
25. Show that if P, (x) and Y™ (0, ¢) are, respectively, defined as
I —m)!
P = (-1 L

1204+1(1=m)
2 2 (I4+m)!

then Y,7" (6, ¢) obtained from the last expression is the same as

v, 0) = (1" [Yme.0)]
defined in (4.102).

P (cosf)e™?, for —1<m<I,
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Partial Differential Equations






5

Partial Differential Equations in Cartesian
Coordinates

An equation involving one or more partial derivatives of an unknown function
of two or more independent variables is called a partial differential equation.
Compared with ordinary differential equations, far more problems in physical
sciences lead to partial differential equations. In fact, most of mathematical
physics deals with partial differential equations.

In general, the totality of solutions of a partial differential equation is very
large. However, a unique solution of a partial differential equation correspond-
ing to a given physical problem can usually be obtained by the use of either
boundary and/or initial conditions. In practice, the boundary conditions fre-
quently serve as a guide in choosing a particular form of the solution, which
satisfies the partial differential equation as well as the boundary conditions.

The field of partial differential equation is very wide. We are going to focus
our attention on the equations that arise most often in physics, namely

2
Vi = a%%’ Wave equation
1 Ou

Viu=——,
YT 2

Diffusion equation

V2u =0, Laplace’s equation,

where V? is the operator

The Schrédinger equation in quantum mechanics also has a similar form
except that an imaginary number is attached to the time derivative.

In this chapter we only consider problems expressible in cartesian coordi-
nates. Problems with curved boundaries will be considered in Chap. 6.

The amazing thing is that there are many problems which are physically
unrelated, but they can be described by the same or very similar partial
differential equation.
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5.1 One-Dimensional Wave Equations

5.1.1 The Governing Equation of a Vibrating String

As an example, we will derive the equation that governs the small vibrations of
an elastic string of length L, fixed at both endpoints. The dependent variable
u(x,t) represents, at time ¢, the displacement of the point of the string that
is at distance x away from the first end point 0.

We shall assume that the string is homogeneous, that is, the mass of the
string per unit length, denoted as p, is a constant. We also shall assume that
the string undergoes only small vertical displacements from its equilibrium
position. (The displacements do not have to be in vertical direction, but for
the sake of discussion, we assume it is.)

Let us consider the segment of the string between x and = + Az, where
Az is a small increment, as shown in Fig. 5.1. The quantities 77 and 75 in the
figure are the tensions at the points P and Q of the string. Both 77 and 75 are
tangential to the curve of the spring. Because there is no horizontal motion
of the string, the net horizontal force exerted on the segment must be zero.
In other words, the horizontal components of the tensions at P and Q must
be equal and opposite. That is

Ticosfy =Thcosly =T, (5.1)

where T is a constant equal to the horizontal force with which the string is
stretched. If the amplitude is small, we can regard T as the tension of the
string.

There is a net force in the vertical direction, F,, that causes the vertical
motion of the string. Clearly

Fu = T2 Sil’leg - T1 Sin91.

By Newton’s second law, this force is equal to the mass of the segment, p Ax,
times the acceleration which is the second derivative of the displacement with
respect to time. That is

0%u

T5 sl — T si =pAr—-.
5sin 3 psina=p xat2

X X+ Ax

Fig. 5.1. A vibrating string at time ¢
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Dividing this equation by T" and using (5.1), we have

TQ sin02 T1 sin01 - pAJI@
Tycosfy Ticosy T Ot

Thus

pise o
T o2

But tan s and tan 6 are the slopes of the curve of the string at  + Az and

x, respectively,
ou
tan 92 = <> y
Ox +Ax

tanf, = <gu> .
€ x

Hence (5.2) can be written as

ou ou\  pAzd*u

Recall the definition of a derivative

dr lim F(z+ Az) — F(x)
dz T Az—0 Az '

tan92 — tan01 = (52)

If it is understood that Az is approaching zero even without the limit sign,

then we can write AF
F(x+ Az) — F(z) = d—Ax.
T

Thus it is clear that

ou ou 0 (0Ou 0%u
— —(= ] ==— | = ) Az = Az
(ax>x+m <6x) oz (a> CT a2
Therefore (5.3) becomes
Pu_p
0x2 T o2’
This is the so called one-dimensional wave equation. We see that it is

linear, homogeneous, and of second-order.
If the string is fixed at both ends, we have two boundary conditions

(5.4)

B.C.: u(0,t) =0; u(L,t) =0.

Furthermore, if the string is initially displaced into a position u = f(z)
and released at rest from that position, then we have the following initial
conditions:
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I.C.: u(z,0) = f(x); us(x,0) =0,

where u(x,0) denotes the first partial derivative of u(x,t) with respect to ¢
and then evaluated at t =0

ou(z,t)

ug(z,0) = T

t=0

The first condition says that the initial shape of the string is f(z), the second
condition simply says that at t = 0, the velocity everywhere in the string is
Zero.

Of course, it is possible that the string also has initial velocity. In that
case, the initial conditions become

u(z,0) = f(z); w(z,0) = g(x).

5.1.2 Separation of Variables

To describe the motion of the string, one must solve the differential equation
and the solution must satisfy the boundary and initial conditions. Specifically
let us find a formula for the transverse displacement wu(z,t) of the stretched
string which satisfies (5.4). For simplicity of writing, let us first define

a® = —. (5.5)

It turns out a has a physical meaning which will become clear later.

A powerful and classical method of solving linear boundary value problems
in partial differential equations is the method of separation of variables which
reduces a partial differential equation into ordinary differential equations. Al-
though not all problems can be solved by this method and there are other
methods, generally separation of variables is the first method one should try.

Let us solve the mathematical problem consisting of the following:

O*u(x,t) 1 0?u(x,t)

DE.: 00 = S22, (5.6)
B.C.: u(0,t) = 0; u(L,t) =0, (5.7)
I.C.: u(z,0) = f(z); we(x,0)=0. (5.8)

The assumption of separation of variables is that we can write u(x,t) as
u(z,t) = X (2)T(t),

where X is a function of z alone and T is a function of ¢ alone. The justifi-
cation of the assumption of this method is that it works. It follows from this
assumption, that:



5.1 One-Dimensional Wave Equations 233

0%y d2
0z2 dz?

82U d2 "
Thus (5.6) becomes
1
X" (x)T(t) = EX(x)T”(t).
Dividing both sides of the equation by X (z)T'(¢)

X"(@)T() 1 X(2)T"(¢)

X(@)T(t) a2 X(2)T(t)’

we obtain
X"(x) 1. 77(t)

X(z) a T@)
The left-hand side of this equation is a function of x alone, it cannot vary
with ¢. However, it is equal to a function of ¢ which cannot vary with z. This
is possible if and only if both sides are equal to the same common constant
a. This leads to

X//(x) W
X(x) ’
17T"(t)
2Tt "
It follows that:
X"(z) = aX(z) (5.9)
T"(t) = ad®T(t). (5.10)

The partial differential equation is now decomposed into two ordinary differ-
ential equations.

FEigenvalues and Eigenfunctions. If u(z,t) is to satisfy the first boundary con-
dition, then
u(0,t) = X(0)T'(t) =0

for all ¢. Since T'(¢t) is changing with ¢, the only possibility that this can be
true is that
X(0) =0.

Similarly, the condition u(L,t) = 0 leads to

X(L) = 0.
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So far we have not specified the value of the separation constant «, it could
be less than zero, equal to zero, or greater than zero. It is easy to show that
if & = 0, there is no solution that can satisfy these boundary conditions.

First, if o« = 0, the solution of (5.9) is X () = Az+B. In this case X (0) = 0
requires B = 0. Thus, X (L) = AL. Since X(L) = 0, therefore A = 0. This
leads to X (x) = 0 which is a trivial solution for the case that u is identically
equal to zero for all x and t.

When a > 0, let us write a = p? with g being real. Then the solution of
X"(z) = p?X(z) is X (z) = C cosh px + D sinh pz. With X (0) = 0, C must be
equal to zero. Thus X (x) = Dsinh pa. Since sinh pL, # 0, X (L) = 0 requires
D = 0. Again this gives only the trivial solution.

Therefore o must be less than zero. Let us write o = —pu2, so (5.9) becomes

X"(x) = —pu*X(z).
The general solution of this equation is
X(z) = Acos ux + Bsin ux.

Thus X (0) = A and the condition X (0) = 0 means A = 0. Hence we are left
with
X (z) = Bsin pz.

To satisfy the condition X (L) = 0, u must be chosen to be

Therefore, for each n, there is a solution X, (x)
X, (x) = By sin nfﬂsc, n=12... (5.11)

where B,, is an arbitrary constant. The numbers o = —n?7?/L? for which this
problem has nontrivial solutions are called eigenvalues, and the corresponding
functions (5.11) are called eigenfunctions.

Solution of the Problem. It is important to keep in mind that « in (5.9) and
in (5.10) must be the same. When o = —n?72/L?, (5.9) is a distinct problem
for each different positive integer n. For a fixed integer n, (5.10) becomes

n?n?

T’I/I/ (t) = L2

a®T, (t).

The solution of this equation is
T, (t) = Cy, cos %t + D, sin ?t.

Thus, each
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is a solution of the differential equation. An important theorem of the linear
homogeneous partial differential equation is the principle of superposition. If
u1 and ug are solutions of a linear homogeneous differential equation, then

U = C1U1 + CaUs,

where ¢; and ¢ are arbitrary constants, is also a solution of that equation.
This theorem can be easily proved by showing the equation is satisfied with
this combination as the solution.

Therefore the general solution is given by

u(m,t) = chXn(x)Tn(t)

(oo}
nma . nwa \ . nw
= nzz:l (an cos ——t + by, sin 7 t) sin —-. (5.12)
where we have combined three arbitrary constants ¢, C), B,, into a single con-
stant a,,, and ¢, D, B, into b,. Now the coefficients a,, and b,, can be chosen
to satisfy the initial conditions.

One of the initial condition is

> [d
ug(z,0) = Z [dt (an cos ?t + b, sin nzat)]t . sin n%x =0,
n=1 =

which leads to

Z bn? sin n%x = 0.

n=1

Since sin ”—L’Ta: is a complete set in the interval of 0 < z < L, all coefficients
must be zero. Another way to see that all b,, are zero is the following. This
equation is a Fourier sine series of zero. The coefficients are integrals of zero

times some sine function. Obviously they are zero. Therefore
b, = 0.

Thus we are left with

u(z,t) = Zan sin %x cos n—zau (5.13)
n=1

where the coefficients a,, can be chosen to satisfy the other initial condition.
Since u(z,0) = f(z), it follows from the last equation

u(z,0) = Z an sin %x = f(x).
n=1
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This is the half-range Fourier sine series of f(z) between 0 and L. Therefore
a, is given by the Fourier coefficient

2 L
= Z/o f(z)sin ?dx.

Thus, the solution of this problem is given by

u(zx,t) = l / f(z sm

Example 5.1.1. A guitar string of length L is pulled upward at the middle so it
reaches height h. What is the subsequent motion of the string if it is released
from the rest?

/
w dx’} sin %x cos n—zat. (5.14)

Solution 5.1.1. To find the subsequent motion means to find the displace-
ment of the string as a function of ¢. That is, we have to solve for u(x,t) from
the equation

0%u(z,t) 1 9u(z,t)
0x2 a2 o2
Since the two ends of the guitar string are fixed, so we have to satisfy the
boundary conditions
u(0,t) =0, w(L,t)=0.
Furthermore, it can be readily shown that the initial shape of the string is
given by

2h L
fx for OSxSE,

f(z) = 2h L
f(L—x) for ngSL.

Since it is released from rest, so the initial velocity everywhere in the string
is zero. This means the derivative of u(z,t) with respect to time evaluated at
t = 0 is zero. Thus the initial conditions are

u(z,0) = f(x), ug(x,0) = 0.
According to (5.14), u(z,t) is given by

nmwa
E ansm xcos i —t,

n=1

9 L
an:—/ f(x)sin?dx

Lz 2 2 [F 2n
= —/ sin wd / — (L — x)sin %dx
L

where

L /2L

= sin 2 |
n2 772 2



5.1 One-Dimensional Wave Equations 237

Therefore
8h o= 1
u(z,t) = = nil p Sin% sin %x cos ?t
8h (. « Ta 1 . 37 3ra
= ; Sin Zl’ COS ft — 37 S1n fz COS Tt

1 . o7 _oma 1 . 7r Tma 1
+? sin —-2 cos Tt ~ 73 sin -z cos Tt +-- ) . (5.15)
It is interesting to see the time development of the displacements. The shapes
of the string at various times are shown in the left-hand side column of Fig. 5.2.
The individual components are shown in the right-hand side column of the
same figure. The string oscillates up and down as expected. We have shown
the positions of the string within half of a cycle. After that it will go back

Fig. 5.2. The time development of the displacements of a string after its middle
point is pulled up a distance h and released from that position. The left-hand side
column is the shape of the string at various times obtained by summing up the first
four nonzero terms of the series (5.15). The right-hand side column are the positions
of the four individual terms of the series at the correponding times. Although differ-
ent components oscillate at different frequencies, they sum up to a string going up
and down as expected. It is seen that the fundamental (the first term) dominates
the motion
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to its original position and then repeat the motion. During this time interval
of half a cycle, the fundamental (the first term in the series, sin Tx cos Z*t)
also completes half of its cycle. The third harmonic (the second nonzero term,
sin %x cos 3%%) actually completes one and half of its cycle. Various com-
ponents oscillate at various different frequencies, yet together they sum up to
the oscillation shown in the left-hand side column. In fact we have summed up
only four nonzero terms, so the lines for the shape of the string are somewhat

curved and the corners are somewhat rounded. If we use the computer to plot

8h <. 1 . nm . nmw nwat
— — sin — sin —x cos —
2 2 )
T =n 2 L L
with N = 50, then all the lines in the left-hand side column will be straight
and all corners sharply pointed. The amplitudes of higher components are
very small, but they do make the sum converge to the exact value. It is seen

that in this case the fundamental dominates the motion.

5.1.3 Standing Wave

For the physical interpretation of the series (5.14), let us suppose that the
string is suddenly released from the position u(x,0) = sin 2%33 In this case,

the coefficient a,, is given by

2/L . 27x mrmd 1 n=2,
p = — sin — sin —dx =
L Jy L L 0 n#2.

Therefore the subsequent displacement of the string is

(z,t) =si 2m co 27rat
u(zx,t) = sin —xz cos —t.
L L
This motion is shown in Fig. 5.3. At any instant of time, u(x,t) is a pure sine
curve 5
u(x,t) = As(t) sin %x,

2
where Ay(t) is the amplitude of the sine wave and As(t) = cos %at. Note

that the points at * = 0, x = L/2, and x = L are fixed in time. They are
called nodes. Between the nodes, the string oscillates up and down. This kind
of motion is known as standing wave.

In general (5.13) can be regarded as

u(z,t) = Zanun(at,t), (5.16)
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Fig. 5.3. The standing wave of sin Q%x cos %Tat

where
_.onm nwa
Up(z,t) = sin & cos Tt

is known as the nth normal mode. One characteristic of a normal mode is
that once the string is vibrating in the standing wave of that mode, it will
continue to vibrate in that mode forever. Of course, if there is damping, its
amplitude will eventually die down.

The time dependence of each normal mode is given by cos %‘” which is a
periodic function. The period is defined as the time interval after which the
function will return to its original value. Let P, be the period, so that

cos ?(tJrPn) = cos ?t. (5.17)
Since nmwa nwa, nwa
cos T(t + P,) = cos (Tt + TP">
clearly
?PH — o
Therefore of
P, = .
na

Frequency v, is defined as the number of oscillations in one second (the
unit of frequency is called Hertz, Hz), that is

1 na
Up = — = —.
" P, 2L
Therefore the series (5.16) represents the motion of a string (of violin or
guitar) as a superposition of infinitely many normal modes, each vibrating
with a different frequency. The lowest of these frequencies

a 1 /T

vV = — = — —

YTaor a2\
is called the fundamental frequency. Here we have used the definition of a
given in (5.5). The fundamental frequency usually predominates in the sound
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we hear. The frequency v,, = nvy, of the nth overtone or harmonic is an
integral multiple of v4.

Note that once L, T, p are chosen, the fundamental frequency is fixed.
The initial conditions do not affect v1; instead, they determine the coefficients
in (5.14) and hence the extent to which the higher harmonics contribute to
the sound produced. Therefore the initial conditions affect the overall fre-
quency mixture (known as timbre), rather than the fundamental frequency.
For example, if the string of a violin is bowed at some other point than its
center, the amplitudes of higher harmonics would have been different than
shown in Fig.5.2. By choosing the point properly any desired harmonic may
be emphasized or diminished, a fact well known to musicians.

Once a musical instrument is constructed, the length of string L and the
density p cannot be changed. Therefore tuning is usually done by changing
the tension 7.

The spatial dependence of the first few normal modes is shown in Fig. 5.4.
The first mode (n = 1) is called the fundamental mode, represents a harmonic
time dependence of frequency a/2L. The second harmonic or first overtone
(n = 2) vibrates harmonically with frequency a/L, twice as fast as the fun-
damental mode. Its motion is also shown in Fig.5.4. Note that, in addition
to the two end points, the midpoint of this harmonic is a node. Similarly,
the third (n = 3) and fourth (n = 4) harmonics have two and three nodes,
respectively, in addition to the two end points.

In describing the frequency of the oscillation, the angular frequency
wy, (radians per second) in often used

5 ™ma
Wn = 2MVy = ——.

Another quantity associated with wave motion is the wavelength. The
wavelength A, is defined such that u,,(z,t) will return to its original value if
x is increased by A, that is

Un (T + An, to) = un(z, to). (5.18)

Fig. 5.4. The first four normal modes of a vibrating string. Fach normal mode is a
standing wave. The nth normal mode has n — 1 nodes, excluding the nodes at the
two end points
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Since

n n nwa
Up (T + A, to) = sin (—W:c + i)\n) cos %to;

L L
(2,10 = i nw nma,
un(@, to) = sin —a cos ——t
it is clear that (5.18) will be satisfied if
%)\n = 2.
Therefore ol
P—— 5.19
! (5.19)

Thus, for n = 1, L:%)\; n=2 L=\ n=3, L:%)\, n=4, L =2\
These relations are clearly demonstrated in Fig.5.4. Therefore the distance
between two nodes of a standing wave is half of a wavelength.

Often a quantity known as wave number k,, (number of wavelengths in the
interval of 27)
2 nmw
A L
is used to describe the wave form. In this notation, the normal mode u, (z, t)
is written as

kr (5.20)

Up (2, t) = sin k,x coswy,t. (5.21)

A very important relationship between the frequency and the wavelength is

VnAn

e e 22
2L n “ (5-22)

na 2L T
.

This relation says that the frequency is proportional to the inverse of the
wavelength and the proportionality constant is equal to the square root of
tension over density. A standard physics experiment is shown in Fig.5.5. A
string of density p and tension 7" is connected to a vibrator, the frequency of
which can be varied. Standing wave patterns will occur for certain discrete
values of the frequency. The wavelength of each standing wave can then be
measured. After several standing waves of different wavelength are measured,

Fig. 5.5. A standing wave experiment to verify the relationship between the
frequency and the wavelength
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we can plot the frequency against the inverse of the wavelength. The curve is
indeed a straight line and the slope of the line is indeed equal to /T/p.

This is not only a demonstration of a physical principle, but also a demon-
stration of the power of analysis. We have applied the Newton’s law, which
relates the force to the acceleration of the particle, to the motion of a string
through the use of calculus and concluded that the frequency and the wave-
length must satisfy the relation shown in (5.22). This can then be verified in
the laboratory.

If the wave is traveling down on an infinite line, one may think that the
frequency is the number of wave cycles generated per second and each extends
a distance of one wavelength, therefore v, \, = a is the distance the wave
travels in one second. In other words, a is the velocity of a traveling wave.
This is indeed the case, as we will clearly see in Sect. 5.1.4.

5.1.4 Traveling Wave

In Sect.5.1.3, we have shown that each normal mode is a standing wave.
Now we wish to show that the same normal mode can also be regarded as a
superposition of two traveling waves in the opposite direction.
Using the trigonometric identity
. 1. .
sinacosb = B [sin(a + b) + sin(a — b)],

we can write (5.21) as

1 1
un(x,t) = 3 sin(kpz + wpt) + = sin(k,x — wpt)

2
1 1
=3 sinfkn (z + at)] + 3 sinfky, (z — at)], (5.23)
where we have used the fact
:—: Unip = G

Before we discuss the interpretation of (5.23), let us first examine the
behavior of the function f(x — ct). In this function, the variables « and ¢ are
combined in the particular way of x — ct. Suppose at ¢t = 0, the function f(x)
looks like the solid curve in Fig.5.6. If the maximum value of the function
f(am) is at = xy,, then at a later time ¢, the function f(x — ct) will have the
same maximum value f(z,,) at £ = xy, + ct. This means that the maximum
point has moved a distance ct in the time interval of ¢t. In fact, it is not
difficult to see that the whole function has moved a distance ct to the right
in the time interval ¢, as shown by the dotted curve in Fig.5.6. Therefore
f(x — ct) represents the function bodily moving (without changing the shape
of the function) to the right with velocity c. Similarly, f(x+ ct) represents the
function traveling to the left with velocity c.
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——ct —

Xm X

Fig. 5.6. Traveling wave. The solid curve shows what the function f(x — ct) might
be like at t = 0, the dashed curve shows what the function is at a later time ¢

It is now clear that sin [k, (x + at)] and sin [k, (z — at)] in the normal mode
of (5.23) are two sine waves traveling in opposite directions with the same
speed a. Tt is interesting to write (5.13) in terms of traveling waves

u(z,t) Z ap [sinky, (z + at) + sink,, (x — at)] . (5.24)

n=1

Since initially at ¢ = 0 the string is displaced into the form f(z)

f(x) =u(x,0) Z an sin kyx (5.25)
clearly
flz+at) = Z ap sin ky, (z + at),
n=1
flz — at) Zansmk (z — at).
Thus

u(z,t) = %f(x—l—at) + %f(x—at). (5.26)

In other words, when the string is released at ¢ = 0 from the displaced position
f(z), it will split into two equal parts, one traveling to the right and the other
to the left with the same speed a.

However, there is a question about the range over which f(z) is defined.
The initial displacement f(x) is defined between 0 and L. But now the argu-
ment is x + at or x — at. Since t can take any value, the argument certainly
exceeds the range between 0 and L. In order to have (5.26) valid for all ¢, we
must extend the argument of the function beyond this range. Since (5.26) is
obtained from (5.25) and sin k,z = sin “* 2, which is an odd periodic function
with period 2L, the functions in (5.26) must also have this property. So if we
denote f* to be the odd periodic extension of f with period 2L, then

u(z,t) = %f*(x +at) + %f*(x — at) (5.27)

is valid for all ¢.
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Ezxample 5.1.2. With the traveling wave interpretation, solve the problem of
the previous example of a string pulled at the middle.

Solution 5.1.2. With the initial displacement of the string

2h L
2h L ’

u(z,0) = f(z) =

the subsequent displacement u(z,t) is given by
1 * 1 *
u(z,t) = if (x + at) + §f (x — at).

To interpret this expression, first we imagine the function f(z) is antisym-
metrically extended from 0 to —L, and then periodically extended from —oo
to oo with a period 2L. Then half of this extended function is moving to the
right with velocity a and the other half moving to the left with the same ve-
locity as shown in Fig. 5.7. The sum of these two traveling waves in the region
0 <z < L is the displacement u(z,t) of the string.

Fig. 5.7. The traveling wave interpretation of the solution of the wave equation
with initial and boundary conditions. The displacement u(z,t) is the sum of half of
the extended initial function traveling to the left and half traveling to the right with
the same velocity a

As a consequence, we see that at any time t =T, for T' < 2L—a, the displace-
ments are

u(z,T) = % {2Lh($+aT) + QLh(:E—aT)}

2h L
:fx if0<x<<2—aT>,
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u(z,T) =

2| L
2h
L

W@, T) = {%[L— (+aT)] + 221 - (x—aT)]}

L
(L —x) if (§+aT)§x§L.

These results are shown as the thick line in Fig. 5.7.

The displacements u(z,t) as a function of time are shown in Fig.5.8. In
the left-hand side column, the positions of the string are shown at various
times t. Each case is a superposition of two traveling waves, one to the left
and one to the right, shown in the right-hand side column. Both of them
are traveling with the same speed a. The sum of these two traveling waves
describes the exact up and down motion of the string. It is interesting to
compare Fig. 5.8 with Fig. 5.2. They describe the same motion but with two
different interpretations.

Fig. 5.8. The graph of the solution of the vibrating string with initial displacement
u(x,0) shown on the top of the left-hand side column. At various time ¢, the string
will assume such positions as indicated in the left-hand side column. The positions
are obtained as the superposition of a wave traveling to the right and a wave traveling
to the left shown in the right-hand side column
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Problems with Initial Velocity. Let us consider the case that the string is
initially at rest but with a initial velocity of g(z). The displacements of the
string is the solution of the following problem:

Pu(z,t) 1 *u(x,t)
DB e @ e
B.C.: u(0,t) =0; u(L,t) =0,
LC.: w(z,0)=0; w(x,0)=g(x).

With separation of variables, we will obtain (5.12) just as before, since the
differential equation and the boundary conditions are the same

e}

u(z,t) = nzz:l (an cos ?t + by, sin ?t) sin n%rx
The initial condition u(z,0) = 0 means that
= nm
u(x,0) = nz::l ap, sin Te= 0.
Therefore all a,, must be equal to zero. Thus
u(z,t) = i by, sin Tt sin %x
n=1
and -
%u(w, t) = nzl bn$ cos ?t sin %x (5.28)

ug(x,0) = Z bn$ sin %x = g(x). (5.29)

This is a Fourier sine series, therefore

nra 2 [F . nm
bnT = Z/o g(x) sin Tﬂ:daz.

Thus the solution w(z,t) is given by the infinite series

u(@,t) = Z lmm/o g (a)sin n%x, d:v/l sin ?t sin n%x

n=1

This solution is expressed in terms of a summation of infinite standing
waves. We can also express it in terms of the sum of two traveling waves.
With trigonometric identity
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. 1. . .
sina cosb = 3 [sin(a + b) + sin(a — )],

we can write (5.28) as

a oo
au(x,t) = nz::l bn? cos ?t sin %x
1 & 1 &
=3 ; bn—nza sin — (x + at) + 3 ;bn—nza sin T(m — at)

Using (5.29,) we can write this expression as

O u(e1) = 50" (o at) + o (2 —a)
where ¢* is the odd periodic extension of g with period of 2L, for the same
reason as f* is the odd periodic extension of f with a period of 2L.

An integration of %u(m,t) will yield u(z,t). The constant of integration
is determined by the initial condition w(z,0) = 0. This condition is satisfied
by the following integral:

t " 1t 1t
u(x,t) = / %dt’ =5 / g (x +at')dt' + 3 / g* (x —at’)dt’.
0 0 0

With a change of variable
/ / 1
T=1x+at, dt’ = —dr,
a

the first integral on the right-hand side can be written as

1 t 1 x+at
5/0 g (x+at')dt' = %/m g*(m)dr,

sinceat ' =0, rT=xz and at t' =¢, 7 =z + at.
Similarly, the second integral can be written as

1 t 1 x—at
5/0 g (z—at')dt' = 5 ), g (T)dr.

It follows that:

1 xz+at 1 r—at
wet) =5 [ gmar—g [ g

1 x+at
= g*(r)dr. (5.30)

2a r—at

This is the solution for the case that the string has no initial displacement
but is given an initial velocity g(z).



248 5 Partial Differential Equations in Cartesian Coordinates

Superposition of Solutions. If the string is given both an initial displacement
and an initial velocity,

u(z,0) = f(z), w(z,0)=g(), (5.31)

then the subsequent displacements can be written as the superposition of
(5.27) and (5.30,) namely

x+at
w(@,t) = S[F* (v — at) + F* (z + at)] + — / g (rdr. (5.32)

2a r—at

N | =

Note that both terms satisfy the homogeneous differential equation and the
boundary conditions, while their sum clearly satisfies the initial conditions of
(5.31).

In general the solution of a linear problem containing more than one
nonhomogeneous conditions can be written as a sum of the solutions of prob-
lems each of which contains only one nonhomogeneous condition. The resolu-
tion of the original problem in this way, although not necessary, often simplifies
the process of solving the problem.

5.1.5 Nonhomogeneous Wave Equations

Vibrating String with External Force. If there is an external force acting on the
stretched string, then there will be an extra term in the governing differential
equation. For example, if the weight of the string is not negligible, then in
the derivation of (5.4), we must add to the equation the downward gravita-
tional force, —p Axg, where g is the constant gravitational acceleration. As
a consequence, (5.6) becomes

0%u(z,t 1 0%u(x,t
#_iziy_ (5.33)
Ox? a?  a?  Ot?
Let us solve this equation with the same boundary and initial conditions as
the previous problem:

u (0,t) =0, u(L,t) =0,
u(z,0) = f(x), we(x,0)=0.

Since (5.33) is an nonhomogeneous equation, a straightforward application
of separation of variables will not work. However, the following device will
reduce this nonhomogeneous partial differential equation into a homogeneous
partial differential equation plus an ordinary differential equation which we
can solve. Let

u(a:,t) = U(J?,t) + (b(l‘),
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then
O*u(x,t)  0*U(x,t) n d?¢(z)
ox2  Ox? dz?
O*u(x,t)  0*U(x,t)
oz o2

so the problem becomes

02U (z,t)  d?¢p(z) g 1 92U (x,t)
DB Ox? T e @ oz’

B.C.: u(0,t) =U(0,t)+ ¢ (0) =0, u(L,t) =U(L,t)+ ¢ (L) =0,
I.C.: wu(z,0) =U(x,0) + ¢(z) = f(z), w(x,0)="U(z,0)=0.

Now we require

d?¢(z g9
da? a?
¢(0)=0, ¢(L)=0.
This is a second-order ordinary differential equation with two boundary con-
ditions, which can be readily solved to give

d(x) = =L (22 — Lz) .

~

=0,

With ¢(z) so chosen, what we are left with are the differential equation and
boundary and initial conditions for U (z,t)

O*U(x,t) i@QU(amt)
oz2 a2 Ot

U(,t)=0, U(L,t)=0,

U(z,0) = f(z) — ¢(x), U(z,0) =0.

Note that other than the modification of one of the initial conditions, this is
the same equation we solved before. Therefore we can write down its solutions

immediately,
= nw
Uz, t) = nz::l by, cos Tt sin —,
2 o / 12 !/ : / /!
bn:f/o [f(x)—ﬁ(x —Lx)}sm—xdx
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It follows that the displacements of the string, including the effect of its own
weight, are given by:

u(z,t) = % (x2 — Lx)

e L
+Z{i/@ [f(x) - % (z® — Lx)} sin n;xdx} cos %t sin %x

Forced Vibration and Resonance. Now suppose that the string fixed at both

ends is influenced by a periodic external force per unit length F(t) = F] cos wt.

In this case, the string will satisfy the nonhomogeneous partial differential
equation

o2 0?u(x,t) 0?u(x,t)

Ox? otz

where Fy = F}/p. The boundary conditions remain the same

+ Fycoswt = (5.34)

u(0,t) =0, u(L,t)=0.

If the string is initially at rest in equilibrium when the external force
begins to act, then the displacement u(z,t) will also have to satisfy the initial
conditions

w(z,0) =0,  w(x,0)=0.

Since the external force is purely sinusoidal, it is relatively easy to find a
solution to satisfy the differential equation and the boundary conditions. Just
like solving ordinary differential equation, we know that the particular solution
will have to oscillate with coswt. Therefore, let us take the trial solution

v(z,t) = X(x) cos wt.

Replace u(x,t) with v(z,t) in (5.34), we have

a’X"(x) coswt + Fy coswt = —w’ X () coswt
or )
w Fy
XH(I) - _ﬁ ( ) ﬁa

which yields the solution

F
X(z) = Acos2X 4 Bsin 2 — 19,
a a

The boundary conditions require

Thus
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Fy Fy
Furthermore
F L L F
X (L) = ~Scos 22 4 Bsin ™ — =0 =0
w a a w
or .
Fy (1— @
p— o(d-cost)
w? sm%

except for w = nwa/L with even n, in that case B = 0. Therefore, in general

wlL
X(x):&cos%+@(l_0087) sin @ _ Fy
w? a w? sin% a w2’

(5.35)

v(z,t) = X(z) coswt.

But this solution does not satisfy the initial conditions. Therefore we resort
to the method of splitting the solution into two parts

u(z,t) =v(z,t) + U(x,t).

In terms of v and U, the original equation and the boundary of initial condi-
tions become

2 2 2
a26 U(m,t)+ 5 02U (,t) 8v(a:,t)+8U(a:,t)

+ Fycoswt =

dx? D2 ot? o
u(0,t) = v(0,t) + U(0,t) =0,
u(L,t) =v(L,t) + U(L,t) =
u(x,0) = v(z,0) + U(x,0) =
ug(x,0) = ve(x,0) + U (x 0) O
Since
0?v(x,t) 0?v(x,t)
2 _ )
a “om2 + Fycoswt = oz
00,0 =0, o(L,t) =0,
and
v(z,0) = X(x), v(z,0)=—-wX(x)sin0=0.
Hence

82 Ulz,t)  0°U(x,t)
ox2 o2
U0,t) =0, U(L,t)=0,
U(z,0) = —X(x), U(z,0)=0.
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This is the homogeneous differential equation we solved before
U(x,t) = i _2 /L X (2') sin DT da' ) sin o cos 224 (5.36)
e = L J L L L '

Therefore the solution u(z,t) is given by
u(z,t) = X (z) coswt + U(z,t)

with X (z) given by (5.35) and U(xz,t) given by (5.36).
This solution is valid for any w. However, if w approach w,, = *7* with
an odd integer m, then X (z) in (5.35) approaches oo, thus resonance occurs.

But if w = ™% with an even integer m, then

and resonance does not occur in this case.

5.1.6 D’Alembert’s Solution of Wave Equations

Using the separation of variables, we have solved the vibrating string problem
by first finding the eigenvalues and eigenfunctions dictated by the boundary
conditions. In the next step, we used the initial conditions to determine the
constants in the Fourier series of the solution. Now we will introduce a method
of doing just the opposite. We will first solve the initial values problem, and
then find the solution to satisfy the boundary conditions.

Let us solve the following pure initial values problem:

O*u(x,t) 1 0%u(x,t)
022 a® o
I.C.: wu(x,0) = f(x), u(z,0) = g(zx),

D.E.:

for 0 <t < oo and —oo < ¢ < oo. It turns out the general solution of this
equation can be found by a change of variables:

(=x+at

n=x— at.

According to the chain rule

9 9o oo 9 D

9r ozoc Towap _ac oy
& 9¢o oo d d

ot~ orac oton "o "oy
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so the differential equation becomes

o oN(o oN _ 1/ 0 O\ O O
(ac * 577) (ac * 377) T ( c‘“an> (“ac ‘“an)“

o 2 92 o2 52 o2 02
49~ 4 Z -2 _9 —
(az;” 3C<9n+5772)u <a<2 acan+an2>“
Clearly
32
aCanuf().

This new equation can be solved easily by two straightforward integrations.
Integration with respect to ¢ gives an arbitrary function A (n) of n, that is

0

g (0 0
% (aye) = A=

The second integration with respect to n gives

since

u=/A<n>dn+G(<>,

where G (¢) is an arbitrary function of . Since A (n) is arbitrary, we might
as well write F' (n) in place of [ A (n)dn. Thus

u(C,m) =Fn)+G(()-

Substituting back the original variables, we have
u(z,t) = F (z —at) + G (z + at). (5.37)

Thus the general solution of the wave equation is a sum of two arbitrary
moving waves, each moving in opposite direction with velocity a.

It is easy to see that (5.37) is indeed the solution of the wave equation.
We can use the chain rule

ou(z,t) dF(x—at)d(x —at) dG(z+ at) d(z + at)
ot dw—ab) ot dazta) ot

—aF'(z — at) + aG'(z + at),

0%u(x,t) dF'(z — at) O(z — at) dG'(x + at) O(x + at)

a2 d(z—at) or @ d(z + at) ot

= a®F" (z — at) + a*G" (z + at).
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Similarly, we obtain

2
w =F"(z —at) + G"(z + at).
x

It is readily seen that the differential equation

O*u(x,t) i82u(x,t)
ox2 a2  Ot?

is satisfied.
Now if we impose the initial conditions

u(z,0) = f(z),
ui(,0) = g(x),

we have
u(z,0) = F(x) + G(z) = f(x), (5.38)
u(z,0) = —aF'(z) + aG' (x) = g(z). (5.39)
Integrating (5.39) from any fixed point, say 0, to = gives
—aF(x) 4+ aG(z) + aF(0) — aG(0) = / g(z")dx’
0

or

“F(z) + Glz) = 2 /0 " g(a)de’ — F(0) + G(0). (5.40)

Solving for F(z) and G(z) from (5.38) and (5.40), we get
Flo) = @)= 5o [ o) 4 3 [FO GO (541
Gla) = 30+ 5o [ o)aa’ = 5 IFO) - 60O (542

If we replace the argument = by x — at on both sides of (5.41), we can write

Flo—at) = % Flo—at) — % /0 T g + % [F(0) — G(0)].

Similarly, replacing the argument x by x + at on both sides of (5.42), we have

x+at
Gz +at) = %f(x +at) + %/0 g(z")dz’ — L [F(0) — G(0)].
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Thus
w(@,t) = Flz — at) + Gz + at) = % [f(x — at) + f(x + at)]

1 z+at 1 r—at
+o g(x')dx' — %/ g(z")da'.
0 0

Reversing the upper and lower limits of the last integral and combining it
with the preceding one, we obtain

DN =

u(z,t) =

r+at
[f(x —at) + f(x +at)] + % / g(z")da’. (5.43)

This is the solution for —oo < z < oo without any boundary condition.
Now suppose that the string is of finite length from 0 to L, and both ends
are fixed, so we have the following boundary conditions:

u(0,t) =0, w(L,t)=0.

In this case, f(z) and g(z) are, of course, defined only in the range of 0 < x <
L. We want to find the solution that satisfy these additional conditions.
First, if u(0,t) = 0, then according to (5.43)

“+at

u(0,1) = 3 [f(~at) + f(at)] + - / o(z/)dz’ = 0.

—at

Since f(z) and g(x) are two unrelated functions, to satisfy this condition we
must have
f(—at) + f(at) =0, (5.44)

“+at
/ g(z")dz" = 0. (5.45)

—at

It is clear from (5.44) that

Therefore f(x) must be an odd function. In other words, f(z) should be
antisymmetrically extended to negative .
The integral in (5.45) can be written as

0 at
/ g(x)dz" + / g(z)dz = 0.
—at 0

With a change of variable ' = —z in the first integral, we can write it as

/Oatg(x')dx’ = /Oatg(x)dx.
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/Oat g(—z)dz + /Oat g(x)dx =0,

g(=x) = —g().

Therefore, g(x) also is an odd function.
Similarly, to satisfy the other boundary condition

For

we must have

u(L,t) =

NN

L+at
fE=an+ fEran)+ 5 [ ga)a =0,

we require

f(L—at)+ f(L+at) =0,

L+at
/ g(x)dz' = 0.
L

Thus
f(L—ct)=—f(L+ct).

Since f(z) is an odd function, so
f(L—ct)=—f(—L+ct).
Therefore
f(=L+ct) = f(L+ ct).
It follows that:
f(=L+ct+2L)= f(L+ct) = f(—L +ct)

This shows that f(z) should be a periodic function of period 2L.
Now (5.47) can be written as

L L+at
/ g(x")daz" + / g(z")dz" = 0.
L—at L

With a change of variable, 2’ = L — = in the first integral, it becomes

L ct
/ g(z")da' = / g(L — x)dz.
L—at 0

Change the variable 2’ to L + x in the second integral, we can write

L+at ct
/ g(x')da’ = / g (L + z)dz.
L 0
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So for ” o
/ g(L — z)dx + / g(L+ x)dx =0,
0 0

we must have

g(L =) = —g(L +x).
Since g(L — x) is an odd function, so

g(L—xz)=—g(—L+ ).
Thus

g(—L+ ) =g(L +x).
It follows that:

g(—L+x+2L)=g(L+z)=g(—L+x)

Therefore g(z) should also be a periodic function of period 2L.

Thus, if we define f*(x) and ¢g*(x) as the odd periodic functions of period
2L, whose definitions in 0 < z < L are, respectively, f(x) and g(x), then the
solution of the problem is given by

z+at
[f"(x—at)+ f*(z+at)] + — / g (7)dr, (5.48)

2a —at

N =

u(z,t) =

which is exactly the same as (5.32).

This is known as D’Alembert’s solution. The French mathematician Jean le
Rond D’Alembert (1717-1783) first discovered it around 1750s. This method
is very elegant but unfortunately it is limited to the solution of this type of
equations. The method of separation of variable which, as we have seen, can
also give the same solution, is more general. We shall use it to solve many
other types of partial differential equations.

Example 5.1.3. A string of length L with tension T and density p, fixed at
both ends, is initially given the displacement of a small triangular pulse at
x = L/4, shown on the top line of Fig. 5.9, and is released from rest. Determine
its subsequent motion.

Solution 5.1.3. Let the initial triangular pulse be f(x), the subsequent dis-
placement is simply given by

1
u(@,t) = 5 [f*(z —at) + f*(z + at)]
where f* is equal to f(z) in the range of 0 < z < L, outside this range f*
is the antisymmetrical periodic extension of f(x) with a period of 2L. This
extension is shown in Fig. 5.9 as the dotted lines. The actual displacements of
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Fig. 5.9. Time development of an initial triangular pulse at z = L/4 on a string of
length L, fixed at both ends

the string are shown in Fig. 5.9 as the thick dark lines in the “physical” space
between 0 and L. However, after ¢ > L/4a, what happens in the physical
space is the result of some dotted pulse moving from the “mathematical”
space into the “physical” space. In other words, the finite string of length L
can be regarded as if it is only a segment of an infinitely long line. The pulses
are moving on this infinite line. What happens in the segment between 0 and
L is the displacements of the real string that we can see. Other parts of this
infinitely long line are only mathematical constructs which are used to predict
what will happen in the real string.

Soon after the pulse is released, it splits into two equal parts and moving
in the opposite direction with the same velocity a which is equal to +/T/p.
This motion is shown in the second line of Fig.5.9. At ¢ = L/4a, the left
pulse reaches the end point at x = 0. It will gradually disappear as shown in
the third line of the figure. Then an identical pulse will reappear but upside
down. In the time interval L/4a < t < 3L/4a, there are two pulses L/2
distance apart, one up and one down, both moving to the right as shown
in the fourth line. At ¢ = 3L/4a, the right pulse reaches the end point at
x = L and gradually disappears. This is shown in the fifth line. Soon after
an identical pulse reappears upside down, and moves to the left. In the time
interval 3L/4a < t < L/a, two pulses, both upside down, are moving toward
each other. This is shown in the sixth line. The end of the first half cycle is at
t = L/a. At that time, the original pulse appears upside down at z = 3L/4.
This is shown in the last line of Fig.5.9. After that the motion will repeat
itself in reverse direction until ¢ = 2L/a. That is the end of the first cycle and
the string will return to its original shape. These are a well-known facts which
can be easily checked.
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Ezxample 5.1.4. When a piano wire is struck by a narrow hammer at zg, a
localized velocity is imparted to that point. At that moment, the wire is still
at rest, but it will start to vibrate thereafter. Describe the motion assuming
a=+/T/pand 0 <zo < L/4.

«— —

X
ﬂ O<t< 20
_— X a X —
- b | Xg—at xp+at “ 5
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—_— —
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Fig. 5.10. The motion of wire of length L after a locialized velocity is imparted
at xo

Solution 5.1.4. To find the displacements of the wire, we have to solve the
boundary value problem of the vibrating string with the following initial con-
ditions

w(z,0)=0 and  wu(x,0) = (z — ),

where d (x — x0) is a delta function. According to (5.48),

B 1 x+at N , ,
u(z,t) = 0" (2" — xg) da’,

2a r—at

where 6" (x — x) is the odd periodic function of period 2L, whose definition
between 0 and L is the delta function § (x — ) . By the definition of delta
function

/z+at5($/ . )dx'{l if r—at<zog<z+at
— 2 - .

Cat 0 otherwise
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By adding at to both sides, we see that the condition z —at < zq is equivalent
to x < xg + at. Similarly, xg < x + at is equivalent to x¢g — at < x. That is,
between xy — at and x( + at, the integral is equal to 1, outside this range, it
is equal to zero.

This result can also be obtained by using

d
5(x—x0):£U(x—xo),

where U (x — x0) is the step function, and

r+at
/ §(2' —xo)da’ =U (z +at —xp) — U(x — at — o)

—at

=U(x — (zg —at)) — U (x — (xo + at)) .

This gives the same result. This means that soon after the wire is struck, a
rectangular pulse centered at xg with a height of 1/2a will appear as shown
in Fig. 5.10.

The actual displacements of the wire between 0 and L (which we call the
“physical” space) are shown as the thick dark lines in Fig. 5.10. The images due
to antisymmetrical and periodic extensions in —L < x <0 and 0 <z < 2L
(which are part of the “mathematical” space) are shown as dotted lines in the
figure. These rectangular pulses will continue to expand at a constant rate
on an infinite line without limit. After a while, some images are coming from
the mathematical space into the physical space. They will then cancel part of
the expanding rectangular pulse originally in the physical space to give the
actual displacements of the wire. As a result, the motion of the wire appears
as follows.

First the width of the rectangular pulse will expand at a constant rate
as shown in the first line of Fig.5.10. At ¢t = z¢/a, the left edge of this
rectangular pulse reaches the end point at x = 0. Immediately it bounces back
and moves toward the right. In the time interval zg/a < t < (L — z¢)/a, a
rectangular pulse of constant width of 2z is moving to the right with velocity
of a. This motion is shown in the second and the third line of Fig.5.10. At
t = (L—x0)/a, the right edge of the rectangular pulse reaches the end point at
x = L and bounces back. The width of the rectangular pulse starts to shrink
as shown in the fourth line of Fig.5.10. At ¢ = L/a, the pulse disappears.
What happened is that the two negative rectangular pulses have moved from
the mathematical space so far into the physical space so that they touch
each other. As a consequence, they completely cancel the positive rectangular
pulse. This is shown in line five. Soon after that, the two negative rectangular
pulses overlap and over compensate the positive rectangular pulse, as a result
another reactangular pulse reappears up side down. This is shown in the last
line of Fig.5.10. After that the motion will repeat itself in reverse order. The
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end of the first cycle is at t = 2L /a. At that moment, the pulse will disappear,
but will soon reappear to repeat the motion.

5.2 Two-Dimensional Wave Equations

5.2.1 The Governing Equation of a Vibrating Membrane

A vibrating membrane such as a drumhead is a two-dimensional version of a
vibrating string. We assume that the membrane is stretched uniformly under a
tension 7T per unit length. That is, at each point of the membrane the tension
per unit length along any straight line through that point, independent of the
orientation of the line, is perpendicular to that line with a magnitude T.

Let us consider the vibration of such a membrane; we shall suppose that
the density p defined as the mass per unit area is a constant. If its equilibrium
position is taken as the zy plane, then we are concerned with displacements
z (x,y,t) perpendicular to this plane. Consider a small rectangular element
of sides Az, Ay shown in Fig.5.11. We proceed as before. We assume the
weight of the element is negligible compared with the tensile force. Applying
Newton’s second law to the element Ax Ay, we have

0%z

Ty Aysin0y—T) Aysin0y+Ty Axsin0y4—T5 Axsinfs = p Ax Ayw. (5.49)
Now there is no horizontal motion either in z- or in y-directions, therefore

Trcosfy =Tycosly,  Tycosby = Tjcosbs. (5.50)

y y+Ay

X X+ AX

Fig. 5.11. A membrane under uniform tension
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We assume the slopes g—; and g—; are uniformly small over the domain, so

these horizontal components in (5.50) can be regarded as the tension T' of
membrane. Since the tension is uniform, so

Tocosy =Ty cosfy =Tycosly =T3cos03 =T.

Dividing both sides of (5.49) by the appropriate expression of T, we obtain

2
Aytanf, — Aytanf; + Az tanfy — Az tanfz = %pAoj Ay%
or
0z 0z 0z 0z 1 0%z
Ay | — - — + Az | — - — = —pArAy—.
<8ac otne OT 1) <8y viny  OY y) T ot?

In the limit of Az — 0, Ay — 0, the last equation can be written as

8%z 0%z 1
Ay—A Ar—Ay=—pAzx A
y3m2 T x8y2 4 Tp ray

=
ot?’
It follows that:

0%z 9%z 1 0%z

92 T a2 T o

T
v = .
p

where

5.2.2 Vibration of a Rectangular Membrane

Let us consider the vibration of the rectangular membrane shown in Fig. 5.12.
The displacements z (x, y, t) of the membrane out of the zy plane are given
by the solution of the following problem:

Y
z(x,b,t)=0
. (xb.0)
o o
Il
g azz . Bzz _ 1_& =
<| @ o 2 of =
= I
1 N
X
2(x,0,t)=0 a

Fig. 5.12. A vibrating rectangular membrane
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2 2 2
D.E. % + gi?; = v%%’
B.C.: 2(0,y,t) =0, z(a,y,t)=0,
z(z,0,t) =0, z(z,b,t)=0,
LC: 2(2,9,0) = f(z,y), 2 (2,9,0) = g(2,).
We will again use the method of separation of variables,

z(z,y,t) = X (@)Y (y)T (1)

The differential equation can be written as
XU 2)Y ()T () + X (2) Y(9)T (1) = 5 X (@)Y (y)T" ().

Dividing by X (2)Y (y)T(t), we have

X//(x) Y//<y) _ iT//(t)
X(@) Y@ 2T

The left-hand side is a function of x and y, and the right-hand side is a function
of t. Since x,y,t are independent variables, both sides must be equal to the
same constant

1 T"(¢)

o T = A, (5.51)
X'z)  Y'(y) _
X(x) Yy
We can separate the x and y dependence by writing
X"x) _ Y'(y)
X@@) 7 Yy

The left-hand side is a function of x alone and the right-hand side is a function
of y alone, so it follows that both sides must be equal to the same constant.
The constant must be a negative number for the same reason as the separation
constant in the vibrating string problem is negative. Otherwise the boundary
conditions in x would not be satisfied. Therefore we write

Y”(y) _
MY T
X'w)
X(z) '

Thus,
X"(x) = —a?X (z), (5.52)
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Y'(y) = (A +a?) Y(y).

Since A is a constant yet to be determined, so we can combine it with o? as
another constant. Again to satisfy the boundary conditions in y, that constant
must be a negative number, therefore we write

A+ a? =32 (5.53)

and
Y'(y) = =B°Y (y). (5.54)

The boundary conditions in terms of X (x) and Y (y) are
X(0) = X(a) =0; Y (0) =Y (b) =0.

The solution to (5.52) and (5.54), together with these boundary conditions are

nm
X (x) = sinax, a=—, n=123,...
a

Y (y) = sin By, ﬁ=%7 m=1,23,....

To emphasize the fact that for each integer n, there is a separate eigenfunction
solution, we write

X, (z) = sin Ly
a

Similarly, for each m, there is a separate Y,,(y),

Yin(y) = sin "y,

It follows from (5.53) that for each pair of n and m, there is a constant A

nm\ 2 mm 2
/\nm = - (7) + (7) .
a b
Clearly, A\,,, depends on two integers n and m. For each A,,,, there is a
time-dependent equation as seen from (5.51)

T (1) = Xm0 T (1) .

Therefore
Tom(t) = Gpm €OS Wpmt + brm SIN Wy t,

where , 12
o=t [(2) ¢ (2]

Thus, for each pair of n and m, we have a solution

Znm (2, Y, t) = X ()Y (8) Tomn (2).-
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We can regard this as the (n,m) normal mode. The complete solution to prob-
lem of vibrating rectangular membrane can be expressed as a superposition
of these normal modes

J;y, Zzznmxy7

. . nwr . mmy
(Anm €COS Wamt + by SIN Wy, t) Sin —— sin ———

a b

Fllﬂﬁﬁ i
MX Il

. (5.55)

n
3
5

n

The coefficients a.,,, and by, are determined by the initial conditions.
Using the condition, at t = 0, z(z,y,0) = f(z,y), we have

oo oo
. hmx . mm
0 =3 annsin T ™ = (o).
=1

m=1
This is known as a double Fourier series. We will assume that f(x,y) can

indeed be expressed in such a series. If we define R,,(x) as

R, (x) = Gy, SID —mm, (5.56)
a
n=1

then
mmy
E R, —.
) sin 2

For a fixed z, this is a half-range Fourier sine expansion of f(z,y)on0 <y <b.
Therefore

2 b
- 7/ F(z,y)sin 2 qy. (5.57)
b J; b

By definition, R,,(z) is also given by (5.56), which is a half-range Fourier sine
expansion of R,,(z) on 0 <z < a. So

2 nwx

nm — m in —d
a /OR (x) sin 2

a

Putting R,,,(z) of (5.57) into this expression, we obtain

/ / f(z,y) sm—sm ded (5.58)

This is the generalized Euler coefficients for the double Fourier series.
To determine by,,,, we differentiate (5.55) termwise with respect to ¢, using
the condition z; (z,y,0) = g (z,y), we obtain

nmTr . mmy
Z Z Wnmbnm Sin —= sin ——= = g(x,y).

=0 n=1m=1

9z
at |,
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Proceeding as before, we obtain

brm b / / z,9) sin % gin de dy. (5.59)
If the initial conditions are
u(z,y,0) = f(z,y), ut (,y,0) = g(z,y) =0,
then b, = 0 and
= . nwr . mmy
z(z,y,t) = 2 mz_:l Gy, COS Wyt SIN " sin >

with apm, given by (5.58).
In general, since

U, COS Wamt 4 by SN Whmt = G €08 (Whmt + Gpm)

we can write the (n,m) normal mode as

Znm (T,Y, 1) = Cpm €08 (Wnmt + Opm ) Sin PTT sin % (5.60)
a

Its frequency is

Wnm n?  m? 1/2 ™ n? m2A\ T 1/2
v 27 [a2+ bz] 27 [<a2+ b2)4p} (5.61)

The fundamental vibration is the (1,1) mode, for which the frequency is

(L, 1)
P I\eE T ) 1|

The overtones in (5.61) are not related in any simple numerical way to the
fundamental frequency, not like the vibrating string where the overtones (har-
monics) are all simple integer multiples of the fundamental. For some reason,
our ears find the sound more pleasing if the overtones are simply related to
the fundamental. Therefore, the sound of a vibrating rectangular membrane
is much less “musical” to the ear than that of a vibrating string.

According to (5.61,) the frequency of vibration depends on two integers m
and n. As a result, it may happen that there are several different modes having
the same frequency. For example, if a = 3b, then (3,3) and (9,1) modes have
the same frequency. When two or more modes have the same frequency, we
call it degenerate. Any combination of these degenerate modes gives another
vibration with the same frequency.

In the (m , n) mode of (5.60) there are nodal lines at x = 0, &, 27;’, ce,a,
andy =0, 2 o ffz, ..., b. On opposite sides of any nodal line the displacement
has opposite sign. A few normal modes are shown in Fig.5.13, in which the
shaded and the unshaded parts are moving in opposite directions.
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(1,1) 2,1)

(3,1) (3,2)

Fig. 5.13. Nodal lines and displcements of the normal modes z11, 221, 231, 232 of
a rectangular membrane

5.3 Three-Dimensional Wave Equations

A great many physical quantities satisfy the three-dimensional wave equation

u Pu Pu_ 1o
0x2 = Oy? 022 2 0t2

For example, in electrodynamics we learn that the electric field E, the mag-
natic field B, the scalar potential ¢, and the vector potential A, all together
10 quantities, satisfy this equation.

Following the separation of variables:

u(z,y,2,t) = X (@)Y (y) Z2(2)T(1),

we obtain four ordinary differential equations

X', Y, 2
X(z) oY) T Z(2) ’
LT"(t) 4
2T

where [, m, n, a are separation constants and they must satisfy the relation
2+ m?+n?=a
The general solutions of these equations can be easily found to be

X(z) = Acoslz + Bsinlzx,

Y (y) = Ccosmy + D sinmy,
Z(z) =

T(t) =

FEcosnz + Fsinnz,
G cos cat + H sin cat, (5.62)
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where A, B, ..., H are constants. Since e = coslz + isin [z, this set of solu-
tion can be expressed in an alternative form

X(x) = A'exp (ilz) + B’ exp(—ilz),

Y (y) = C' exp(imy) + D' exp(—imy),

Z(2) = E' exp(inz) + F' exp(—inz),

T(t) = G’ exp(icat) + H' exp(—icat), (5.63)
where A’, B’,..., H' are another set of constants. It can be readily verified

by direct substitution that the expressions in (5.63) are solutions of the wave
equation. Therefore we can use (5.63) and assume that we always refer to the
real part, or we can just use (5.63) as it stands, without reference to its real

or imaginary parts.
It is also possible that one (or two) of 12, m?, n? is negative. For example if
2 am2an? = o2

3

then
X(z) = A” coshlx + B” sinhlz,
Y (y) = C" cosmy + D" sinmy,
Z(z) = E" cosnz + F"sinnz,
T(t) = G" coscat + H" sin cat, (5.64)
where A”, B”,...,H" are still another set of constants.

Depending on the geometrical properties of any specific problem, one set of
solutions is usually more convenient than others. Furthermore, the boundary

conditions of the problem may restrict [, m, n to a set of allowed discrete
values.

5.3.1 Plane Wave

Let us take the following set of solutions of the separated equations
X(@)=el, Y() =™, Z()=e",
T(t) = e e,

This gives a particular solution of the wave equation

u (I‘, v, 2, t) _ ei(lirmernzfcoct)'

This expression has a physical interpretation. To make it clear, we define a
“wave vector” k

k :l?erj\JrnK,



5.3 Three-Dimensional Wave Equations 269

“_r  wavefront

\ / 7 wa vefront

wavefront

Fig. 5.14. A plane wave propagating in the direction of the vector k

Wherei 3, k are three unit vectors along the coordinate axes. Let r be a posi-
tion vector from origin O to a general point (z,y, z) on a plane perpendicular
to k, as shown in Fig. 5.14. Since

r= x/i\—l— y}—k zﬂ,

SO
k-r=lz+my+nz.

Furthermore,
k-k=k=074+m?+n?=0a

Thus u (x,y, z,t) can be written as

u (.T, Y, z, t) _ ei(k-rfckt)’
where we use the fact that o = k. This represents a plane wave in three
dimension moving in the direction of k. A plane wave is one in which the
disturbance is constant over all points of a plane perpendicular to the direction
of propagation. Such a plane is often called a wavefront.
Let n be a unit vector in the direction of k, then

k-r=kn-r=ko

where g is the perpendicular distance from the origin O measured along the
vector n to the point ) at which this line meets the wavefront, as shown in

Fig.5.14. Thus

ei(k-r—ckt) i(ko—ckt) _ eik:(g—ct).

=€

If k is in the z-direction, this expression is just e*(®=¢\) which we recognize
as a one-dimensional wave moving with velocity ¢. Furthermore, k = 27/
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and kc = w, where A is the wavelength and w, the angular frequency of this
sinusoidal wave. Therefore

el(la:-i—my—i—nz—cat) — el(k~r—wt)

represents a sinusoidal plane wave moving in the direction of k, with wave
length 27 /k and angular frequency w = kc.

Since k can be in any direction with any magnitude, the three-dimensional
wave equation can have solutions which are plane waves moving in any
direction with any wavelength. Since the wave equation is linear, we may have
simultaneously as many plane waves, traveling in as many different directions.
Thus the most general solution of the three-dimensional wave equation is a
superposition of all kinds of plane waves in all kinds of directions, which is
just a Fourier integral in three dimensions.

5.3.2 Particle Wave in a Rectangular Box

A free particle (a particle without force acting on it) is described in quan-
tum mechanics by a somewhat different wave equation, known as Schréodinger
equation
h? .h 0
8m2 M Yor ot
where M is the mass of the particle and h is the Planck’s constant. While
a discussion of quantum mechanics is outside the scope of this book, we can
take it as a mathematical problem.
Using the separation of variables, we assume that

v

V20 =

)

¥ (z,y,2,1) = X(2)Y (y)Z (2) T(1),
so the equation becomes

h2 X// Yl/ Z// ) h T/
=y <X+y+z> =T (5.65)

Both sides of this equation must be equal to a constant. Let
h T
i—— =F
2 T
So
T(t) — e(27rE/ih)t.
If we identify T'(t) as the time-dependent part of the wavefunction and write
e(ZWE/ih)t — efiwt7

then
E =hw/21 = hv,
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which is recognized as the energy of the particle, since according to the
Planck’s rule that energy is equal to h times the frequency.
The separated ordinary differential equations in x, ¥y, z are

Xl/

_p Y e 2
X )

where [, m, n are separation constants. Because of (5.65), they must satisfy
the relation
h2
~ 8m2M
Suppose that the particle is confined in a rectangular box of length « in
z-direction, b in y-direction and c in z-direction. The fact that the wavefunc-
tion ¥ must vanish at the walls means ¥ must satisfy the following boundary
conditions:

(I +m? +n?). (5.67)

W(O’y,z’t) :w(a7y’z7t) =
¥ (z,0,2,t) =¥ (x,b,2,t)
W(%yyoﬂf) :W((E,y,c,t)

0,
0,
0.

In order to satisfy these boundary conditions, the space part of the wavefunc-
tion must take the form
nym Nom ngm
U (z,y,z,t) =sin 2 sin -y sin ——y,
a b c
where n1, ng, ng independently assume the integer values of 1, 2, 3, ....
This means that I, m, n in (5.66) must take the values of
nym NoT nam

lzi’ = — = —

a b’ c

It follows from (5.67) that the energy is given by

o =y [(3) "+ (2) + ()]

Thus we see that the energy is quantized, by which we mean that the particle
in the box cannot have just any energy, it has to be one of these special allowed
values corresponding to ni, ns, ns, each assuming one of the integer values
of 1, 2, 3, .... This is in sharp contrast to the classical case.

Discrete energies exhibited in experiments were one of the main reasons
that the quantum mechanics was developed. It is interesting to note that the
quantization of energy is the consequence of the boundary conditions on the
solutions of the Schrodinger equation.
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5.4 Equation of Heat Conduction

To obtain the equation governing the flow of heat, we use the following ex-
perimental facts:

— Heat flows in the direction of decreasing temperature.

— The rate at which heat flows through an area is proportional to the area
and to the temperature gradient normal to the area. The proportionality
constant is called thermal conductivity k.

— The quantity of heat gained or lost by the body when its temperature
changes is proportional to the mass of the body and to the temperature
change. The proportionality constant is called the specific heat c.

The constants k, ¢, and density p (mass per unit volume) of most materials
are listed in the handbooks of chemistry and physics.

Let the temperature be u(x,y, z,t). The quantity of heat AQ required to
produce a temperature change Aw in the small box with a mass Am shown
in Fig.5.15 is

AQ = cAm Au = cp Az Ay Az Au. (5.68)
The rate at which heat flows across the surface ABCD into the box is
AQl ou
=—k|—| AzxAz.
At k [ay} , x Az

.. Ou . . .
Note that a positive 5 means the temperature is increasing in the positive

y-direction and the heat is flowing in the negative y-direction, so the heat
is acturally flowing out of the box, thus the negative sign in the equation.

C Ay G
7 |
B E Az
T SRIITH IILLRES H
AX
z
AlZ E
Y

X

Fig. 5.15. The heat energy increased per unit time in this small element of mass is
equal to the heat flux flowing into this element through its six surfaces
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The subscript y in [g—ﬂ signifies the gradient is evaluated at the surface
Y

perpendicular to y-axis and is at a distance y units from the origin. Hence the
heat flowing into the box through ABCD in the time interval At is

AQ1 = —k {au] Az Az At.
oy y

Similarly the heat flowing into the box through the surface EFGH is

AQr =k {6”} Ax Az At.
dy y+Ay
It follows that:
ou ou
AQ2 + AQ =k Ax AzAt—k | —| AzAzAt
8y y+Ay dy Y
=k [au} - [&L] Ax Az At
9y y+Ay dy Y
62
6 Ay Ar Az At.

It can be shown in the same way that the heat flowing into the box through
the top surface BEFGC and bottom surface AEHD in the time interval At is
given by
2

0%u
AQ3+AQ4—I€8 3

and through the front and back surfaces is

Az Ax Ay At

2

0%u
AQs + AQs =k

o QAwAyAzAt

Thus the total amount heat flowing into the box through its six surfaces
must be

AQ = AQ1 +AQ2 + AQ3 + AQy + AQs5 + AQsg
u  9*u O
= Az Ay Az A .
k(ay +8 +82) x Ay Az At. (5.69)

This heat is responsible for raising the temperature of the box, therefore AQ
in (5.69) must be the same AQ in (5.68). Thus

Pu  0?u O%u
(6y2+3z2+8 2>AxAyAzAt cpAx Ay Az Au
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or
k [0%u 0%u O%*u Au
— 25 +73+753| = o
cp |0y? 022 Oz At
In the limit of A¢ — 0, this equation becomes

0w  0%u  O%u 1 Ou
@“raiyz‘F@—?E, (5.70)

where

is known as the thermal diffusivity.

This is the equation of heat conduction. It is interesting to note that
nowhere in the derivation of the equation was any use made of boundary
conditions. The flow of heat in a body is described by the same equation
whether the surface is maintained at a constant temperature, insulated against
heat loss, or allowed to cool freely by conduction to the surrounding medium.
In general, as we shall soon see, the role of boundary conditions is to determine
the form of those solutions of a partial differential equation which are relevant
to a particular problem.

This equation differs from the one-dimensional wave equation in that the
time derivative is only first order, whereas in the wave equation it is second
order.

This equation is also called diffusion equation, because it not only governs
the diffusion of heat, it also governs the diffusion of material, such as the
diffusion of pollutants in water or the diffusion of drugs in the liver.

5.5 One-Dimensional Diffusion Equations

A number of situations involve only one coordinate. For example, if the lateral
surface of a long slender rod of length L in the x-direction is insulated and no
heat is generated in the rod, then the temperature distribution in the rod is
governed by the one-dimensional heat equation

0%u 1 Ou

022 a2 Ot
This is because the insulation prevents heat flux in the radial direction, hence
the temperature will depend on x coordinate only.

This one-dimensional equation also describes the temperature distribution
of a large two-dimensional slab, infinite in y- and z-directions and bounded by
planes at © = 0 and « = L. If the initial and boundary conditions are known,
the temperature distribution u(z,t) inside the slab can be found.

In the following subsections, we will solve this one-dimensional problem
with several kinds of boundary conditions.
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5.5.1 Temperature Distributions with Specified Values
at the Boundaries

Both Ends at the Same Temperature. A long rod is subjected to an initial
temperature distribution along its axis; the rod is insulated on the lateral
surfaces, and the ends of the rod are kept at the same constant temperature.
As long as both ends are at the same temperature, we can assume that they
are at 0°. If they are not at 0°, a simple change of scale can make them
equal to 0° in the new scale. Let the length of the rod be L and the initial
temperature distribution be f(x). To find the temperature u(z,t) anywhere
in the rod at a later time is to solve the following problem:

0%u Ou(z,t) 1 du(z,t)

022 a2 ot
B.C.: u(0,t) =0, u(L,t)=0,
1.C.: w(z,0) = f(x).

Following the procedure of separation of variables:

D.E.

u(z,t) = X(2)T(t),
the differential equation becomes
X"(x)T(t) = =X (x)T'(t).
Dividing both sides by X («)T'(¢)

X"(@)T(t) _ 1 X(2)T'()
X@)TW) o X@)T(t)’

we have
X" (x) 1 T'(t)

X(zx) 2 T{)

This equation can hold if and only if both sides equal to the same constant

X"(x)

X "
LT't)
2T M

The general solution of X" (z) = —p?X (z) is

X(z) = Acos pux + Bsin px.
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Since the boundary conditions require

X(0)=0, X(L)=0,
it follows that:
A=0,
nw
1

where n is an integer. For each n, the solution of the space part is

X, (z) =sin (%x) .

Corresponding to this n, the equation for T'(t) becomes

nm 2
—(a—) T@®).
(O‘ L ) ®)
Therefore the time-dependent part is given by
T, (t) = exp | — (—am)Qt
n - Xp L .

Hence for each integer n, there is a solution X, (z)T},(t). The general solution
is the linear combination of these individual solutions

T'(t)

© 2
u(x,t) = Z Cp, Sin (n%z) exp { (?) t] .
n=1
The initial condition requires

u(z,0) = i ¢p Sin (%J:) fx).
n=1

This is a Fourier sine series, the coefficient ¢,, is given by
9 (L
Cn = Z/o f(z)sin (%x) dz.

Thus the complete solution of this problem is

oo 9 L

u(w,t) = ; {L/o f(a')sin (%x’) da:’}
i (mr ) (amr)Qt
sin(—x)exp|—(—— .
L')eP L

This solution certainly makes sense. No matter what the initial tempera-
ture is, as t — oo the whole rod will eventually settle to 0° as its two ends.
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Two Ends at Different Temperatures. A more realistic problem is that the
two ends of the rod are at different temperatures. In that case our problem is
changed to

O*u(x,t) 1 du(x, 1)
ox2 a2 Ot
B.C.: wu(0,t) =0, u(L,t) =K,

D.E.:

I.C.: wu(z,0) = f(z).

One way to solve the problem is to transform it into the problem we just
solved. This can be done by splitting the dependent variable u(z,t) in the
following way:

u(z,t) = v(z,t) — P(x).

So it follows:

902 522 P (),
Ju(z,t)  Ov(z,t)
o0 ot
Now, if we require
" (x) =0, 5.71)
¥(0) =0, ¥(L)=-K (5.72)

then
*v(z,t) 1 Ov(z,t)
9z2 a2 Ot
v(0,t) =0, v(L,t) =0
v(z,0) = f(x) + ¢ (x).

Clearly we can solve for v(z,t) with the same method of last problem. If we
can find ¢(x), then u(z,t) can be obtained.
It follows from (5.71) that:

Y(x) =a+ bx.

The conditions (5.72) requires

Therefore
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Thus
u(z,t) = v(z,t) — P(z)
K > .o/nm anm\ 2
= fac + ;bn sin (f:c) exp {— (T) t] ,
where

2k K . onm
bn_f/o [f(x)—La:]smLxdx.

Again, this result makes sense, as t — oo, the temperature in the rod will
increase linearly from 0 to K.

5.5.2 Problems Involving Insulated Boundaries

Both Ends Insulated. The flux of heat across the faces at t =0 and z = L is
U U

proportional to — at those faces. To set — = 0 is to ensure there is no heat
i i

transfer. Thus, if both ends are insulated, to find the temperature distribution

u(x,t), we have to solve the following problem:

O*u(x,t) 1 du(z, 1)

D.E. 2 " a2 o
B.C.: {a“(”’t)} —0, r)u(x’t)} —0.
ox 20 ox o

I.C.: w(z,0) = f(x).
Separation of variable now leads to
X"(z) = —p*X (),
X'(0) = X'(L) =0.
It can be easily shown that

X (x) = cos px
nm
L bl

where 7 is an integer starting from n = 0.
The corresponding T'(t) function is still

T(t) = exp(—a?u’t).

Thus the general solution can be written as

1 - 2
u(z,t) = 5€0 + Z Cp, COS %x exp {— (?) t} . (5.73)
n=1
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The initial condition gives us the Fourier cosine series
(@.0) = oo+ " eneos 2o = )
u(x,0) = —c¢ ¢ncos —x = f(x).
R

Thus .
2
en = Z/O () cos %xd:p, n=012,.... (5.74)
Therefore (5.73) with ¢, given by (5.74) is our final solution.

One End at a Constant Temperature and the Other End Insulated. In this
case, the problem becomes

O%u(x,t) 1 Ju(x,1)
or2 a2 ot
Bu(x,t)] o,
ox o

I.C.: w(z,0)= f(z).

D.E.:

B.C: u(0,t)=0, [

Upon separation of variables u(z,t) = X (z)T'(t), we find

X"(x) = —p* X (x), (5.75)
X(0)=0, X'(L)=0

and
T'(t) = —a?p*T(t). (5.76)

From (5.75) we have
X (z) = Acos ux + Bsin pz.
The condition X (0) = 0 requires A = 0. Therefore we are left with
X(z) = Bsinux

$0
X'(z) = uB cos p.

The other boundary condition X’(L) = 0 becomes
X'(L) = uBcospuL = 0.

This condition requires pL to be a half integer times 7, that is

2n—1\ «
= — =1,2,3,....
M ( 2 )L’ n Y ]
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Thus for each n, the solution of the space part is

. (2n—1\ 7
Xn(x)sm( 5 )Lx

and the solution of the corresponding equation for T'(t) is

Ty (t) = exp l— (W)Qt] .

Therefore the general solution is a linear combination of X, (x) T, (t)

u(z,t) = Z Cp Sin WJE exp l— <a(2n2l—/1)7r> t] . (5.77)

n=1

From the initial condition
o0
. 2n—1)m
= Z Ccp, Sin %x = f(x),
n=1
the coefficients ¢, can be easily determined to be

(2n—1)w
/f in 2" )xdx, n=123,....

Therefore (5.77) with ¢,, given by the above expression is the solution of our
problem.

5.5.3 Heat Exchange at the Boundary

If heat exchange takes place, then according to Newton’s law of cooling, the
temperature function satisfies the relation

hu(z,t) + é%u(x,t) =0,

where the constant h is an appropriate heat transfer coefficient.

Suppose we want to know the temperature u(z,t) of a slab which initially
has a uniform temperature ug. The face of the slab at = 0 is held at
temperature 0, at the face x = L, heat exchange takes place so that

ug (L, t) = —hu(L,t).
To find u(x,t), we have to solve the following problem:

0%u 1 Ju
DE: 2o %
0x2 a2 ot’

B.C: w(0,t) =0, wux(L,t)=—hu(L,t),
ILC:  w(z,0) = up.
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Again, we assume the variables can be separated,
u(z,t) = X (z)T'(¢),

SO
X" 17T

2
X a2T A

and
T = —a®)\°T, X" =-\?X.

The solution for X is
X (z) = Acos Az + Bsin A\z.
The boundary condition u(0,¢) = 0 means X (0) = 0. Thus
X(0)=A=0.
The other boundary condition at @ = L, u,(L,t) = —hu(L,t), becomes

X'(L)T(t) = —hX (z)T(t)

or
X'(L) = —hX(x).
Thus
BAcos AL = —hBsin AL
or
A
tan AL = —5- (5.78)

The values of A that satisfy this equation are the eigenvalues of this problem.
Let AL = (3, so
p

tan 8 = WL (5.79)

The solution of this equation are the points of intersection of the graphs of
y = tanz and y = —x/hL, as indicated in Fig.5.16. It is apparent from the

figure that there is an infinite sequence of positive roots 3;, 35, 83,.... The
eigenvalues of (5.78), are given by

B

Ap = 2
L
forn=1,2,3,.... In other words,

tan A\, L = —%. (5.80)
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Fig. 5.16. The solutions of tan 3 = —(3/hL are the intersections of y = tanz and
y=—x/hL

Equation (5.79) appears frequently in many applications, its solutions for
various values of hL are tabulated in Table 4.19 of Abramowitz and Stegun,
Handbook of Mathematical Functions (Dover, New York, 1965).

The eigenfunction X,,(x) associate with the eigenvalue \,, is

X, (x) =sin A\, z.

According to Sturm-Liouville theory, these eigenfunctions are orthogonal.
This can be explicitly shown. Let

L
Lym = / sin A\, x sin \,,,x dx.
0

By trigonometrical identity or by changing it into exponential form, one can
show that the integral is equal to

I — 1[sin(A = Am) L sin(An +Am) L (5.81)
2 A — Am) An + Am)
If A\, # A\, then
1
Inm = +— 5~ [Am sin Ay, L cos A\, L — Ay, sin Ay L cos A, L] .

(An - )‘m)

Using (5.80,) which can be written as
hsin \;L = —\; cos \;L, (5.82)

We see that

1
Iy = W [—h sin A\, L sin A\, L + h sin A, L sin A\, L] = 0.

" m



5.5 One-Dimensional Diffusion Equations 283

Therefore {sin Az} is an orthogonal set.
For A\, = A, we can either use L’Hospital’s rule on the first term of (5.81)
or integrate directly, the result is

I, = 1 L — isinQ/\nL = 1 L— isin)\nLcos)\nL .
2 2\, 2 An

Again by (5.82,)

1

5T (Lh + cos? )\nL) .

1 1
Inn = 3 {L + 7 cos? )\nL] =

Corresponding to each A, the solution to the equation for T}, (¢) is
Tn(t) _ e—)\ia%.

So the general solution for u(z,t) can be expressed as
s 2 2
u(z,t) = Z cne M tsin \, .
n=1
The coefficients ¢,, can be determined by the initial condition, u(z,0) = ug,
o0
Z Cp Sin A\, = ug.
n=1

Multiplying both sides by sin A,,« and integrating from 0 to L,

00 L L
g Cn, / sin Ay sin A,z dx = / ug sin A\, x dzx,
n=1 0 0

we have
> 1
Z cnlnm = cmdmm = )\—(1 — cos A L)ug.
n=1 m
Thus o )
up
=0 (1—cos AL
= Th T o2 Ly (LT %8 Anl)
and
St 1 —cosA,L 2 2
t) =2h z A sin A,
u(zx,t) uonz::l (L £ cos? )\nL)e sin A, x,
where A1, Ao, ... are positive roots of
A
tan \L = ——.
an A
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5.6 Two-Dimensional Diffusion Equations: Heat
Transfer in a Rectangular Plate

Suppose that the edges of a rectangular plate are bounded by the line z = 0,
x =a,y =0, and y = b. Its faces are insulated so that % = 0. The edges
are held at temperature zero and initially the temperature distribution in the
plate is f(z,y). We want to find the expression for u(z,y,t).

Our problem can be formulated as follows:

Pu(z,y,t)  Pu(z,y,t) 1 du(z,y,t)

Ox? 0y? a? ot
u(0,y,t) =0, wu(a,y,t) =0,
u(z,0,t) =0, u(x,b,t)=0,
u(z,y,0) = f(z,y).

Again we assume the variables can be separated
u(z,y,t) = X ()Y (y)T(1).

Then the differential equation can be written as

XY )T + X @Y ()T(0) = -5 X (@)Y ()T (1)

Dividing by X (z)Y (y)T'(t), we have

X"x)  Y'(y) _ 1 T'(t)

X(@) © Y(y) a2 T()

. X'@) 1T Y'()

X(@) 2T Yy

Since the left-hand side is a function of x only, and right-hand side is a
function of ¢ and y, they can be equal if and only if both sides equal to the
same constant

X'a) _ 1T Y'y)

X(@) 7 a?T@)  Y(y)~

For the same reason as in the one-dimensional case, we anticipate the constant
to be —\?,

X"(x) _ 2
X(z) A
1T YW
a2 T(t)  Y(y) ‘
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The last equation can be written as

Y'y) _ 1 T'(@)

1 2
Y) a2 1) T

Again, both sides have to equal to another constant

Yy, 1T .
v - M TeETn T

It is easy to see that the boundary conditions require

With these conditions, the equation

X"(z) = =N’ X (z)
can have solution only if

A="T n=1,2,3,....
a

and corresponding to each n the solution X, is

X (x) =sin .

a

The equation governing Y (y)

Y'(y) = —p?Y (y)

has solution only if
with

The equation for T'(t) is
T'(t) = —(\* + p?)a*T ().

For each set of (n,m), the solution of this equation is

Tpm(t) = exp {— [(nZO‘)Q + (m;ra)z} t} .

285

The linear combination of X,, ()Y, (y) Ty m (t) is the most general solution,

thus
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i) = 3 D comsin o sin Ty exp { - [(P22) "+ (212 .

n=1m=1
(5.83)
Applying the initial condition, we obtain
nmw mm
O mn - - Y-
u(x,% ) xy nz::z_:cmsmaxsm by
Now if we define -
= Z Cnm SN Exa (584)
a
n=1

we can write
E gm ) sin 7?/

We can regard this equation as a Foumer sine series in y for each fixed z, and
the coefficient g,,(x) is given by

/ flx,y sm—dy

On the other hand (5.84) is a Fourier sine series in z, and the coefficient
Cnm 18 given by

2 a
Cnm 7/ gm () sin @dx
a Jo a

4 a b
L[ e

Thus the solution of our problem is (5.83) with coefficient ¢y, given by (5.85).
This problem is another example of the two-dimensional double Fourier series.

sin ?dy da. (5.85)

5.7 Laplace’s Equations

One of the most important partial differential equations in physics is the
Laplace’s equation
Viu =0,

named after French mathematician Pierre-Simon Laplace (1740-1827) The
theory of the solution of Laplace equation is called potential theory. Solutions
of the equation that have second derivatives are called harmonic functions.

ou
Laplace equation may be obtained by setting — = 0 in the heat equation.

This describes the steady-state temperature distribution in a solid in which
there is no heat source or sink.
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Laplace’s equation also describes the electrostatic potential in a charge
free region. Since the electric field is given by the gradient of a potential

E=-VV
and the divergent of E is equal to zero in a free space, therefore
V-E=-V.VV=-VV =0,

the potential V' is the solution of the Laplace equation. Similarly, the potential
of the gravitational field in a region containing no matter also satisfies the
Laplace equation.

Furthermore, Laplace equation is also very important in hydrodynamics.
It applies to the incompressible fluid flow with no source, sink, and vortex. In
this case, the velocity is given by the gradient of the velocity potential which
satisfies the Laplace equation.

5.7.1 Two-Dimensional Laplace’s Equation: Steady-State
Temperature in a Rectangular Plate

Suppose that the three edges z = 0, * = a, and y = 0 are maintained at zero
temperature

u(0,y) =0, u(a,y)=0, u(xz,0)=0, (5.86)

and the fourth edge y = b is maintained at a temperature distribution f(z)

u(z,b) = f(x). (5.87)

We want to find the temperature throughout the plate after the steady-state
temperature distribution is reached.
To find the answer we must determine the solution of the two-dimensional
Laplace equation
u  0%u B
Ox? * oy
subject to the boundary conditions (5.86) and (5.87).
Again we use the method of separation of variables

u(z,y) = X (2)Y(y)

0

to write the equation as
X"Y + XY" =0.

Dividing by u(x,y), we have
X// Y//
xX Y

It follows that both sides must be equal to a constant



288 5 Partial Differential Equations in Cartesian Coordinates

X// Y//
==\ = )\%
X ’ Y

Thus

X"(x) = -\ X(2),
Y (y) = A*Y (y).

Note that we choose a negative constant in order for X(z) to satisfy the
boundary conditions. With this choice, X (z) is given by

X (x) = Acos Ax + Bsin \z.
The boundary conditions «(0,y) = u (a,y) = 0 require X (x) to be one of
X, (x) =sin A\,

where o
A= p=1,2,3,....
a
The solutions for Y (y) can be written in terms of e’¥ and e=*Y, or in terms

of hyperbolic cosine and sine

cosh \y = % (e/\y + e_>‘y) , sinh\y = % (e)‘y - e_)‘y) .

In the present problem, it is more convenient to express the solution in
the hyperbolic functions, since at y = 0, cosh Ay = 1, and sinh Ay = 0. Thus

Y (y) = Ccosh Ay + Dsin \y
and the boundary condition u(z,0) = 0 requires C' to be zero
Y (0)=C=0.
Therefore
Y, (y) = sinh A\, y.

A linear combination of X,,(x)Y,,(y) is the general solution

oo
. nmTYy . nux
u(z,y) = g cnsthsm—.

a
n=1

To satisfy the other boundary condition u(x,b) = f(x), we must have

nmb nwT
sin ——

u(z,b) = icnsinhT i . = f(x).
n=1

It is clear that ¢, sinh ”T’Tb

of f(x). Therefore

is the Fourier coeflicient of the sine series expansion
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nmb
Cp sinh — = / f(z)sin —dx

Thus, the steady-state temperature distribution is given by

b —1
u(z,y) ( / £ (') sin ~ dx) [Sinh m} sinh Y g T
a a a

It is clear that the solution of the more general problem where the temper-
ature is prescribed by nonzero functions along all four edges can be obtained
by superimposing four solutions analogous to the one obtained here, each
corresponding to a problem in which zero temperatures are prescribed along
three of the four edges.

5.7.2 Three-Dimensional Laplace’s Equation: Steady-State
Temperature in a Rectangular Parallelepiped

Suppose that the temperatures of five faces of a rectangular parallelepiped are
maintained at zero

u (O? y’ Z) =u (a7 y7 Z) =u ('r’ 07 Z) =u (x’ b7 Z) = O’ (5'88)
u(z,y,0) =0
and the sixth face is maintained at a prescribed temperature distribution
u(z,y,d) = f(z,y).

We want to know the steady-state temperature distribution in the interior.
In this case we have to solve the three-dimensional Laplace equation

u P
0x2  Oy? 022

with the specified boundary conditions.
With the assumption

u(z,y,2) =X (@)Y (y)Z(2),

the equation can be written as

XII Y// Z//
X~ v "7
Since both sides must be equal to the same constant, we have
Y/l ZI/ B 5
— t 5 =«
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It follows from the second equation:

—_— = —_—— = — 2
y — ¢ -7 -
Thus
X" = -a’X,
YII _ _62}/’

Z// _ (az +ﬂ2)Z.

The homogeneous boundary conditions (5.88) are satisfied if X (z) and Y (y)
are one of the following eigenfunctions

. nm
X, (x) = sinayx, an =", n=1,23,...,

mT
. o m=1,2,3,...
b m

The solution for Z(z) corresponding to X, (x) and Yy, (y) is

Znm(z) = Acoshn,,,,,z + Bsinh~,,,. 2,

o= ()5 ()]

The boundary condition u (z,y,0) = 0 requires Z (0) =0

where

Znm(0) =A=0.
Thus
Znm(z) = sinhy,,,, 2.

Therefore, for each set of (n,m), there is a solution
Unm (.Z‘, Y, Z) = Xn(x)ym(y)znm(z)

The general solution is given by the linear combination

oo oo

u(x,y,2z) = Z Z Cnm SN Qx sin B,y sinhy,,,. 2.

n=1m=1

To satisfy the boundary condition on the top surface, we have

u(@,y,d) =
n=1

Clearly ¢y sinhvy,,,,d are the coeflicients of the double Fourier series of
f(z,y). Therefore

oo

Cnm SID Qi x sin B,y sinhy,,.d = f(z,y).
1

m=
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Cnm sinhy,, . d = / / flz,y) bln—sl —dyd

Thus the steady-state temperature distribution inside the parallelepiped is
given by

(o) (o)
-1 . nwxr . mmy .
(z,y,2 E E Apm [sinhy,,,,d]” " sin — sin b sinh vy,,,,, %,
a
where

Apm = — //f:cysm—smwdyd

o= () (2]

5.8 Helmholtz’s Equations

An equivalent approach to the Laplace’s equation of Sect. 5.7 consists of first
seeking a product in the form of

u(z,y,2) = F(x,y)Z(2),

where the Z(z) factor is treated in a distinct way since only along a bound-
ary z = constant is a nonhomogeneous condition imposed. The process of
separation of variables will give

1 82F($,y) + aZF(z7y) _ 762Z(Z) _ k’2
F(z,y) Ox? dy?

9.2 7

where k% is the separation constant. Thus, F(x,y) is the solution of the
following equation:
O°F (z,y) | O°F (z,y)
Ox? Oy?

+E*F (2,y) = 0.

This equation is known as the Helmholtz’s equation named after Hermann
von Helmholtz (1821-1894) who studied this equation in connection with
acoustics.

A great number of important engineering and physics problems can be
reduced to solving the Helmholtz equation. As we have seen, if we put a time
dependence exp (iwt) in the wave equation, the space part is given by the
Helmholtz equation. Similarly, with a time dependence exp (—At), the space
part of the heat equation is also given by the Helmholtz equation.

So far we have used only cartesian coordinates. The success of solving the
problems in this chapter are due to the facts that the Helmholtz equation is
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separable in cartesian coordinates and the boundaries of straight lines and
planes can be easily described by the rectangular coordinates.

Actually the Helmholtz equation is separable in 11 different curvilinear,
orthogonal coordinate systems. However, most of the problems in engineering
and physics can be formulated in either cartesian, cylindrical, or spherical
coordinates. In Chap. 6, we will study the solutions of the Helmholtz equation
in the cylindrical and spherical coordinates.

Exercises

1. Show that the solution of
O*u(x,t) i@Qu(x,t)
dx2 w2 a2
u(0,t) =0; w(L,t)=0,
u(z,0) = f(2); ue(x,0) =g (x)

is given by

> nmwv nmw
A, —t B, t) in —
Z ( CcOos + sin — T sin I x,

n=1

where

A, = / f(z)sin —dx

B,=— g(x) sin n%dx

nmv Jo
2. The transverse displacements u(z,t) in a string of length L stretched
between the point 0 and L, and initially displaced into a position u(z,0) =
f(z) and released from rest is given by the solution of
O*u(x,t) 1 0u(a,t)
ox2 w2 o2
u(0,t) =0; wu(L,t)=0

u(z,0) = f(z); w(x,0)=0.

Show that the solution can be expressed as

Z [A bm— (x —vt) + B, blnf(l‘—F’Ut)

n=1

Express A,, and B,, in terms of quantities given in the problem.
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. Show that the motion of every point of the string of the previous problem
is periodic in ¢ with a period 2L /v.

. If the initial displacement of the previous problem is f(z) = C'sin %x,
find u(z,t). What is the frequency of this vibration?

. If the initial displacement of the previous problem is f(z) = Asin T +
Bsin 2%:0, find the subsequent displacements wu(z,t).
. Find the solution of the following boundary value problem

0?u(x,t) o, 0%u(z,t)
D.E.: 92 = a I

B.C.: u(0,t) =0, wu(L,t)=0,

x

VLA
SIS

— T

LC.: u(x,0) =0, wu(x,0)= {L

vy O
LA

_4L? 00 1 ) NT iy RT3y NTQ
Ans. u(x,t) = 23 > 7 o5 sin 5 sin “7F sin 74

. Find u(z,t) of the previous problem if the initial velocity is changed to

0 0<z< % —w,
w(z,0) =8 h 2—w<z<Ltw,
0 % +tw<z<L
_1\n+1 . _ . _ . _
Ans. u(m,t) = % ;.10:1 EQ;)fl)Q Sin @n Ll)'rrw sin (QnLl)ﬂ'm sin (2”%15.

. If the vibrating string is subject to viscous damping, the governing equa-
tion can be written as

O*u(x,t)  Ou(w,t) B 2h8u(x,t)
oz Oa? ot

where h is a constant. Let the boundary and initial conditions be

B.C.: w(0,t) =0, u(L,t) =0,
I.C.: wu(x,0)= f(x), wu(z,0)=0.

Show that, assuming h < 7/L, u(z,t) is given by

(o)
kn,  hL . kyp )\ .
u(z,t) = Z b, et (cos ft + . sin Lt) sin n—zx,
n=1 n

9 L
where b, = —/ f(x)sin @d:m ky = £/ (nm)?® — (hL)?.
L), L
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9. Show explicitly that the following functions:

(a) (x+at)?,  (b) 27@9D°  (¢) 5sin[3(z — at)] + (z + at).

satisfy the wave equation

0%u(w,t) 5 0%u(z,t)
=a .
ot? Ox?
10. What is the solution to the initial value problem

Pu(z,t)  O%u(w,t)

D.E. —x<r<oo, 0<t<oo

o2 022
) u(z,0) = e
o {He0-e

Ans. u(x,t) = % {e—(x—tﬁ n e_(gc+t)2 .

11. What is the solution to the initial value problem
O*u(x,t)  0%u(x,t)
oz 022
I.C.: {u(:r, 0)=0

ue(x,0) =ze”

D.E.:

—o<r<oo, 0<t<oo

{L’2

Ans. u(z,t)=1 {ef(zft)Q _ o (@+)?

12. A stretched string between 0 and L is set to motion by a sudden blow at
xg. This problem can be modeled by the fact that the string at zq is given
a certain velocity at ¢ = 0. Find the displacements of the string u(z,t) by
solving the following boundary problem:

O*u(x,t) i@Qu(x,t)
or2 a2 02
B.C.. w(0,t)=0, w(L,t)=0,
I.C.: w(zr,0)=0, 1w (z,0)= Lvyd (x — x0) .

D.E.

_ 2uolL 00 1 (i ML 3y RT i nTa
Ans. u(x,t) = =2= 37" | - sin #F0 sin W x sin M7t

13. If the external force acting on the stretched string is proportional to the
distance from one end, then the displacement u(z,t) is governed by the
differential equation

0?u(x,t) 0?u(x,t)
27 7\ - V0
3 + Ax 92
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If the boundary and initial conditions are
u(0,t) = 0, u(L,t) =0,
u(z,0) = f(x), wu(x,0)=0,

find wu(z,t).
Ans. u(z,t) = %x (L2 ) +37°° by sin T cos @t
L L
by = LfO [f (@) — gara (L7 — 27)] sin —— z da.
L

14. Determine the vibrational behavior of a rectangular membrane described
by
2 2 2
pE. L%F_0%% 0%
vZ Ot2  9x2  Oy?
B.C.: z(0,y,t) =z (a,y,t) =0,
z(2,0,t) = z (x,b,t) =0

if it is initially displaced according to

T Y
z(x,y,0) = sin — sin ——,
(2,9,0) " b
and then released from rest.
Ans. z (z,y,t) = sin =F sin 5 cos [(a% + %)1/2 mrt}

15. Solve the equation
1 0%z B 0%z 0%z
O 022 Byt
with the conditions
z(0,y,1) =z w%>=o
2y (2,0,t) = 2y (z,b,t) =

(‘Tvyv ) ( ) 2t (x,y,O) =0.

oo o0
Ans. z (z,y,t) = Z Z Qnym COS Wim

n=1m=0

2 2\ 1/2 a b
4
wnm_m(” ”g) = | / Fla.y) sin " cos ™Y gz ay,

16. Find the solution of the following heat conduction problem:

0%u(w,t) 1 Ou(z,t)
N

B.C.: w(0,t)=0, wu(l,t)=0,

nmwx mmy

-, Where

I.C.:  w(x,0) =sin(2mz) + %sin (4mz) .
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Ans. u(z,t) = e~ 2™’ gin (27z) 4 %e_(‘l”am sin (47z) .

17. What would be the solution to the previous problem if the initial condition
is changed to
u(z,0) =2 —2?, 0<az<l.

Ans. u(z,t) =5 e~ ()’ tsin (1) + 2%6’(3”‘)% sin (3mzx) + - - } .

18. Solve the following nonhomogeneous heat equation:

o1 Ou(x,t)  0u(x,t)
D.E. 2o - a2 + sin(wx)

B.C.: w(0,t)=0, wu(l,t)=0,
I.C.:  wu(x,0) =sin(2mz).

Ans. u(z,t) =% (1 - e_(’"")zt) sin(mz) + e~ @7 tgin(27x).

19. Solve the following problem where w(z,t) is the temperature of a bar of
length L with its lateral surface and one end insulated and the other end
kept at a constant temperature.

1 Ju(x,t) 0%u(x,t)
az ot 0x2
B.C:  wug(0,t) =0, u(L,t) =1,

I.C.: w(z,0)=0.

D.E.:

4 - (-1" - [7(2”2)”]% (2n+1)7
Ans. u(z,t)=1- > Z CTESILS oS “—5 .
n=0
20. Solve the following problem:

1 Ou(x,t)  0%u(x,t)

DE.:. — =
a2 Ot Ox?

B.C: u(0,t)=0, —u.(1,t)=K,

I.C: wu(z,0)=0.

e

o0
Ans. u(z,t) =% Z (2(;?1)2(3 n Wz — Kz.
n=0
21. Assume the temperature u(wz,t) in a bar of thermal diffusivity a? and
length L that is perfectly insulated, including the ends at z = 0 and
x = L, is initially given by u(z,0) = f(x), the subsequent distribution of
the temperature is given by the solution of the following problem:



22.

23.
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1 ou(z,t)  O%u(w,t)
D.E. 2o = oa?
B.C.: w(0,t) =0, wu,(L,t)=0,

LC.: wu(x,0)= f(x).

Express u(z,t) in an infinite series.

nom'r 2t

Ans. u(z,t) E Ae” [22=] cos 7x, where

1t 2 [*
75/0 f(z)dz, Anzz/o f(:v)cos%xdz7 n=123,....

All four faces of an infinite long rectangular prism with thermal diffusivity
a? bounded by the planes + = 0, z = a, y = 0, and y = b are kept at
temperature zero. If the initial temperature distribution is f(z,y), derive
the following formula for the temperature u (z,y,t) in the prism:

2

% %)Wz‘a% . nmx mmy
u(z,y,t) —E g Apme \a sstnT,

n=1m=1

Anm ab/ / f(zy sm—sdexd

If f(z,y) = g(x)h(y), show that the double Fourier series reduces to prod-
uct of two series

where

u(z,y,t) =v(z, hw(y,1)

and note that v and w represent temperatures in the slabs 0 < z < a and
0 <y < b with their faces at temperature zero and with initial tempera-
tures g(x) and h(y), respectively.

Let u(z,y) be the steady-state temperature in a thin plate in the shape of
a semi-infinite strip. Let the surface heat transfer takes place at the face
so that

Pu(z,y) N u (z,y)
ox? Oy?

—bu(z,y) =0, 0<z<1;y>0.

If w is bounded as y — oo and satisfies the conditions

u(0,y) =0, wu;(l,y)=—hu(ly), u(z,0)=
Show that

o0
A [z,
u(z,y) = 2h Z a—ne_ bl sin a2,
n=1 "
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where
1 —cosay,
Ay =——5—
h + cos? o,
and a1, as, asg, ... are positive roots of the equation
¢ o}
ana = ——.
h

Hint: With u(z,y) = X (2)Y (y), show that

X, (z) =sina,z,  Y,(y) = o—V/iFoZy,

1 .
1 sin2«
-2 n 2
/0 sSIn” a,x Ax 3 1o, ( + cos” « )

24. Find the solution of the problem consisting of

ou  ,0%u

e i —kx
ot “ Ox? Ne
u(0,t) =0, w(L,t)=0,
u(z,0) = f(x).

Here the term on the right may represent loss of heat due to radioactive
decay in the bar.

Ans. u(z,t) = U(x,t) + ¥(x),

L
Ul(z,t) = Z [i/o [f(z) — ¥ (z)]sin n%x dz| e~ (mma/D)* gipn n%x
n=1

U(x) = _ai\lch [e_’m +(1—e "2 /L - 1] )

25. Find the electrostatic potential inside an infinitely long rectangular wave
guide with conducting walls. The guide measures L by b. One of the sides
of length L is held at a constant potential V[, the other three sides are
grounded (That is, V = 0).

Hint: The answer is given by the solution of the problem:

9*V (x,y) N 9V (z,y)

Ox? 9y =0,
V(0,y) =V(L,y) =V(z,0) =0,
Viz,b) =V

-1
Ans. V(z,y) = % anl 2n1_1 [sinh (znzl)ﬂb} sinh (2nzl)7ry sin (anl)wx.



26.

27.
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Find the solution of the problem consisting of
Pu o
oxr2 = 0y?
u(z,0) =0, wu(x,b) =0,
u(0,y) = up, u(oo,y) =0.

=0, 0<z<o00, 0<y<h.

Here u(z,y) is the steady-state temperature distribution in a semi-infinite
rectangular plate of width b, the temperature at far end and along its two
long sides is fixed at 0°, and temperature at x = 0 is fixed at a constant
temperature ug.

Ans. u(q;,y) = Zn:l (2:11301) —(@n—Drz/b gy 2 b 17_‘_y.

Determine the solution of the Laplace’s equation
Pulzy)  Oulz,y)
ox? Oy?

in the rectangular region 0 < = < L, 0 < y < b, which satisfies the
conditions

=0

Hint: Show that wu,; = sinh “Fy sin “Fx satisfies the equation and
the boundary conditions: u(0,y) = u(L,y) = u(zr,0) = 0, and up2 =
sinh 2% (b — y) sin T satisfies the equation and the boundary conditions:
u(0,y) = u(L,y) = u(x,b) = 0. Thus, un = Up,1 + Un,2.

Ans. u(z,y) = Y,_; [ansinh 2%y sin %%z + by, sinh X (b — y) sin “Zx]

where
bl 2 [
ap, = {smh m} f/ g(z) sin ?dx

b, = {sm Lb} / f(x)sin —dx






6

Partial Differential Equations with Curved
Boundaries

In Chap. 5, we saw that many physical problems can be formulated in terms
of partial differential equations. The solutions of these equations have to sat-
isfy certain boundary conditions. Most of these problems involve the Lapla-
cian operator. Depending on the specific problems, either Laplace equation or
Helmholtz equation has to be solved.

When the boundaries are mutually perpendicular straight lines or planes,
the cartesian coordinate system is very convenient. When the partial differ-
ential equation is reduced to ordinary differential equations by the separation
of variables, we are able to recognize the solutions of these ordinary differ-
ential equations. Eigenvalues and eigenfunctions dictated by the boundary
conditions are readily found and the solution of the partial differential equa-
tion can be obtained by the Fourier expansion.

However, many physical problems involve boundaries in the shape of cir-
cles, cylinders, and spheres. In these cases, it is much simpler to use polar,
cylindrical, or spherical coordinates. The partial differential equations
expressed in these coordinates are more complicated. For most problems, the
radial and angular parts can be separated, but the ordinary differential equa-
tions that govern the angular coordinates are different from those for radial
coordinates. Some of them are differential equations with variable coefficients
which cannot be solved in terms of elementary functions. We have solved most
of these ordinary differential equations in Chap.4 with Bessel and Legendre
functions. Generally, the solutions for problems with cylindrical symmetry
are expressible in terms of Fourier—Bessel series, and for those with spherical
symmetry, in Fourier—Legendre series. But it is the boundary condition that
determines how these solutions of ordinary differential equations should be
put together to solve a particular problem. Two identical partial differential
equations with slightly different boundary conditions can lead to completely
different results.

It is not possible to discuss all the different types of partial differential
equations encountered in engineering and physics. In this chapter, we will
mainly discuss the Laplace’s equation V24 = 0 and the Helmholtz’s equation
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V2u+ ku = 0, because they occur in many types of practical problems. These
two equations look similar, but their solutions are completely different. For
example, the radial solution of the Laplace equation in spherical coordinates is
given by r raised to negative or positive integer powers, whereas the solutions
of the Helmholtz’s equation are given by spherical Bessel functions.

Instead of following the usual procedure to classify the partial differen-
tial equations in hyperbolic, parabolic, and elliptic types, we will use enough
examples to illustrate how similar methods can be used to solve these equa-
tions. It is important to know the general characteristics of different kinds
of physical problems that can be solved by these methods. Otherwise details
may look confusing. A careful examination of the table of contents may help
to gain an overall picture of these problems.

6.1 The Laplacian

As we have seen, the Laplacian operator

appears in a many different partial differential equations of mathematical
physics. Why should the sum of three second derivatives have so much to do
with the law of nature? The answer lies in the fact that the Laplacian of a
function is a comparison between the value of the function at a point and
the average value of the function at points around it. This is clear in one
dimension. If v”(z) = 0, then u(z) = mz + b. One can readily verify that

u(x) = %[u(z +e€) +ulx —e€)].

That is, the average value of two nearby points is equal to the value at the
midpoint. Furthermore, if u”(z) > o, then the curve u(z) is concaved upward,
and the average value of two nearby points is greater than the value at the
midpoint. If u”(z) < 0, then the curve is concaved downward, and the average
value of two nearby points is less than the value at the midpoint.

The Laplacian may be thought of as the second derivative generalized to
higher dimensions. In fact, we will soon show that in two dimensions, if

- Vzu(x, y) = 0, then the average value of u on a small circle is equal to the
value of u at the center of the circle. This is what makes the Laplacian so
useful, because

- Vzu(x, y) > 0 means the surface is concaved upward, and the value of u
at the center of a small circle is less than the average value of u on the
circle, and

~ V2u(x,y) < 0 means the surface is concaved downward, and wu(z,y) is
greater than the average of u at its neighbors.
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Similar statements can be made about VZu in three dimensions, if we
change circle to sphere.
With these principles, we can have an intuitive understanding of some of
the basic partial differential equations of physics.
The wave equation:
0%u
ot?
If we use this equation to describe the vibration of a membrane, then w is the
displacement (the height) of the membrane. This equation says the membrane
at a point is accelerating upward (pulled up) if the membrane at that point
is below the average of its neighbors.
The diffusion equation:

= a?’V?u.

% = a’VZu.
If we use this equation to describe heat transfer, then u is the temperature.
This equation says that the temperature at a point will be increasing (posi-
tive rate of change) if the temperature at that point is less than the average
temperature on a circle around that point.
Laplace’s equation:

VZu = 0.

This equation describes the steady-state of u, in which the rate of change with
respect to time is zero. For example, if u is temperature, then this equation
says that the temperature will not change if the temperature at a point is
equal to the average temperature of the surrounding points.

Poisson’s equation:

Viu(z,y) = —g(z,y).

If g(z,y) is positive at a point, and u(z,y) is the temperature at that point,
then this equation says that the temperature at that point is greater than its
surroundings. In other words, heat is generated at that point, and g(x,y) is
the heat source.

Clearly, the meaning of the Laplacian will not change, no matter what
coordinate system we choose to express it. Many problems in two and three
dimensions are more naturally expressed in polar, cylindrical, or spherical
coordinates, either because of the boundary conditions, or because we want
to take advantage of the symmetry of the problem. These coordinates are
shown in Fig.6.1. Let us recall the expressions of the Laplacian operator in
these systems. We had a detailed discussion of these expressions in Chap. 3 of
volume II.

In polar coordinates:
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Y z
¢p z
X
(a) (b)

Fig. 6.1. (a) Polar coordinates, (b) cylindrical coordinates, (¢) spherical coordinates

In cylindrical coordinates:

In spherical coordinates:

szig 7"22 + L 9o sin@2 +#i2
2 or or 72 sin 6 00 a0 r2sin?6 0p?

6.2 Two-Dimensional Laplace’s Equations

6.2.1 Laplace’s Equation in Polar Coordinates

Suppose that we need to find the solution of a two-dimensional Laplace’s
equation that has a prescribed behavior on a circle. Naturally we want to
write the equation in the polar coordinates

19 ﬁu( )+ii2u( ) =0
o \Pa,t e 2ot e) =0,

so that we can accommodate the boundary condition by examining the solu-
tion for p = a. To solve the equation by separation of variables, we assume
u(p, p) = R(p)P(¢) and put it in the above equation

D(p) 0 ( 3R(p)> L B &e(e) _

p op\" 9p P2 0p?

Dividing through by u(p, ) = R(p)®(¢) and multiplying through by p?, we

have
p 9 <p6R<p>>+ 1 oPa(p)

#(o) og2 "
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or

1 ( 2 0*R(p) +p3R(p)) _ 1 o)

R(p) 9p? dp D(p) Op?
Since the term on the left-hand side is a function of p only, while the term
on the right-hand side depends only on ¢, both must be equal to the same
constant. So we obtain two ordinary differential equations

1 (,d®R(p) = dR(p)\ _

R(p) (p W P >_/\’ (6.1)
1 d2§l5(<p)__
o) (©2)

where ) is the separation constant. The separation constant must be equal to
n? with n as an integer for the following reason. Since (p, ) and (p, ¢ + 27)
are the same point, for the description of a real physical system, we must
require @(p) to be a periodic function with period 27. That is, @(p) must
satisfy the condition

Do+ 2m) = D).
With A = n?, (6.2) becomes

dijn(sﬁ) 2
sz = —n°P,(p).

Ouly if n is an integer (n = 0,1,2,...) can the solution of this equation be
such a periodic function,

&, (p) = A, cosnp + By, sinnep. (6.3)

Note that for n = 0, the solution $o(p) = ¢ is not periodic, therefore not
allowed. However, the other solution for n = 0, namely $(¢) = constant
satisfies the periodic condition and is included in (6.3).

The radial part of the solution must come from (6.1) with the same n

d2R,, dR,,
2 (p) +p (p)

2
e S iR, o) (6.4)

P

This is an Euler-Cauchy differential equation. The standard method is to set

© de 1
p=¢€", so x=Ilnp and — =-.
dpp

It follows that:
dR, dR,dz 1dR,
dp  dxz dp p dz’

R, (p) d <1an> _ 1dR,  1dR,

dp? :dp pde ) p? da +de2’
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so that (6.4) can be written as

1 d®R 1 dR 1dR
2 mn n n 2
— - = - —n"R, =0,
P <p2 dx? P2 da:) pp "
or 2
R,
2 n“R, = 0.
Clearly

Cne™ 4+ Dpe ™ for n #£0,
R, (z) =
Co+ Dox for n=0.

Thus, with p = e”, we have

Cpp" + Dpp™™ for n#0,
Ry(p) =
Co+ Dglnp for n=0.

For each integer n, the solution is wu,(p,¢) = Rn(p)Pn(p). A linear
combination of them is the general solution

u(p, ) =Y entin(p, 9).
n=0

Therefore we can write the solution of the Laplace’s equation as

o0
u(p, ) =ao +bolnp+ Z[(%Pn +bnp™") cosnp + (cup™ + dnp” ") sinne),
n=1
(6.5)
where we have renamed the combinations of constants for convenience.

Whenever we solve the equation in a region containing the origin, we must
set by, by, and d,, to zero, because we are only interested in bounded solutions
and In p and p™" go to infinity as p approaches zero.

Similarly if the region extends to infinity, then ag, bg, a,, and ¢, must be
set to zero, unless there is a source at infinity. For example, a uniform electric
field extending from —oo to 400 must be described by an electric potential
that is not vanishing at infinity. (The electric potential satisfies the Laplace’s
equation, its gradient is the electric field.) In this case a; or ¢; may not be
zero, but the rest of a,, ¢,, and by must still be all zero.

The following examples will illustrate how these constants are determined
by the boundary conditions.

Ezample 6.2.1. Show that if the temperature f(¢) on the boundary of a
circular disk of radius 7y can be expressed as

flo) = Z(A" cosny + By, sinngp),

n=0
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then the steady-state temperature at any point inside the disk is given by
u(p, @) =Y (p/r0)" (Ap cosng + By sinng).
n=0

Find the steady-state temperature distribution in a circular plate of radius rq
if the upper semicircular boundary is held at 100°, and the lower at 0°.

Solution 6.2.1. The temperature function wu(p,y) satisfies the Laplace’s
equation for steady-state distribution. So we have to solve the following bound-
ary value problem:

D.E.: V?u(p,¢) =0,
B.C.: u(ro, ) = f(¥).

Since the origin is inside the plate, for the solution to be bounded, we have
to set b, and dy, in (6.5) to zero. What is left in (6.5) can be written as

u(p, ) = Z(anp" cos Ny + cpp" sinng).
n=0
Therefore, at p = g, we have
u(ro, p) = Z(ann’f cos Ny + ¢l sinng).
n=0

But it is given that

u(ro, p) = f(p) = Z(A” cosny + By, sinng).

n=0
It is clear that
ATL BTL
ap = —, = —.
n ’]"6" n 7"8

Substituting them into the equation for u(p, @), we obtain the required result
u(p, p) = Z(p/ro)"(An cosny + By, sinny).
n=0
Now we can expand the given boundary condition

100 for 0< <,
u(ro,<p>:f(@):{ 0 for7r<g<27r

into a Fourier series

flp) = Z(A" cosny + By, sinny),

n=0

where the coefficients are given by
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1 27 1 4
Ay = — do = — 100dy =
. 277/0 u(ro, p)dip 27T/0 00dy = 50,
1 2m 1 4
A= [ ulro ) cosnpdo =~ [ 100cosmpdg =0, 0,
™ Jo ™Jo
1 e _ 100 [™ . 0 for n even
an;/o u(ro,cp)smncpdcpr/O smnsodsﬁ{fg? for nodd -

Thus the temperature distribution in the disk is given by
200 1/ p\"
=50+ — - — i .
u(p, ) +— > - < > sinnep

It may be noted that u(p,¢) at ¢ = 0 and =, is 50. In general the Fourier
series gives the average values at points of discontinuity. In the present case
50 is the average value of 0 and 100.

Example 6.2.2. Determine the steady-state temperature at points of the sector
0 <9 <0y 0<p<ryofa circular plate if the temperature is maintained
at zero along the straight edges and at ug along the curved edge.

Solution 6.2.2. To find the steady-state temperature u(p, ), we have to
solve the following boundary value problem:

D.E: VZu(p,¢) =0,
B.C.:  u(p,0) =0, wu(p,00) =0, wu(ro,o)=uop.

The usual separation assumption u(p, ¢) = R(p)@(p) leads to

2 d*R(p) N de(p)

12 b AR(p),
d*®(y)

The boundary conditions along the straight edges require that
®(0) =0, P(0y) =0.

The differential equation and the boundary conditions for @(¢) actually form
a Sturm-Liouville problem. So we know that the eigenvalues A are positive
(A = a?), and the eigenfunctions are orthogonal. Thus

&(p) = Acosap + Bsinap.
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Since ¢(0) = A = 0, the boundary condition ¢(fy) = 0 requires sin afy = 0.
Therefore
where n is a nonzero integer. Hence the eigenfunctions are
nm
@, (p) = sin oo n= 1, 2, 3,
0

Note that n = 0 is not allowed in this case. The corresponding radial equation

for R, (p) is
d®Ru(p) | dRu(p) _ (nm\’
2 n n _ [
oz T, — e Ry (p).

The bounded solution to this equation is

Rnu(p) = Cnpmr/ao .

Therefore the general solution is
nm
— c nm /0o sin —
©)=> cup in =0
n=1
The boundary condition u(rg, ) = ug requires ¢, to satisfy the relation

00 .
up = E cnrg”/ °sin
n=1

0

Since {sin Z—:go} is a complete orthogonal set in the interval 0 < ¢ < 6,

0o
nw/0o 1 / nm
CnT = ug sin — ¢ dep.
"o foeo sin? Fpde bo

These integrals can be easily evaluated,

/90 nm {u029° for n odd,
up sin —pdp = nm
0 0o 0

for n even,
0o
/ sin? —gpdgp = 700
0 fo
Thus the steady-state temperature in the sector is given by
4uyg 1/p n/o  pn
u(p,p) = — == sin —.
m To 90
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Ezxample 6.2.3. Suppose that the temperatures along the inner circle of radius
of r1 and along the outer circle of radius ro of an annulus are maintained at
f1(@) and f2(p), respectively, as shown in Fig. 6.2. Determine the steady-state
temperature in the annulus, if

(@) file)
(b)  filp)

0, fa(p)=sinp, ri =1, ro=2.
1, folp) =10, r1 =1, rp=e.

Fig. 6.2. Laplace’s equation in an annulus

Solution 6.2.3. The steady-state temperature is determined by the following
boundary problem:

D.E.: Vu(p,p) =0, 11 <p<ry,

B.C.: u(ri,¢) = file), ulrz,¢) = fa(p).

Since the region of interest neither contains the origin nor extends to infinity,
all terms in (6.5) have to be retained. Thus the boundary conditions take the
form

filg) = ap+bolnr; + Z[(anr? + b,y ™) cosng + (epr + dpry ™) sinng),

n=1

fa(p) =ag +boInry + z:[(anrgI + b3 ") cosng + (cpry + dpry ) sinnegl.

n=1

According to the theory of Fourier series

1 27
bol = — d
ap + 0g Inry o J, f1(p)de,
1 27
byl = — d
ag + 0g Inry o J, fa(p)dep

and for n # 0
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1 27
anTy + bpry " = g fi(p) cosnep de,
0
1 2m
anry +bary " = — | fa(p) cosnpdep,
0
1 27
cprl +dpry ™ = P fi(p)sinnp de,
0
1 2m
Cpty +dpry " = g fa(p) sinnip de.
0

From these equations, we can solve for the constants ag, by, Gn, bn, Cn,
and d,.

(a) For fi(p) =0, fa(p) =sing, r =1, 1o = 2, all integrals are equal
to zero except
1 2m 1 2
- fg(ap)sinapdgo:—/ sin? pdy = 1.
T Jo T Jo

Therefore all constants are equal to zero except

cp+dy =0,
1
012+d1§:1.
It follows that:
2 g 2
1 — 37 1 — 3

Thus
2 1\ .
ulp ) =3 p= )i

(b) For fi(p) =1, fa(p) = 10, r1 = 1, ro = e, the only nonvanishing
coefficients are

1 27
ap +bylnry = p filp)de =1,
™ Jo
1 27
ap+bolnry = — fa(p)de = 10.
27T 0

Thus ag =1, by =10 — ag = 9. Therefore

u(p, o) =14+91Inp.
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Ezxample 6.2.4. Solve the following boundary value problem:

D.E.: VZu(p,¢) =0,
B.C.:  u(p— oc0,p) = Egpcose, u(rg,p) =0.
(The solution is the electric potential produced by placing a long grounded

conducting cylinder of radius 7y in a previous uniform electric field —Eq with
the axis of the cylinder perpendicular to the field Ey.)

Solution 6.2.4. Since p~™ goes to zero as p — o0, asymptotically (6.5)
becomes

u(p — 00,0) =ap+bolnp+ Z[anp" cosnw + cpp" sinny).

n=1

Therefore the condition u(p — oo, p) = Fgpcosy requires that ag, by, @y,
and ¢, to be set to zero, except a; = Ey. What is left in (6.5) is

oo

u(p, ) =Y _[bnp " cosng + dnp~ " sinng] + Egp cos .

n=1

At p =19, u(ro, v) = 0 becomes

o0
(b1r0_1 + Epro) cos p + dlro_l sin ¢ + Z[bnro_” cosny + d,ry " sinng| = 0.

n=2

This requires all coefficients to vanish. That means all b,, and d,, are equal to
zero except by, and

bl’l“o_l + Egro =0, or b= —Eo’l“g.

Therefore the solution of this boundary value problem is given by

2
u(p, ) = Egpcosp — Egrap~ ' cos ¢ = Ey <1 — ;g) P COS ©. (6.6)

6.2.2 Poisson’s Integral Formula

Let us return to the solution u(p, ¢) of the Laplace’s equation in the interior
of a circular disk of radius rg. If the boundary condition is u(rg, ) = f(¢),
then

u(p, @) = 3 (p/ro)" (An cosni + By sinnep),

n=0

where A,, and B,, are the Fourier coefficients of
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flo) = Z(A" cosny + By, sinngp).

n=0

Substituting the expressions of these Fourier coefficients into u(p, ¢), we have

1 2 / / P nll 2 / / /
ulpp) = 5 ; flp)de +n§71 <E) [W/o f(¥") cosnp dw] cosnp
p\" |1 2 N . A
+ E (a) [W f(©") sinne dgo} sin nyp

n=1 0

27
*% fle {lJrZZ( ) cosngolcosngo+sinng0/sinmp]}dap
Since
cosnyp’ cosny + sinny’ sinng = cosn(¢’ — ¢) = Re [ei"(‘Pl_‘P)} ,
where Re stands for real part, so
> (2

n
) [cos ny' cos ny + sinny’ sinng] = Re Z [ elle’ @)}
n=1 \'0 ro

n=1

Using the facts that

1 o0
E:1+z+z2+---=2;2r”, for |2 <1

and p/ro < 1, we can write

n P i —p)
E |:pei(80/—50):| — ;’ _1= Toe _
70 1— %el(tp —¢) !

1 — L@ —¢)
n=1 70

To

2
1—22cos(¢' —¢) + (ﬁ;)

oy 2
£ oile’ —¢) 1 Le—ile'—¢) P oile’ =) _ ( 2 )
T0 0

1 — Leile'—9) 1 — Le—ile'—9) -
T0 To

and

l(ga —p) " _ (p/’f'o) COS(SD/ - QD) - (p/?"())2
ZZ: [ ] L —2(p/ro) cos(¢’ — @) + (p/10)*

IR (p/r0) cos(¢’ — ¢) — (p/10)° :
u(p, p) = */ (") {1 + 21 ~2(p/r0) cos(@’ — @) + (p/70)? } de

1 27 , 7‘8 - p2
= — d /.
o7 ), (") {r% — 2procos(¢’ — @) + p? 7
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Fig. 6.3. Poisson’s integral formula

This remarkable result is known as Poisson integral formula.
According to the law of cosine

15— 2pro cos(¢’ — @) + p* = &%,

where d is the distance between (p, ¢) and the point (r9,¢) on the boundary,
as shown in Fig.6.3.
So this formula can be written as

B0 [T 1),
2T 0 2 '

u(p, ) =

It shows that the value of u(p, ) at all points inside a circle of radius r¢ is
the weighted sum of the values of the function f(¢’) on the circumference of
the circle, and the weight is given by (rZ — p?)/d?. If we were to increase the
values of f(¢’) on even a small segment of the boundary, this would produce
a corresponding increase in the values of u at every interior points. This is in
accordance with the fact that the physical system described by the Laplace’s
equation is in a steady-state. An increase or decrease on the boundary requires
the interior region to readjust to bring the system into equilibrium again.

At the center of the circle, p = 0 and rg = d, the formula reduces to

2m
u(center) = — fleHdy'.
2m Jo
In other words, the average value of u on a circle is equal to the value of u
at the center of the circle. This is known as the average value property of the
Laplace equation.

From this property, we can deduce the fact that the solution of Laplace
equation cannot have local maximum or minimum in the interior region. If
u(p) were a local maximum at the point P, then there must be a small circle
around P, everywhere on it the value of u is smaller than u(p). Obviously the
average of the values of u on that circle could not possibly equal to u(p). This
violates the average value property of the Laplace equation. Similar argument
will also show that there cannot be any local minimum.
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6.3 Two-Dimensional Helmholtz’s Equations in Polar
Coordinates

As we have seen in Chap.5, when the time dependence part is separated
out, the space part of both wave equation and heat equation is given by the
Helmholtz equation

V2u 4 k*u = 0.

In polar coordinates, the Helmholtz equation takes the form

10 0 1 &2 ,

Proceeding in the same way as we solved the Laplace equation, with the
assumption u(p, ) = R(p) P (), we find that the angular part satisfies the
equation

L 0(0) =~ ()
a2 (o) = n (e
and has the familiar solution

&, (p) = A, cosny + B, sinnp,

where n is an integer. The radial equation

*R,(p) | dRu(p)
2 n n
P dp? tr dp +

(K*p* =n*)Rn(p) =0

differs from that found in the solution of Laplace equation. The solution of
this equation, as we have shown in Chap. 4, is

Rn(p) = Can(kp) + DnNn(kp)a

where J, (kp) and N, (kp) are, respectively, Bessel and Neumann functions of
order n. Recall that N, (kp) goes to —oo as p approaches zero. Therefore for
solutions that are required to be finite at the origin, we must set D,, = 0.
Thus, for most applications, the solution of the Helmholtz equation is given
by a linear combination of u,(p, ¢) with

un(p, ) = Ju(kp)(Ay cosng + By sinng). (6.7)

In what follows, we shall show that not only the two-dimensional wave equa-
tion and heat equation reduce to the Helmholtz equation when the time-
dependent parts are separated out, but also the three-dimensional Laplace
equation in cylindrical coordinates reduce to the Helmholtz equation when
the z dependence part is separated out. In that case, the separation constant
can be either +k2 or —k2.
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6.3.1 Vibration of a Drumhead: Two-Dimensional Wave Equation
in Polar Coordinates

Whenever a membrane is a plane and its material is elastic, its vibrations are
governed by the wave equation

1 o2
2
Vv Z—aﬁwz,

where z is the displacement (the height of the membrane from the plane).
For a circular drumhead, naturally we want to use the polar coordinates.

Let the membrane be stretched over a fixed circular frame of radius ¢
in the plane of z = 0. Initially the membrane is deformed in the shape of
z(p,¢,0) = f(p, ) and released from rest in that position. Hence to find the
displacements z(p, ,t) is to solve the following problem:

2 2 2
DE. 0 10 13] 190

B.C.:  z(c,p,t) =0,
0z
I.C.: z(p,¢,0) = f(p,p),

t=0

To separate the time-dependent part and the space-dependent part with the
assumption z(p, ¢, t) = u(p, v)T'(t), we find two ordinary differential equations

TII (t)

T =

and 5 5 52
1 1 1
pwm@>+wm@ =A
Uth)[p€h>< dp p? 0p?
For the same reason as the vibration of a string, the separation constant must

be
A= k%,

so the time-dependent part is governed by
T(t) = —k*a®T(t) (6.8)

and the space-dependent part by the Helmholtz equation

10 0 1 02
i = k2 =
>9p (papUU%¢0)Fp28wQUOL¢)+ u(p,) =0
with (6.7) as its solution

u(p, p) = Jn(kp)(Ay cosne + B, sinny).
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In order to satisfy the boundary condition z(c,,t) = 0, we must have
u(e, ) = 0. This means that k cannot be any constant, it must satisfy the
condition

JIn(kc) = 0.

Let ky;c be the jth zero of nth order Bessel function J,(x), then k& must be
equal to one of the k, ;. The same k,; must be used in (6.8), so

T(t) = c1 cos kpjat + cosink,jat.
Furthermore, to satisfy the initial condition

9 AT (¢)
p— t = —_— =
8t2(p7 ©,t) . u(p, ) a |, 0

the derivative of T'(t) must be zero, therefore ¢y must be set to zero. Thus for
each n and j

Znj (P, @, t) = Jn(kn;p)(Ap cosng + By, sinny) cos(akn,;t).

The general solution, which is a linear combination of all these terms, is a
double sum of all possible n and j

z(p,p,t) = Z Z I (knjp)(anj cos ne + by sin ng) cos(aky;t),

n=0 j=1

where we have consolidated the constants into the coefficients a,; and b,;.
These coefficients can be determined by the other initial condition

Z(p,(p,O) = f(pv 90)

20,0,0) =D > Julknjp)(an; cos ng + by; sinng) = f(p, ).

n=0 j=1

Let us first define

Fa(p) = Z I (Knjp), (6.9)

Gnl(p) = anjjn(knjp) (6.10)
j=1
and express z(p, ¢,0) in terms of them

> {Fu(p) cosne + Gnlp) sinng} = f(p, ).
n=0

Regarding p as a parameter, this equation is in the form of a Fourier series,
therefore F),(p) and G,,(p) are given by
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1 271'

Fu(p) = — ; f(psp)cosnpdp, n=12,....
1 27
= f(p,p)cosnpdp, n=0,
27T
1 271'

Gnlp) = — ; f(p,p)sinnpdp, n=1,2,....

Putting them back into (6.9) and (6.10), we have
1 2
ZanJ knjp) = p f(p.p)cosnpdp, n=12,...,
0
1 27
Zam knjp) = 5 f(p,p) cosnpdp, n=0,
T Jo

1 27 .
anjJn(%p):; ; flp,p)sinnpde, n=1,2,... .

For each fixed n, the series is recognized as a Fourier—Bessel series. The
coefficients can be determined by multiplying both sides by pJ, (knip) and
integrating from 0 to ¢

/ I (Fnip Zam knjp)dp
0

c 1 27
=/ P (knip) f(p,p)cosnpdpdp, n=1,2,....
0 0

Because of the orthogonality of the Bessel functions, all terms on the left-hand
side are zero except the term with j =1

c 1 c 27
i / pJ (knip)dp = = / / pIn(knip) f(p, ) cos np dedp.
0 0 0

Recall . .
/0 pJ 7 (knip)dp = 502J3+1(kni0)>
therefore
9 27
Gni = T2, (o / /0 pdn(knip) f(p, ) cosnpdedp, n=12,...

(6.11)
For n = 0, we have

2 27
LT 2 2 (ki) koip) f (p, p)dedp. 12
408 2 P (kgic) /0 /0 pJo(koip) f(p; p)dpdp (6.12)
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Similarly,

2

bni =
cQJn+1 niC)

27
// pIn(knip) f(p, p)sinnpdpdp, n=1,2,....

(6.13)
Thus the solution of problem is given by

z(p, o, t Z Z Znj = Z Z I (knip) (an; cosne + by; sinny) cos(aky;t)

n=0 =1 n=0 =1
(6.14)

with the coefficients given by (6.11)—(6.13).

Each z,;(p, ¢,t) term is known as a normal mode. Each mode is vibrating
in a periodic motion with a frequency of ak,,;/2m. If the initial displacements
happen to be in the shape of a particular mode, then the system will vibrate
in that mode. For example, if

2(p,,0) = f(p,p) = AJa(ka1p) cos 2,

then all the coefficients in (6.14) are equal to zero, except as; = A, and

2(p, @, t) = Ada(ka1p) cos 2 cos(aka ).

Each mode has nodal lines (lines without motion), which consist of circles and
radial lines. Figure 6.4 shows a few of these modes of vibration, shaded parts
being displaced in the opposite direction to unshaded parts. If the drumhead
is vibrating in one of these normal modes, saw-dust sprinkled on it will collect
along the nodal lines, so that you can see them. It is not easy to obtain the
pure normal modes with initial conditions. However, if an oscillator vibrating

Olw

n=0,j=1
n=2j=1 n=0,j=2

Fig. 6.4. Normal modes of drumhead vibration
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in the frequency of a particular mode is placed nearby, the drumhead will
eventually be vibrating in that mode, and the nodal lines become visible.

The general motion of a vibrating drumhead is a superposition of all these
normal modes. If nodal lines exist at all, they will not usually be of the simple
patterns.

Note that if the initial displacement is independent of ¢, then f(p, )
should be replaced by f(p). In that case, it follows from (6.11) and (6.13)
that a,; = 0 and b,; = 0 for all n except for n = 0. For n = 0, (6.12) gives

2 C
ap; = CQc]f(]fOiC)/o pJo(koip) f(p)dp.

In this case the solution is given by

(0) = X |y [ #0000 | o) costatit).

i=1
(6.15)
This is what one would expect if both boundary and initial conditions are
independent of ¢, then there is no reason that the final solution is dependent
on . Therefore in this case one can start with

2= R(p)T()

and obtain the result of (6.15) directly.

Ezxample 6.5.1. Find the frequency of the normal modes shown in Fig. 6.4.

Solution 6.3.1. The frequency of vibration for the nj normal mode is k,ja/27.
From the “Table of zeros” of Bessel functions, we find

Jo(z) =0 for x = 2.4048, 5.5201, ...
Ji(x) =0 for x = 3.8317, 7.0156,
Jo(x) =0 for x = 5.1356, 8.4172,

Therefore for the 01 mode, kgyc = 2.4048, and the frequency of this mode is

given by
_ kora _ 2.4048a

2 2me

Similarly,

3.8317a 5.1356a 5.5201a
2re
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Ezxample 6.53.2. If the membrane and its frame are moving as a rigid body
with unit velocity perpendicular to the membrane and the frame is suddenly
brought to rest, then the membrane will start to vibrate. The vibration can
be modeled with the following boundary value problem:

D.E.: V%z(p,t) = i0—22(/} t)
’ a? otz
B.C.:  z(¢t)=0,
0z

L.C.: 0)=0, —| =1.
2(p,0) =0, ol

Find the displacements z(p, t).

Solution 6.3.2. With z(p,t) = R(p)T'(t), the time- and space-dependent
parts are, respectively, given by

T(t) = ¢1 coskat + ¢o sin kat

and
R(p) = Jo(kp).

The boundary condition requires that Jy(kc) = 0. Therefore k must be equal
to one of ko, where kojc is the jth root of Jy(z) = 0. The initial condition
requires 7'(0) = ¢; = 0. Thus

Z(p7 t) = Z ijo (kojp) sin kiojat.

j=1
Now the other initial condition requires that

0z

E = ijkojajo(kojp) =1.

t=0 j=1

Multiplying by pJo(kojp), integrating from 0 to ¢, we obtain

2 C
bjkoja = CQJf(kojC)/o pJo(kojp)dp.

Recall . .
/0 2Jo(w)dz = /O dley (2)],

so
1

kg;c).
k‘OjCJl( OJC)

/0 pJo(kojp)dp =
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It follows: 5 1
bikypa = —5—— J1(k
jRoja 272 (ko )k()]c 1(kojc),
b 2 1
7 ackgj Jl(kojc).
Therefore

sin k:ojat
= J ko;
Pt ac Z konl ko, ) o(kojp)

is the displacement, where ko;c are the positive roots of Jy(z) = 0.

6.3.2 Heat Conduction in a Disk: Two-Dimensional Diffusion
Equation in Polar Coordinates

The solution of the diffusion equation

10
2p_ 9
v a2 Ot

in the form of F(p, p,t) = u(p, )T (t) is similar to that of the wave equation.
In terms of u(p, ¢) and T'(¢), the equation can be written as

ulpyp) o2 " pop o2 "V T T

Again both sides must equal to the same separation constant

1 [82+18+1 82} () = A
——— |53t -5t 555 ulpe)=A
(pp) LOp*>  pOp  p? 0p?
1 10
——=T(t) = A\
T(t) a® Ot ®)
The separation constant must be negative, A\ = —k?, just as in the wave

equation, but for a slightly different reason. If A were equal to +k2, then
T(t) = ekza%, which would make the temperature increase without bound
as time increases. This is physically unreasonable. (Formally we say that it
violates the principle of conservation of energy.) Not only that, A = k2 would
render the space part fail to satisfy the boundary conditions. It is possible
to have A = 0, indicating that the system has already reached equilibrium.
However, we should be able to solve the problem with A # 0, and show that
the solution reduces to that of A =0 as t — oo.

With A = —k?, T(t) = e~k*a*t and the space part is given by the
Helmholtz equation. While this equation is identical to the one obtained in
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solving the wave equation, it is the boundary conditions that can make a
difference.

In the following examples, we will consider the heat conduction in a coin.
Its circumference can either be kept at a constant temperature, or be insulated.

Ezxample 6.3.3. Find the temperature in the disk of radius ¢, the flat faces of
which are insulated. Initially the disk is at a prescribed temperature f(p). Its
outer edge is kept at 100° for all times.

Solution 6.3.3. Since neither the boundary condition nor the initial condi-
tion has angular dependence, so we know that the temperature distribution in
the disk is independent of the angle. Thus the temperature in the disk F'(p,t)
is the solution of the following problem:

10
D.E.: 2F=_—__F
v a2 ot ’

B.C..  F(c,t) =100,

I.C.:  F(p,0) = f(p).

The problem is easier to solve if we make a change of variable. Let
u(p,t) = F(p,t) — 100.

The differential equation that governs u(p,t) remains the same

10
V3u(p,t) = — —u(p,t
ulp,t) = —5 5ulp:t)
but the boundary condition and the initial condition are changed to

U(C, t) =0, U(P, O) = f(p) — 100.
The solution is given by
—kZa?t
u(p,t) = Jo(kp)e :
In order to satisfy the boundary condition u(c,t) = 0, k must be equal to one

of koj, where kojc is the jth root of Jy(x) = 0. Therefore the general solution
is the following linear combination:

ulp,t) = ¢ Jo(kojp)e "0,
j=1

Since u(p,0) = f(p) — 100, so

f(p) =100 = u(p,0) = ZCon(k0jp)~
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It follows that:

¢j = CQJIQ(ZkOJC)/O (f(p) = 100)Jo(kojp)p dp-

Therefore the temperature distribution in the disk is given by

1‘71([)7 t) =100 + Z Aj Jo(kojp)eikgja%,
j=1
Ay = e [ 60 = 10000k 0
T 2Jf (koje) Jo O '
Clearly, as t — oo, the temperature everywhere in the disk will settle down
to 100°, as it should be, regardless of the initial temperature.

Ezxample 6.5.4. Replace the boundary condition of the previous problem with
the condition that the edge of the disk is thermally insulated. Find the tem-
perature distribution u(p,t) in the disk if u (p,0) = f(p).

Solution 6.3.4. An insulated edge means that there is no heat flowing in
and out of the disk. Since the heat flux is proportional to the gradient of the
temperature, an insulated edge corresponds to the boundary condition

0
—u(p,t) =0.
dp pec
The solution of the diffusion equation is still given by

u(p,t) = Jo(kp)e ¥,

Now the boundary condition requires that

d
dipg]o(kp) - =0.
Recall d
@Jo(x) = —Jl(x).
This means d
IpJo(kp) e = —kJJ1<k‘C) =0.

Thus k must be equal to one of ki;, where kj;c is the jth root of Ji(z) = 0.
Therefore the general solution is

u(p,t) = Z ¢ Jo(k’ljp)e_k?f“zt.
=0
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Note that in this case k19 = 0 is also an eigenvalue, since J;(0) = 0. Further-
more, since Jo(0) = 1, we can write this expansion as

2 2
u(p, t) =cCo+ ZCjJ()(kljp)eiklja ¢
j=1

With the initial condition u(p,0) = f(p), we have

f(p) =co+ chjo(kljp)- (6.16)

j=1

The coefficient ¢; can be determined with the help of the orthogonality rela-
tions of the Bessel functions

C
/ pJo(k1jp)Jo(kiip)dp = 6ijﬁ(2)ja
0

where 5(2)]' is given by
1
ﬁgj = §CQJ02(k1jC)7

which follows from (4.55) with n = 0 and A = 0. Furthermore

c
c
/ pJo(kijp)dp = ?Jl(kljc) =0,
0 1y
since kijc is one of the roots of Ji(z) = 0. Multiplying (6.16) by p and
integrating from 0 to ¢, we have

c (& 1
/ pf(p)dp :/ peodp = 5c*co
)

0 C

or

2

co=—=5 [ pflp)dp.
c Jo

Multiplying (6.16) by pJo(k1:p) and integrating from 0 to ¢, we have

Ci

- ﬁl /0 polknip) £ () dp.
07

Thus the temperature distribution in the disk is given by

2 ¢ k2 a2
u(pt) = 5 [ pf(eMp+ 3 By(isp)e e,

0 =

2 c
B = —— / o Ndo'.
J CQJg(kle) /O p JO(kljp )f(p )dp
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6.3.3 Laplace’s Equations in Cylindrical Coordinates

Three-dimensional Laplace equation V2V = 0 in cylindrical coordinates takes
the form
0? 10 1 0? 0?
St S+ ===+ = | V(p,p,2) =0.
[802 oo T e T 322} (0r:2)

With V(p, ¢, 2) = u(p, ¢)Z(z), this equation can be written as

u(pp) 002 T 0o " p2og?| Y T Tz 02

Again both sides must be equal to the same separation constant,

1 {a2+1a+1 82} (p0) = A
u(p, ) [0p*  pOp  p? 0p? ’ ’
1 92
—————7Z(z) = \.
Z(z) 022 (2)

It is seen that after the Z(z) is separated out, the remaining equation for
u(p, ¢) is again a Helmholtz equation in polar coordinates. In fact, the equa-
tion looks exactly the same as that obtained from wave equation or diffusion
equation. However, there is a subtle difference. The difference is that in this
case, the separation constant A can be either positive +k? or negative —k?2,
depending on the boundary conditions. In the following examples, we will
illustrate that under certain boundary conditions we have to use +k2, while
under other boundary conditions we need to use —k2. In general, both +k?2
and —k? are needed.

Example 6.3.5. Consider a solid circular cylinder of radius ¢ and length L.
The temperatures at the bases of the cylinder are maintained at 0° while
the temperature of its lateral surface is specified by a given function f(z), as
shown is Fig. 6.5. Find the steady-state distribution of the temperature inside
the cylinder.

Fig. 6.5. Laplace equation in a circular cylinder. With this set of boundary con-
ditions, the solution is given by a series of products of trigonometric and modified
Bessel functions



6.3 Two-Dimensional Helmholtz’s Equations in Polar Coordinates 327

Solution 6.3.5. The steady-state temperature u satisfies the Laplace equa-
tion VZu = 0. Furthermore, since the boundary conditions do not depend on
angle, the solution will also not be a function of ¢. Therefore our task is to
solve the following boundary value problem:

D.E: VZu(p,z)=0,
B.C.:  u(p,0) =u(p,L) =0, wulc,z)=7f(2).

With u(p, z) = R(p)Z(z), we have

9?2 10
s ] B0 = ARG)
and &2
@Z(z) = —-\Z(2).

The boundary condition u(p,0) = R(p)Z(0) = 0 translates into Z(0) = 0.
Similarly Z(L) = 0. The Z equation and its boundary conditions remind
us of the problem of one-dimensional heat conduction with both ends at 0°.
These boundary conditions can be satisfied if the solutions are cosine and sine
functions. With the separation constant A chosen as +k?2,

Z(z) = c1coskz + cosinkz.

The corresponding R equation can be written as

0 9 929 _
<ap +r3, kp)R(p)O-

As we have seen in Chap. 4, this is the modified Bessel function of order 0. Its
solution is

R(p) = cslo(kp) + caKo(kp),

where Iy and K{ are modified Bessel functions of first and second kind of
order 0. Since K diverges as p — 0, to keep the temperature finite on the
axis of the cylinder, ¢4 must be set to zero. The condition Z(0) = 0 requires
¢1 = 0. The condition Z(L) = 0 requires k to be one of k,, where k, = nn/L
with n as an integer (n = 1, 2,...). Thus the general solution is in the form of

0= 5 Aot (25) (1),

The coefficients A, are determined by the other boundary condition

u(e, 2) = f(2),
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f(z) = ;Anlo <”L7Tc> sin <mz> .

L

This is a Fourier sine series. It follows that:

L
A,y (Tc) = %/o f(2)sin (Tz) dz.

Therefore the temperature distribution is given by

L
ulp, 2) = Z h(%c)z/o f(Z)sin (n:Z') d2' | Iy (Tﬁ) sin (Tz) .

n=1

Ezxample 6.53.6. Solve the previous problem with the boundary conditions
replaced by the conditions that both the curved and bottom surfaces are
kept at 0° and the top surface is specified by a given function g(p), as shown
in Fig. 6.6.

u=0

Fig. 6.6. Laplace equation in a circular cylinder. With this set of boundary condi-
tions, the solution is given by a series of products of hyperbolic and Bessel functions

Solution 6.3.6. This time the problem we need to solve is

D.E: VZu(p,z) =0,
B.C.: u(e,z) =0, u(p,0)=0, ulp,L)=gyg(p).

Again with u(p, z) = R(p)Z(z) we have

pr n ;aﬂ R(p) = AR(p)
and L2
@Z(z) = —-X\Z(2).

The boundary condition u(c, z) = R(c)Z(z) = 0 requires R(c) = 0.
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Now if A = +k2, as we have seen in the last example

R(p) = Io(kp).

Since Iy is a monotonically increasing function and is never equal to zero, this
choice cannot possibly satisfy the boundary condition.

If A = 0, the R equation becomes a Euler—Cauchy differential equation,
its solution is

R(p) =c1 + calnp.

To keep the temperature finite on the axis of the cylinder, we must set ¢; = 0.
To make R(c) = 0, ¢; must also be zero. Therefore we will not get a solution
for A = 0.

Finally, if A = —k2, the R equation becomes

2 0
( a2 TP, kQPQ)R(p):O’

and the solution that is finite on the axis of the cylinder is given by the Bessel
function of zeroth-order

R(p) = Jo(kp).
To satisfy the boundary condition R(c) = 0, k must be equal to kg;, where
kojc is the jth root of Jy(z) = 0.

The corresponding Z equation is

d? 9

The solution of this equation is
Z(z) = c3 cosh kojz + ¢4 sinh ko 2.

The condition u(p,0) = R(p)Z(0) = 0 requires Z(0) = 0, therefore ¢z must
be zero. Thus the general solution is in the form of

u(p, Z) = Z Ajjo(kojp) sinh k‘ojz.
j=1

The coefficients A; can be determined by the condition u(p, L) = g(p),

p) = Z Aj Jo(k/’()jp) sinh kOjL

j=1

It follows that:
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2 c
A;sinhky; L = ——— Jo(kojp)p dp.
ssinlko L= o [ al) Tolhop)ods

Therefore the temperature distribution in this case is given by
ulp,) =) 2 [ 56 Tlhosi i ap | oGy st
’ chf(kgjc) sinh kojL 0 J J J

j=1

Ezample 6.3.7. Find the steady-state temperature u(p, z) in the cylinder of
the previous example, subject to the boundary conditions: u(p,0) = 0, u(c, 2)
=Ti, u(p, L) = Ty, where T} and Ty are two constants.

u=0 u=0 u=0

Fig. 6.7. Principle of superposition. The problem on the left-hand side can be
broken apart as the sum of the two problems on the right-hand side

Solution 6.3.7. This problem can be solved by using the principle of super-
position and the results of the previous examples. The problem is shown on
the left-hand side of Fig.6.7. We break it into two parts on the right-hand
side of Fig.6.7. Suppose that we have solved the following two problems:

D.E: VZui(p,z) =0,

B.C.:  ui(p,0) =0, wui(p,L)=0, wui(c,z)="T1
and

D.E: VZuy(p,2) =0,

B.C.:  wuy(p,0) =0, ws(p,L)="Ts, wus(c,z)=0.

Clearly the required solution is

u(p, z) = u1(p, 2) + uz(p, 2),
since
= V2us(p, 2) + VP (p, 2),
p,0) + uz(p,0) = 0,
0, L) +us(p, L) =T
¢, z) +ug(e, z) =Ty.

)

/—\
®

VS\,V
I

S & =
[

—~
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From the results of previous examples

1 2 [t
ui(p,z) = Z 75/ T, sin DT az Iy (mp> sin (mz>
I (%c) 0 L L L

n=1

and
9 c
uz(p, 2) = ; |:C2J12(k0j0) b, L /0 TQJO(kij/)pldp/:| Jo(kojp) sinh kg, 2.
Since
2/OL Ty sin nLiz’dz’ = { % :::gvii
and .
/0 Ty Jo(kojp')p'dp’ = Tzéle(kOjC%

it follows that the required solution is given by:

4T, 1 1 nmw . nmw
u(p, z) = — ﬁTIO —p)sin| —z
n=odd ' 1o (70) L L
o, 1
C = kOle(kojc) sinh k()jL

JO(kij) sinh kon.

6.3.4 Helmholtz’s Equations in Cylindrical Coordinates

Generalizing the above method for Helmholtz equation in cylindrical coordi-
nates is straightforward. However, it is important to appreciate the distinction
between solving Laplace equation and solving Helmholtz equation as an eigen-
value problem. For Helmholtz equation, a homogeneous boundary condition
can be imposed (the function can vanish on all boundary surfaces), whereas
the only solution of Laplace equation satisfying the homogeneous boundary
condition is the trivial solution that the function is identically zero every-
where. This is best illustrated by an example.

Example 6.3.8. Heat Conduction in a Finite Cylinder. Consider a solid
circular cylinder of radius ¢ and length L, its surfaces are kept at 0° all the
time. Initially the cylinder has a uniform temperature Ty, as shown in Fig. 6.8.
Find the temperature distribution inside the cylinder as a function of time.
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Fig. 6.8. Diffusion equation in a cylinder. Homogeneous boundary conditions can
be imposed for a Helmholtz equation

Solution 6.3.8. Let u be the temperature. It satisfies the diffusion equation,
which in cylindrical coordinates take the form

8724_1&_'_872 ( t)_ii( t)
apQ pap 822 u p7z7 - a2 atu p7Z7 I

where we have taken the advantage that this problem has no angular depen-
dence because of the axial symmetry. The boundary and initial conditions
are

u(c, z,t) = u(p,0,t) = u(p, L,t) =0,
u(p, z,0) = Tp.

With wu(p,z,t) = R(p)Z(z)T(t), this equation is first separated into two
equations

1 02 10 52
RoZ2 192 T 5, T a2 Z(2) = —k2
R0z |2 T ooy T o | F02(2) = =k
1 1d B )
e W=F

The separation constant has to be a negative number —k?, because the tem-
perature should be in the form of exp(—k2a?t). The differential equation of the
space part is a Helmholtz equation in cylindrical coordinates without angular
dependence. It can be written as:

1 9?2 190 1 92
— === — = _7(z) = -k~
R (5 5] PO+ g9 =
We can set o2 5
1 1
— ==+ R(p) = —k2,
R(p) [0,02 pap] (®) '
2
L 9 Z(z) = —k3,

2(2) 022
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so that k% = k? + k3. To satisfy the boundary conditions Z(0) = Z(L) = 0,
ko has to be ko = nw/L, so that

Z(z) = sin (E

Lz), n=12,....

The solution for R(p) is the zeroth order Bessel function

R(p) = Jo(kip).

In order to satisfy the condition R(c) = 0, k1 must be one of the ko; where
kojc is the jth root of Jy(x) = 0. Thus

2 9 nm 2
e =+ (7)

and

oo oo
p, 2, t Z Z Q5 Jo k’OJP sin (TZ) e—[k§j+(71,7r/L)2]a2t

The initial condition is such that

oo o0

u(p, z,0) ZZG”J‘]‘] (ko;p) sin (%z) =Tp.

n=1 j=1
It follows that:

4 ¢ L nm
B S O O S
03 = Tt )y J, Tl snCE 2Nz

Since
L 2L
. (/nm == n odd
/0 St (72) dz = { 0 meven’
¢ c
/ pJo(kojp)dp = FJ1(kojC),
0 0j
therefore
n 2 2] 2
, t k (7 ) 7[k0_7+(n7r/L) ]a t
p Z Z Z nkojjl k?o C ( ij) Sln L z

n odd j

As expected u(p, z,t) — 0 for t — oo, at all points.
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6.4 Three-Dimensional Laplacian in Spherical
Coordinates

6.4.1 Laplace’s Equations in Spherical Coordinates

The Laplace equation V2F = 0 written in the spherical coordinates is in the
form of
10 4,0 1 0 0] 1 0?

—sinf— +

L ST = T F(r0,0) =0.
2 or 8r+r251n980 00 r281n208<p2} (r,6,¢) =0

With the assumption F(r,0,¢) = R(r)O(0)®(p), we can multiply this equa-
tion by r?/F and obtain

1 0 ,0 1 19 . 0 I _
oo ot s@as) Lmaaa SInb5g T anZe a«ﬁ] S)8le) =0
or

1 9,0 B 1 1 90 . ,0 10
2o o) = " 6man) Lmeaa SInbg T anZe aw} H0)2()

The left-hand side is a function or r, and the right-hand side is a function of 6
and . Since 7, 6, ¢ are independent variables, they can equal to each other,
if and only if both sides equal to the same constant. That is

1 9 ,0
2= = 1
R0 5" 5‘7’R(T) A, (6.17)
1 1 0 ) 1 92
- | ——=—sinf—+ ———-—— | O0)® =\ 6.18
009(p) |sma a0 090 T s az) OO2) (6.18)
Multiplying (6.18) by sin? 6, we have
1 0 0 1 62
—————sinf—sinf—-O(0) — —— ——B(p) = Asin’ 6.
o) sin g o5 sin 899() B(p) D2 (p) sin
Rearranging
1 0 0 1 92
——sinf— sinf0—O(f) + \sin’f = ——— ——&
9(e)sm 5g it 699( ) + Asin () 92 (©),

we see again that both sides must be equal to another constant

1 .0 . 0 . 9
PR — = -1
o) 51n98081n080@(9)+)\51n 0= p, (6.19)

1 02
_mwd)(w) = K.
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The $(p) Part of the Laplace’s Equation

The last equation governs @(p)

55 ?() = ~(e).
So &(y) is given by
P(p) = exp[+iy/ug]

or by its real value equivalent

D(p) = c1 cos /e + cosin /.

335

But when ¢ is increased by 27, we come back to the same point. Therefore

D(p +2m) = D(p),

which means

exp[iy/u(p + 2m)] = exp[+iy/ug).

This requires \/z to be an integer, \/t =m (m =0,1,2,...). In other words

p=m’

and
P(p) = exp[Eimy].
The ©(0) Part of the Laplace’s Equation

With u = m?, (6.19) becomes
1

9] 9]
inf— sinfd_—_O(0 in® 0 = m?
@(e)sm 5 Sin 89@( ) + Asin m

or
g . 0 m?
Make a change of variable
x = cos b,
o0 w9 sin—
00  000x oz’

sin?0 =1—cos?0 =1 — 22,

and let ©(0) = y(z), so (6.20) becomes

d m

X

T la-agb] + p- 2w -0

(6.20)

(6.21)
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As we have discussed in Chap. 4, the solution of this equation will diverge at
2 = +1, unless A is equal to (I + 1), where [ is an integer (I =0,1,2,...). In
other words, in order to have a physically acceptable solution, the separation
constant A, as an eigenvalue, must be

A=1(+1).
With this A, the equation

T o= @] + e - 2 o =0

is known as the associated Legendre equation. An additional requirement for
this equation to yield an acceptable solution is that m must be in the range
of — < m < [. If these requirements are met, the solution of this equation is
known as the associated Legendre polynomials

y(z) = P"™().

Associated Legendre polynomials are all related to (derivable from) Legendre
polynomial P;(x), which is the solution with m = 0. The equation

d d

— (1 -2 — I(1+1 =

52 0= )] i ) =0

is known as the Legendre equation. Its solution is known as the Legendre
polynomial P;(x). Thus the ©(6) part of the Laplace equation is given by

6(0) = P/ (cos h).

Therefore, together with @(¢) = e*™%, the angular part of the solution of
the Laplace equation in spherical coordinates can be expressed as spherical
harmonics Y;™(8, ¢).

Radial Part R(r) of the Laplace Equation

The radial part of the Laplace equation is given by (6.17). With A = (I + 1),
this equation becomes

d? d
7’2@ (r) + QTER(T) =1+ 1)R(r). (6.22)

This type of equation is known as Euler—Cauchy equation, and can be solved
by a change of variable

dt 1
Lot=Inr, — =-.

r=e
dr T

)
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ar _ara_1ar
dr — dtdr rdt’

¢R _d[1dR)  1dR 1ddR
dr2  dr|rdt| r2dt  rdr dt
AR 14 [aR) & 1dR 1 @R
o2 dt rde | dt | dr T 2 de 0 r2 de2
So d2 d d?2R dR
2
S Ry tp=1 %
T e T AT

Thus (6.22) becomes
d? d
&R/ AR iR

de? dt
This is a differential equation with constant coefficients. The standard way to

solve it is to set
R(t) = e™,

> dR d?R
— mi _ 2 _mt
dt = me s 7dt2 =m e .

Thus m can be determined from
m?4+m=1(1+1)

. (m—=10)(m+1+1)=0.

L,

Clearly
"= { -1

elt _ ellnr _ ,r.l7
1

lllerefore
R(r) = —(+1)t —(I+1)In
{e( M=o (Y T=

Thus, the general solution of the Laplace equation is given by

00 l
1
l [m| +m
<almr +blmrl+1> P (cos 0)e™™?.

F(ro)=> >

=0 m=—1

If the problem has no ¢ dependence (m = 0, a common case), the solution

reduces to
= 1
F(r,0) = Z (alrl + bl7JJr1> Py(cos ).
1=0
The coefficients a;,, and by, are to be determined by the boundary conditions.
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Ezxample 6.4.1. A hollow conducting sphere of radius ¢ is divided into two
halves at the equator by a thin insulating strip. The upper hemisphere is
charged to a potential Vj; and the lower hemisphere is kept at zero potential,
as shown in Fig.6.9. Find the potential inside and outside the sphere.

Fig. 6.9. A hollow conducting sphere

Solution 6.4.1. The electrostatic potential V satisfies the Laplace equation
and the problem is axially symmetric, therefore the general form of the

potential is
o0

1
V(T7 0) = Z (alrl + blrl—ﬁ-l) PZ(COS 9).

1=0
The boundary conditions are

Vo for 0 <0 <m/2,
Ve, 0) =
0 form/2<6<m.

Inside the sphere (for r < ¢) we require the solution to be finite at the origin
and so by = 0 for all . Imposing the boundary conditions at r = ¢, we have

Z aic' Pi(cos ) = V(c,0).
1=0

The orthogonality of the Legendre polynomials enable us to determine the
coefficients a;. We multiply both sides of this equation by P, (cos 6) sin 6 and
integrate from 6 = 0 to =,

Zalcl/ Py(cos 0) P, (cos 0) sinf df = V (e, 0) P, (cos ) sin 6 dé.
o 0=0 =0

Since

™ 1

2
/ Pi(cos )P, (cos ) sinfdf = / P(z)Py(x)de = ——
9—=0 —1 2n + 1

nls
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SO

2 T /2
anc" il o 0V(c ,0)P,(cos ) sinf df = Vo/e:o P, (cos ) sinfde.

Changing n to [ and cosf to x, we see that a; is given by

12l+1
a5 Vb/o P(z)dx.

ap =

Therefore

i(”“vo/ Po dx) )Pl(cosﬂ)

Since low order Legendre polynomials are relatively simple, the first few
coefficients can be easily evaluated

3 7
—@Vm as =0, @3———1603‘/0,....

Thus

T o/r\3
V(r,0) = fVo + VO Pl(cos 0) — T: (7) Ps(cos ) +
For this problem, the general coefficients a; can be expressed in a closed
expression. Sometimes, this is quite important. For example, if we want to
program the computer to sum up the potential to a high degree of accuracy,
then it is useful to have an analytic expression. Recall

1
| Rt = 55 1P - Paa(0)
0
and P;_1(0) = P41(0) = 0 if [ is an even number (so I — 1 and [+ 1 are odd).

Thus a; = 0 for all even [ except ag, which is equal to Vj/2. Therefore, V (r, 6)
can be written as

1 o0
V(r,0) = §V0 + Z a2n 172" Py i1 (cos 0),

n=0
where
1 4n+3
a2p+1 = 02n+1 B VQ/O P2n+1($)d$.
Now, since
1
1
P, de = —— [P, (0) — P51 2(0
| Prria(@)de = T2 Pau(0) = Povia(0)

and we have shown in Chap. 4 that
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Ponl0) = (-1)" gy
w0 ! ! . (2n)! 4n+3
/0 Pongr(z)de = in T3 [(—1) 22"(”')22”4'2} : (6.23)

Therefore V (r,0) inside the sphere is given by

W . i (2n)! 4n+3 2n+1 ‘
V(r,0 {1+Z { 22n (n!)2 2n+2} ( ) P2"+1(0050)}'

Outside the sphere (for r > ¢), we require the potential to be bounded as
r — 00. So we must set a; in the general expression to zero for all {. In this
case, by imposing the boundary condition at r = ¢, we have

=1
;blcmﬂ(cos 0) = V(c,0).

Following the same argument as before, we find

1 QZ—I— 1

Therefore V (r,0) outside the sphere is given by

V(0 = {1 DY g s (5 Pzn+1<cosa>} |

It may be noted that the solution for r < ¢ and the solution for r > c¢ are
equal at r = c.

Example 6.4.2. Electrostatic Potential of a Ring of Charge. Find the electro-
static potential at a general point in space due to a total charge of ) uniformly
distributed over a ring of radius c.

Solution 6.4.2. From elementary physics we learnt that the electrostatic
potential V' at a field point P due to a point charge @ is

Q

57

where d is the distance between the field point P and the charge. Therefore at
the point P on the z-axis at a distance z above the plane of the ring (shown
in Fig.6.10), the electrostatic potential is given by

_ Q
- (22 T 02)1/2’

since all points of the ring are at the same distance (22 + ¢?)'/2 from the field
point P.

V=
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c

Fig. 6.10. Electrostatic potential of a ring of charge

To calculate the potential at a general point off the z-axis would be quite
difficult if we are trying to sum up the potential due to the charges on the
ring. However, we can find the potential by using the facts that the potential
V(r,0) satisfies the Laplace equation and it reduces to V(z,0) when r = z
and 6 = 0. First if r > ¢, since we require V(r,0) to be bounded as r — oo,
all a; in the solution of the Laplace equation must be set to zero, and what is
left is

Zbl l+1 Py(cosb).

Furthermore, for 7 = z and 6 = 0,

Zbl l+1 Zbl l+1’ (6.24)

since P;(1) = 1. But for r > ¢,

V(z,0) = Q)m - % {1 + (2)11/2,

(22 + ¢

and
—1/2 00
c\?2 1 /7e\2 3 /c\% c\ 2k
1 (7) - D) (7) 8 (7) T (7) ’
{ * z ] 1 2 \z * 8 \z + Zc% z
k=0
where the binomial coefficients ¢y, are given by

41—y 3= 6-D] 10852k

2k = k! = (=1 2 k|
qpel35 (R (2K)(2K—2)-2 e (2K)!
=D 2k k! (2k)(2k —2)---2 (=1 22k (k12"
Therefore

view = 23 [0 20 ()"
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Comparing with (6.24), we see that b; = 0 for all odd {. Thus (6.24) can be

written as
ba;
V(2,0) = - Z o
1=0
and (2!
bay = Q(—l)lz .

2(]1)2

Now we conclude that the potential V(r, ) for r > ¢ must be

V(r,0) = CE{I—&—Z(_ ) . (j)2lP2Z(COSH>}~
=1

This is so because this function without any arbitrary constant satisfies the
Laplace equation and reduces to the correct answer on z-axis. The uniqueness
theorem (shown in Chap. 2, vol. IT) states that there is only one such function.

The potential for » < ¢ can be found in a similar way. Because of the axial
symmetry and the requirement that the potential is bounded at r = 0, the
solution of the Laplace equation must be in the following form:

= Z a;rtPy(cos 6).
1=0

For r = z, § = 0, this solution becomes

Zalz pP(1 Zalz

Comparison of this expression with

Vi) =— 9 @ [1+ (Zﬂw

(2+)2 ¢ c

— % {1+i [(—1)]622(3(]2!!)2} (i)zk}, for z < ¢

clearly shows

L R 0,

— Q l (QZ)' 21

@20 = 31 (1) 22I(]1)2

Therefore the potential for r < ¢ is given by

V(r,0 {1+Z l22l E (g)m ng(cosﬁ)}.
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Example 6.4.3. Conducting sphere in a uniform electric field. A grounded con-
ducting sphere of radius rg is placed in a previously uniform electric field Ey.
Find the electrostatic potential outside the sphere.

Solution 6.4.3. The electric field E is related to the potential V' by —VV
= E. Therefore the uniform field, taken in the direction of z-axis, has an
electrostatic potential

V = —FEyz = —FEyrcos?,

since

0
_V(_EOZ) = kEOEZ = Eo.

This potential satisfies the Laplace equation V2V = 0, as must the potential
when the sphere is present. We select the spherical coordinates (r,0,¢)
because of the spherical shape of the conductor. Furthermore, with the positive
z-axis chosen to be the direction of the field, this problem is clearly axially
symmetric. Therefore the general solution of the Laplace equation is given by

oo

Vr,6) = Z (alrl + blrllﬂ> Py(cosb). (6.25)

=0

Since the original unperturbed electrostatic field is kFy, we require, as one
boundary condition

V(r — 00) = —Egrcos = —EyrP;(cos0).
At large 7, (6.25) becomes

Vr,0) = Z alrlPl(cos 0),
1=0

since 1/r*1 — 0, as r — oo. The last two equations clearly show that
ag=—FEy and a; =0, [#1.

The other boundary condition requires V (rg,0) = 0, because the sphere is
grounded. That is

=1
V(ro,0) = —EqgroPy(cos6) + > blﬁpl(cos 9) = 0.
1=0 0

Clearly
b1 ZE()TS) and b[ = 0, l# 1.

Thus the potential is given by

V(r,0) = —Eqyrcosf {1 - ] . (6.26)



344 6 Partial Differential Equations with Curved Boundaries

This solution is similar to (6.6), which describes the potential produced by
a conducting cylinder placed in a uniform field. The only difference is that

(ro/r)3 is replaced by (ro/p)?.

Ezxample 6.4.4. Sphere in a uniform stream. For an ideal incompressible fluid,
the velocity v of the flow is derivable from a velocity potential U, such that
v = VU, where U satisfies the Laplace equation V2U = 0. A sphere of radius
ro is placed in a uniform stream, find the velocity potential.

Solution 6.4.4. At infinite distance from the sphere, the flow is uniform. Let
the velocity v be in the direction of z-axis,

U(r — o0) = vz = vrcos = vrPy(cosb).

The velocity normal to the surface of the sphere must be zero

ou
|:87A:| T=To a 0.

Again our solution is given by

o0

1
U(r,0) = Z (alrl + blrl-i-1> P;(cos9).

=0

To satisfy the asymptotic boundary condition

Ulr — o) = Z a;rt Py(cos @) = vrPy(cosf),
1=0

we must have
ap=v and a =0, 1#1.

Thus
1
U(r,8) = vrP(cost) + Z bj—— mEs Py(cosb).
Now
ou -
B = = vPi(cos ) Z l+2 Pl (cos9),
oU -
{87‘} = vP;(cosf) — Z l+2 Py(cos ) = 0.
T0 =0
Clearly

1
by = ivrg and b, =0,1+#1.
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Therefore

3
U(r,0) =wvcosd {r + 22} . (6.27)
This result is similar to (6.26) but not identical. Note that the tangential
component of the electric field is zero at the surface of the sphere, whereas
the normal component of the velocity of the flow at the surface of the sphere
is zero.

6.4.2 Helmholtz’s Equations in Spherical Coordinates

In spherical coordinates, the Helmholtz equation takes the form

10 2 0 1 0 0 1 9?2 9
= 0— + —-———= +k“| F(r,0 =0.
{7“2 67‘ or i 2sme r2sin 6 00 sin 00 + r2sin? 6 9p? * (r.0,9) =0

With F(r,0,¢) = R(r)O(0)®(y), this equation can be written as

1 [ar28 + kgrﬂ R=-

171 0 . 0 1 02
R |Or Or

— | — —sinf— 6.

OP | sinf 00 S 00 tanZe sin? 6 Op? :|

Both sides of this equation must be equal to the same separation constant.
It is seen that the angular part of the solution ©(0)®(yp) is identical to those
of Laplace equation. Therefore the separation constant must be (I + 1).
Therefore the radial equation takes the form

5 d? d 9 9
7 FR( r)+ QTER(T) + [k“r° = 1(I 4+ 1)]R(r) = 0.
With a change of variable x = kr, this equation becomes the spherical Bessel
equation. Therefore the solutions of this equation are spherical Bessel and
Neumann functions j;(kr) and n;(kr). The following example is an illustration
of the use of these solutions.

Example 6.4.5. A particle of mass m is contained in a sphere of radius R.
The particle is described by a wavefunction satisfying the Schrédinger wave
equation

*%V2T/J(T, 03 Z) = Ew(h 9, Z)

and the conditions that the wavefunction 1 remains finite and goes to zero
over the surface of the sphere. Find the lowest permitted energy E.
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Solution 6.4.5. This equation can be written in the form of a Helmholtz
equation

(V24 k)Y =0
with 9
2 m

The radial part R;(r) of the solution ¢ = R;(r)Y;™ (8, ¢) is given by
Ry(r) = aji(kr) + biny (kr).

Since the function has to remain finite, we set b; = 0 as the spherical Neumann
function diverges as r — 0. For the function to go to zero over the surface of
the sphere, kR must be one the roots of j;(z) = 0. For the lowest energy, kR
must be the first zero of jo(x). Since

. 1.
x) = —sinz
Jolz) =~
the zeros are at * = nm, n an integer. Thus k£ = nmw/R. Therefore the energies

are 2 2 ,
L S L G
Emin = ka 2m ( R)

with the minimum energy for n =1,

= (3

6.4.3 Wave Equations in Spherical Coordinates

In Chap. 5, we have seen that one of the solutions of the wave equation

0? 1 02

002" = a2 "

is the plane wave
u(x,t) _ ei(lcszat) _ ei(kmfwt),

where the wavelength is 27 /k and the angular frequency is w = ka. This is a
plane wave because its wave front is a plane perpendicular to the z-axis. It
moves from left to right with velocity a.

By expressing the wave equation in spherical coordinates, we can study
the spherical wave, the wavefront of which is a spherical.

First let us assume that the spherical wave depends only on the radial
distance r. In this case, the wave equation can be written as

0 20 1 0?
[87“2 + rﬁr} u(r,t) = aﬁ@u(r, t).
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Multiplying both the sides by r, we have

0? 0 9?
{TW + 287‘} u(r,t) = el [ru(r, t)].
Since 52 5 52
o2 ) = S ratro)

we can write the three-dimensional wave equation as

2 2

2 [ru(r,t)] = pelpve [ru(r, t)].

Clearly ru(r,t) plays the same role as u(z,t) in the one-dimensional wave
equation. So one of its solutions can be written as

TU(T, t) _ ei(krfwt)

or

1
¢ (kr wt)
u(r1) = T

We can interpret this solution as the outgoing spherical wave with a wave
length 27 /k and a angular frequency w. Note that its amplitude is decreasing
by a factor of 1/r, as r is increasing. This is what it should be, since the area
of the wave front is increasing by a factor of 72. So the intensity of the wave
(energy per unit area which is proportional to |u|?) summed over the wave
front is a constant.

In general, spherical waves also depend on 6 and ¢. The angular depen-
dence is determined by the boundary conditions, or on how it is generated.

The separated solution of the wave equation is the product of a time-
dependent part and a space part. The time-dependent part is exactly the
same as that of the one- and two-dimensional wave equations, namely

T(t) _ eikat7 efikat

+ikat :i:lwt

or their real part equivalents. Furthermore, e can be written as e
where w is the angular frequency.
The space part is governed by the Helmholtz equation. In spherical coor-

dinates, solutions are given by
Fin(r,0,0) = aimji(kr) + bimn (kr)]Y;™ (6, o).

If we are looking for an outgoing spherical wave at large r, then we have
to combine the spherical Bessel function j;(kr) and the spherical Neumann
function n;(kr) into the spherical Hankel function hl(l)(kr) of the first kind.
That is, b, has to be equal to ia;,. Recall as x — oo
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WY () 1 ite—nm/2)
T

In this way, asymptotically u(r, 0, ¢, t) = F(r,0,0)T(t) will take the form of
1 .
Ulm (Tv 97 2 t) - kiel(kTth)Yle (97 90)
r

The minus sign (—wt) is for a spherical outgoing wave, and the plus sign (+wt)
is for a spherical incoming wave. Thus, the general outgoing spherical wave is
a linear combination of the these components

[e%s) l

(T‘ 979@7 = Z Z amh (9 Lp) —lwt

=0 m=—1

Ezample 6.4.6. The acoustic wave u(r,t), satisfying the wave equation

s 107
o
is emitted from a split spherical antenna. At r = rq, it satisfies the boundary

condition
Voe @t 0<0< T
U = —iwt T
—Voe™t S <O <.

Find the outgoing solution of the wave equation.

Solution 6.4.6. First the separation constant £ must be equal to

k=2
a

Then we note that the boundary conditions are axially symmetric, we need
only to consider solutions with m = 0. Therefore

u(r,0,t) = Z alhl(l)(kr)Pl(cos e vt
1=0

Atr=rg

Vo 0<0<3,

u(rg, 0,0) = Zalh (kro)Py(cos 0) = {—Vog<9<7r.

This is a Fourier-Legendre series, the coefficients are

20 +1
arh" (kro) = 2+v0

w/2 ™
/ P(cosf)sinfdd — / Pi(cos ) sin b d@]
0 /2

_ 0 [ even,
ol @+1 VofoPl z)dz [ odd.
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Therefore [ has to be odd and can be written as | = 2n+1 withn =0,1,2,....
Thus

u(r,0,t) = Z a2n+1h$3+1(k‘r)P2n+1(cos f)e

n=0
with
4n +3 !
Aopy1 = (1)7‘/0/ Popy1(x)de.
h2n+1(kr0) 0
With (6.23)

1 [(_ o (2n)! 4n+3

1
Popyi(z)dz = )
/0 2i(2)de = 27 220 (nl)2 21 + 2

the outgoing acoustic wave is therefore given by

u(r,0,t) ZA VO p hiy) 1 (k1) Pan 1 (cos B)e ™,
h) 7“0)
(2n)! 4n+3

An = (=1) 227 (nl)2 2n + 2

6.5 Poisson’s Equations

Poisson’s equation is a nonhomogeneous partial differential equation. The
most familiar one is probably

V2V (r) = —o(r),

where V(r) is the electrostatic potential and o(r) is the density of electric
charge (see Chap. 2 of vol. IT). This is a field equation. Although the potential
at the point r is created by all the charges everywhere, yet VQV(I‘) is mirac-
ulously related, through the Poisson equation, to only the charge density at
the same point r. The discovery of this kind of field equation is one of the
greatest achievements of analysis. At places where there is no charge, this
equation reduces to the Laplace equation, V2V (r) = 0.

In elementary physics, we learnt that the electrostatic potential due to the
charges uniformly distributed over a sphere is the same as if all the charges are
concentrated at the center, provided the point where the potential is evaluated
is outside the sphere. In the following example, we will illustrate how this
problem is solved in the context of theory of partial differential equations.
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Example 6.5.1. Find the electrostatic potential V' which satisfies the differen-
tial equation

2 _ _KQOT<T07
VV(I'){ 0 r>mg

and the boundary conditions
V —0, asr — o0,
and that V remains finite everywhere.

Solution 6.5.1. First we observe that the Poisson’s equation is a second-order
differential equation. The nonhomogeneous term, although discontinuous, is
finite everywhere, therefore the solution and its first derivative must be con-
tinuous. Furthermore, we note that this problem is spherically symmetric, the
solution will not have angular dependence. Thus for r < rg,

V2V (r) =

1A .
T or2dr

o] = -a

which can be written as
2
2 i

d
"z (r)+2r—V(r) = 7901"2.

dr

This equation is an Euler—Cauchy equation. With a substitution of r = exp(t),

it can be changed into a nonhomogeneous equation of constant coefficients,
d2 d -

@V(t) + av(t) = —pe

The solution of this equation is

1
V(t)=c1 +coet — 6900%.

Therefore

1 1
V(r)=rci + c2 = EQOTQ.

Because of the requirement that V' (r) must be finite at » = 0, co must be set
to zero. Thus, for r < rg,

1
V(r)=ca - 6@07"2 = Vin(r).

For r > rg, the part of the solution of the Laplace equation that has no angular
dependence (depends on Py(cosf) = 1) is

1
V(’I’) = ag + bo;
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The coefficient ag must be set to zero to make V' (r) — 0 as r — oo. Therefore,
for r > ro,

Vir) = bO% V().

At r =1y,
o d‘/ln(r) o dvout (T’)
Vm(T‘o) = Vout(TO)v dr e = dr e
Therefore 1 ) 1
1 — 6@07”3 = borT)’ _ngTO = —50%-
Thus
v 1 (%o00rd) for 7 > 7o,
T)=
%QO (7‘8 — %7‘2) for r < rg.

Not surprisingly, these results are in agreement with what we obtain with
Gauss’ law in elementary physics. For example, the potential produced by a
point charge @ at the origin is

Vir)= iQ

CAx o

Our solution for r > ry can be written as

11 dr 4
V(’“)*E; (9037"0)~

Since 4713 /3 is the volume of the sphere, we can see that this result is the
same as if all the charges are put at the center.

6.5.1 Poisson’s Equation and Green’s Function

The Green’s function approach to solving ordinary differential equations can
be extended to partial differential equations.
The Green’s function G(r,r’) for Poisson’s equation is defined as

V3G (r,r') = 6(r — 1), (6.28)

where d(r —1r’) is a three-dimensional delta function. In electrostatics, the
Green’s function is the potential at r due to a point charge of unit strength
at r’. In terms of Green’s function, the solution of the Poisson’s equation

V2u(r) = o(r) (6.29)
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// G(r,r")o(r")d3r,

where the volume integral is over the entire space. It can be easily shown that
u(r) so expressed satisfies the Poisson’s equation

V2// G(r,r') d3’—// V2G(r,r')o(r)d*r
// 5(r — 1) o(r' )P+ = ofx).

We can bring V? inside the integral because V2 is operating on r and the
integration is respect to r’. Physically, (6.29) is a statement of principle of
superposition, the total potential is the sum of individual potentials created
by all the charges everywhere.

Now let us find G(r,r’) satistying (6.28) and the asymptotical (boundary)
condition G(r,r’) — 0, as |r —r/| — oo. Since the problem is spherically
symmetric about r’, let us consider a sphere with center at r’. Integrating
(6.28) over this sphere, by definition of the delta function we obtain

///v Ve Esdr = ///V(S(r_r’)d‘?’fz 1. (6.30)
J[[ vewriar = [[[ v v

and according to divergence theorem

// V'VG(I‘,I‘I)dST:/ VG(r,r') -ndS,
v s

where S is the surface of the sphere and n is the normal to the surface. Note
that in the surface of the integral, r is at the surface of the sphere and r’ is at
the center of the sphere. Because of the symmetry around r’, we expect that
G has the same value everywhere on the surface of the sphere, i.e.,

can be expressed as

However,

G(r,x') = G(lr —1'|) = G(r),

where r is radius of the sphere. Thus

VG(r,r') -n=VG(r)- ¢ :%G(r)

and 5
/ VG(r,r') -ndS = 4nr? —G(r).

S or
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Comparing with (6.30), we have

0 0 1
2 _ _
drr @G(T) =1 or EG(T‘) =2
Integrating this expression, we obtain
G(r) = 1 +C
{R - '

Since we require G(r) — 0 as 7 — oo, the constant C' must be zero. Con-
sequently the Green’s function is given by

1
Gr,r')=———.
(r,x') 4r|r — 1’|
This Green’s function is sometimes called fundamental solution to distinguish
it from other Green’s functions which satisfy additional boundary conditions.
Before we discuss them, we will use this Green’s function to solve the problem
of the previous example.

Ezxample 6.5.2. Solve the problem of the previous example with the Green’s
function method.

Solution 6.5.2. Let u(r) be the solution of the Poisson’s equation VZu(r) =

o(r), so
u(r) = ///V G(r,r")o(r)d3r'. (6.31)
Since
R N
and
Glr,r') = _m,

the problem is clearly spherically symmetric. Therefore u(r) is a function of
r only

T0 s 1 .
u(r) = 277/0 /0 mgorlz sin 6 dodr’,

where 7,7/, and 6 are defined in the following figure:
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Using the law of cosine and the generating function of Legendre poly-
nomials, we have

1 1
v —1/|  (r2 =211 cos@ + r'2)1/2

N
D (%) Pi(cosf) for r>1' .
L3 (ﬁ)l Pi(cosf) for r <71’

If r > rg, then clearly r > 7/, and u(r) can be expressed as

1 0 1 o AN
u(r) = 590/0 /0 - ; (:) Py(cos 0)r'? sin 6 dodr’.
With Py(cosf) = 1 and the orthogonality of the Legendre polynomials, we

can carry out the 6 integration

2
21+1

/ Pi(cos ) sin9d9=/ Py(cos 0)Py(cos9) sinf df = d10-
0 0

Therefore for r > rg,

1 "1 1 1.
u(r) = igo/ ;2r'2dr' = ;9057’8.
0

For r < rg, the v’ integration can be divided into two parts, first from 0
to 7, then from r to rg. That is

u(r) = ui(r) + ua(r),

where

s Xy 1 .
ui(r) = 27r/0 /0 mg,ﬂﬂ sin 6 dfdr’,

To ™ 1 .
us(r) = 27r/r /0 mgor’z sin @ d9dr’.
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For uq(r), r > r' so

1 "1 1 1 1
ui(r) = §QO/ ;27‘/2(17’/ = ;QogTS = gQOT’Q.
0

For ug(r), r <1’

us(r) = *Qo/ / Z Pl cos 0)r'? sin 6 dfdr’

T0 1
= Qo/ r'dr’ = 590(7"3 - Tz)-

Thus for r < rq,

1 1 1 1
u(r) = ngTQ + 5@0(7"8 —r?) = 59078 - 6907“2-

6.5.2 Green’s Function for Boundary Value Problems

The Green’s function derived in the last section (fundamental solution)
enables us to obtain the solution u(r) of Poisson’s equation which goes to
zero at infinity. Often the solution of the Poisson’s equation is required to
satisfy additional or other boundary conditions. For example, suppose we
have an electric charge distribution near a grounded conducting sphere. The
electrostatic potential, in addition to satisfying the Poisson’s equation, must
vanish at the surface of the sphere. If we can find a Green’s function that also
satisfies this boundary condition, then we can still use the integral (6.31) to
find the potential.

Thus, we want to find a G(r,r’) that satisfy the equation V?G(r,r') =
d(r —r') and at the same time vanishes at certain boundaries. In general, it
is difficult to find such a function directly. However, we note that if F(r,r’)
satisfies the Laplace’s equation V2F(r,r’) = 0, then

1

4rt|r — /|

G(r,r') = — + F(r,r') (6.32)

satisfies the equation that defines the Green’s function

1
4rlr — v/|

1
4r|r — 1’|

V2G(r,r') = V2 [— } + V2F(r,r') = V? {— ] =4(r—1').
It might be possible to adjust the constants in the solution of the Laplace’s
equation F'(r,r’) in such a way that (6.32) is equal to zero at the boundaries.
For boundaries of simple geometry, such as planes, spheres, circular cylinders,
this can indeed be done. We will illustrate this procedure in the following

example.
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Ezample 6.5.3. Find the Green’s function G(r,r’) for solving Poisson’s equa-
tion outside of a grounded sphere of radius R centered at the origin.

Solution 6.5.3. We try to find G(r,r’) in the form of

1

G(I‘,r/) = —7471—‘1‘ — r/|

+ F(r,r'),

where F'(r,r’) satisfies the Laplace’s equation
V2F(r,r') =0,

where V? is acting on r (not on r’). With r =r(r,0) and r’ as the z-axis,
F(r,r’) is given by

oo

1
F(r,r') = Z (alrl + blrlH) Pi(cos0).

=0

Since F(r,r’) is required to go to zero as r — 00, all a; must be set to zero.
Therefore

—, 1
F(r,r') = Z blmPI(cos 0).
1=0

If r is a point on the surface of the sphere (or as a radial vector from the
center to a point on the surface of the sphere, i.e., |r| = r = R), then

—, 1
F(r,r')|,—p = Zblwﬂ(cosf)),
1=0

where r, r’, and 6 are shown in Fig.6.11.

With this configuration,

1 1 1< /R\
- =- — | P 0).
|r—r’| (R272Rr’cost9+r’2)1/2 T’%(r’) l(cos )

The condition G(r,r’)|,—r = 0 requires

11 /R < 1
- = (7”) H(COSG)—&—ZlePI(COSG):O.

4 r!
1=0 =0

Clearly
1 R by

A rHL T RIHL




6.5 Poisson’s Equations

357

Fig. 6.11. The r,r’, and 6 in the configuration of the Green’s function. When r is

a point on the surface of the sphere, then |r| = R

or
R2l+1
b= ——.
47‘(‘7’”""1
Therefore -
1 R2l+1 1
F(r,r) = o Wﬁﬂ(cos 0).

It is interesting to write the last expression in the form of

[e%s) R2l+1 1 R [e’s) R2 1
Z mrlﬂpl(cosﬁ) = Z (,) Pi(cos )

r'r r'r
1=0 1=0
_ R 1 R 1
= 1/2 = o 1/2°
mr {1—2§ic039+(ﬁi)2} " [7‘2—27‘%2&39—}—(%2)2]

With the help of the following figure and the law of cosine, we see that

1/2

2 2\ 2
lrz — 21"R—/ cosf + (R,> ] =
r r

\ 6

RZ

%
r 7

Therefore the Green’s function in the presence of a grounded sphere is given

by
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1 1 1 R/r
v —71/| 4w v — (R%/r?)r!|
This kind of Green’s function is sometimes called Dirichlet Green’s function.

(When the values of the solution on the boundary are specified, it is called
Dirichlet boundary condition.)

G(r,r') =

Example 6.5.4. Find the electrostatic potential outside of a grounded conduct-
ing sphere of radius R. The potential is produced by a point charge ¢ located
at a distance a from the center of the sphere, and a > R.

Solution 6.5.4. The potential is given by the solution of the Poisson’s
equation
with the boundary condition

u(r)|y=r = 0.

Let the line joining the center of the sphere and the charge coincide with the
z-axis and k be a unit vector in the z direction, as shown in Fig.6.12. So the
charge distribution can be expressed as

o(r) = gd(x — ak).

In terms of the Dirichlet Green’s function, the potential is given by

—/// o(r)G(r,r/)a*r

i [ o0 -0 [|r—1r'| e (fzg;'%rw &

u(r)

Fig. 6.12. Method of image. A point charge ¢ is placed at a distance a from the
center of a grounded sphere of radius R. The unit vector k is the direction of the
line joining the center and the charge
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The effect of the delta function is to replace r’ by ak and r’ by a in the Green’s
function. Thus

u(r) = 1 [ g  (R/a)g _ 1 g 1 (R/a)yg
47 | [r—ak| |r— (R%/a)k]| drdy  4Am  da
_ 1 [ q B (R/a)q
4w [[r?2 —2racosf +a?]Y/2  [r2 — 2r(R2%/a) cos O + (R?/a)?]}/?

The first term is simply the Coulomb potential due to the point charge. The
second term is caused by the presence of the sphere. It is interesting to note
that if we replace the sphere by a charge —(R/a)q placed at (R?/a)k, we
would get the same potential for r > R. This is shown in Fig.6.12. In fact,
this is routinely done in electromagnetic theory. It is known as the “method
of images.”

Exercises

1. Find the steady-state distribution of temperature in a sector of a circular
plate of radius 10 and angle 7/4 if the temperature is maintained at 0°
along the radii and at 100° along the curved edge.

400 P\
Ans. u = — Y on odd (E) sin 4np.

2. Find the steady-state distribution of temperature in a circular annulus of
inner radius 1 and outer radius 2 if the inner circle is held at 0° and the
outer circle has half its circumference at 0° and half at 100°.

50lnp 200 1 pt—p™™ |
Ans. u= ===+ =32, oad 7 (2 — 2y ST

7r
3. Find the solution the following boundary value problem inside the circular
annulus
Vu(p,) =0, 1<p<2,
u(l, ) =sing, u(2,¢) =sinep.

1
Ans. u = (ép—&— g) sin .
p

4. A particle of mass m is contained in a right circular cylindrical box of
radius R and height H. The particle is described by a wavefunction satis-
fying the Schréodinger wave equation

hQ
2m

VQ’(/J(’I“, 0,z) = Ev(r,0,2)
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and the condition that the wavefunction go to zero over the surface of the
box. Find the lowest permitted energy.

R? | [2.4048\% w2
A By = 12 [ (2A08Y" ()]
e om ( R ) 7 1
5. A membrane is stretched over a fixed circular frame at r» = c. Its displace-
ment z(r, 0,t) satisfies the wave equation

0%z .

ﬁ =a“V~z
and the boundary condition

z(e,0,t) =0

If the initial displacement of the membrane is

Z(T,@,O) = f(r)a

show that z has no 6 dependence and

2(r,0,1) %OOJO)\TCOS)\at

AL /0 rdo(A;r) f(r)dr,

where \; are the roots of Jy(Ac) =

6. In previous problem, if
z(r,0,0) = AJo(Agr),
where Ay is some root of Jy(Ac) = 0, show that
z(r,0,t) = AJo(Agr) cos(Agat).

Observe that these displacements are periodic in ¢, thus the membrane
gives a musical note.

7. Consider a solid circular cylinder of radius ¢ and length L. Find the steady-
state distribution of temperature inside the cylinder if the temperature at
both the curved and top surfaces are kept a 0° and the bottom surface is
specified by a given function g(p).

Ans. u(p,2) =3, AjJo(kojp) sinh ko; (L — 2),

2 c
A'_ /J k A /d ,'
]_C2J12(k0jC)Sinhk0jL/0 g(p")Jo(kojp")p'dp




8.

10.
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Starting with the heat conduction equation

1 Ou
Viu=— —
T2

derive the following formula for the temperature in an infinitely long right-
angled cylindrical wedge bounded by a surface r = ¢ and the planes = 0
and 0 = 7/2, when these surfaces are kept at temperature zero and the
initial temperature is f(r,6)

u(r,0,1) ZZA"JJZVL n;T) sin 2nfe” ( nJ‘l)zt7

where \,; are the positive roots of Ja,(Ac) = 0 and A,; are given by

w/2
7 [Jant1(Anjc)?Anj = 8/ / sin 2n0rJay, (A7) f (1, 6)drd6.
0 0

Let u(r,t) be the temperature in a thin circular plate whose edge, r = 1,
is kept at temperature zero and whose initial temperature is 1. If there
is surface heat transfer from the faces of the plate, the heat equation has

the form

ou 0%u 10u
5_874_7"81* hu, h>0.

J )\ T‘ 2
7ht 0 7)\,15
Z Ny

where \; are the positive roots of Jg()\) =0.

Show that

Shrunken fitting. Over a long solid cylinder » < 1, initially at uniform
temperature A, is tightly fitted a long hollow cylinder 1 < r < 2 of the
same material at temperature B. The outer surface r = 2 is then kept at
temperature B. Show that the temperature in the cylinder of radius 2 so
formed is

A— B
u(r,t) = B+ Z N Jo()\ ) exp(— )\?aQt),
where \; are the positive roots of Jy(2A) = 0 and a? is the constant in
the heat conduction equation.

Hint: Let u(r,t) = U(r,t) + B, find the differential equation, boundary
conditions and initial condition of U(r,t). Then solve for U(r,t).
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11.

12.

13.

14.

6 Partial Differential Equations with Curved Boundaries

A two-dimensional region having the shape of a quarter of a circle of
radius b is initially at the uniform temperature of 100°. At ¢ = 0, the
temperature around the entire boundary is reduced to 0° and maintained
thereafter at that value. Find the temperature at any point of the region
at any subsequent time.

Ans. u(r,0,t) =, 3 ApmJon(Aamr) sin 2n6 exp(—A\2,,at),
where A\, are the roots of Ja, (Anmb) = 0, and A, is given by

b? 400 [°

EJQn—&-l()\nmb)Anm = — TJQTL(/\'erT)dT-

nm 0

A very long cylinder of radius c is split lengthwise into two halves. The
surfaces of the halves of the cylinder are kept at temperature of +wug
and —ug, respectively. Find the steady-state temperature everywhere in-
side the cylinder.

4’LL() 1 ry\2n—-1
Ans. u(r,0) = —>" _, — (E) sin(2n — 1)6.
A two-dimensional region having the shape of a semicircle of radius b is
initially at the uniform temperature of 100°. At ¢ = 0, the temperature
around the bounding diameter is reduced to 0° and maintained thereafter
at that temperature. The curved boundary is maintained at 100°. Find
the temperature at any point of the region at any subsequent time.

Ans. u(r,0,t) = 120 > n(odd) L (%)nsinnﬁ—k
Zn(odd) > m BumJIn(Anmr) sinnf exp(—)\imaQt), where B, is given by

2 400 [* r\"
B = me/o [1 - (5) ] Jn(Anmr)rdr, and A, are the

roots of Jp(Ab) = 0.

Hint: Let wu(r,0,t) = V(r,0) + U(r,0,t), and choose the boundary con-
ditions for V(r,8) to be V(r,0) = V(r,m) = 0 and V(b,0) = 100. Find
the boundary and initial conditions for U(r, 0, t). Then solve for V and U.

Find the steady-state temperature at any point in a spherical shell of
inner radius by and outer radius b if the temperature distributions
u(b1,0) = f1(0) and u(by,d) = f2(#) are maintained over the inner and
outer surfaces, respectively.

n 1
Ans. u(r,0) = >, _, (AnT +Bnm

given by

>Pn(c080) with A4,, and B,

1 2 1
At + B = nt / F1(6) Py (cos 6) sin 6.6,

1 2 1
A + By = i / F2(6) P, (cos 0) sin 0 6.
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The temperature distribution u(r, ) = f(6) is maintained over the curved
surface of a hemisphere of radius b. The plane boundary of the hemisphere
is kept at the temperature zero. Find the steady-state temperature at any
point in the hemisphere.

2n+1 /2 / N s nl1n/
Ans. u(r,0) =", caa Tr”Pn(cos 0) f(0")P,(cosf')sin@'dd’.
0

If V satisfies the Laplace’s equation V2V = 0 throughout the domains
r<candr >c andif V — 0 as r — oo, and V = 1 on the spherical
surface r = ¢, show that V =1 when r < ¢ and V = ¢/r when r > ¢.

Write a formula for the steady temperature u(r, ) in a solid sphere r < 1
if, for all ¢, u(1,0) = 1 when 0 < 6 < 7 and u(1,0) = 0 when 17 < 6 < .

Ans. u(r,0) = 5+ 5 3,0[Pon(0) = Papi2(0)]r>" ! Py i1 (cos 6).

Let u(r, 8) denote steady temperatures in a hollow sphere a < r < b when
u(a,0) = f(cosf) and u(b,0) =0, 0 < 6 < x. Derive the formula

e}
b2n+1 _ ,’,2n+1 (CL

n+1
Z Anibznﬂ — o ;) P, (cosb),

u(r,0)

2n+1 [!
A, = n2—|— / f(cos )Py, (cosB)d cos f.
-1

Find the electrostatic potential u, which satisfies the Poisson’s equation
Vu(r) = —of(r),

due to the charge distribution

Arcosf for 0<r <R,
o(r) =

0 for r> R.

—R—COSH forr > R,

Ans. u(r,0) = 1 1
A (Rzr — 1OTS> cosf for r < R.

If electric charges are distributed over the surface of a sphere of radius R
with surface charge densities

o(r) = Ccosb,

where 6 is the angle between r and the z-axis, and C is a constant. Let
z be a point on the z-axis and z > R. Use the Green’s function to show
that the electrostatic potential u is given by
1 (7 2mo(0')R? sin 6’
u(z) = — ol¥) de’.
4 Jo /R?+ 22 — 2Rz cosd’
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Evaluate this integral. Find the potential u(r, ) for r > R.

Hint: Use the generating function of the Legendre polynomial, and note
that Pj(cos@) = cos@.

22\ 3 r2

1
Ans. u(z) = ! (1R3C> . u(r,0) = (;RSC> cos .
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Variational Methods






7

Calculus of Variation

A basic problem in calculus is to find the value of x that maximizes or mini-

mizes a given function y = f(z). The calculus of variation extends this prob-

lem to finding a function that maximizes or minimizes a definite integral.
Consider the integral

1= [P, (7.1)

Z1

where F' depends not only on z, but also on y which is a function of x, and on
', the derivative of y with respect to z. The form of F is fixed by the physics
of the problem. The only thing that can be changed in the attempt to make
I larger or smaller is the form of the function y(z). In this sense, the integral
is a function of y. The common terminology is that I is a functional of the
curve y(x).

The calculus of variation provides a method for finding the function y(x)
that makes the integral stationary, i.e., the function that makes the value of
the integral a local maximum or minimum.

Calculus of variation is one of the oldest problems in mathematical physics,
developed soon after the invention of calculus. At first it was used to solve
mathematically interesting problems, such as finding the shape of a hanging
rope. Later it was found that many principles in classical physics, ranging
from optics to mechanics, can be stated in the form that certain integrals
have stationary values. In modern physics, calculus of variation was found to
be equally useful in finding the eigenvalues and eigenfunctions of quantum
systems.

In this chapter, ¢’ is used to denote dy/dx, unless stated otherwise. We
will also assume that all functions we need to deal with are sufficiently smooth
and differentiable.
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7.1 The Euler—Lagrange Equation

7.1.1 Stationary Value of a Functional

If a given form of the function y = y(z) gives the integral in (7.1) a minimum
value, any neighboring function must give the integral a value equal to or
greater than the minimum. This is illustrated in Fig.7.1. The solid line is
the curve y = y(z), along which the integral is a minimum, the broken lines
represent small variations of this path. This family of curves is conveniently
represented by

Y(z) = y(z) + an(z), (7.2)
where « is a small parameter, and n(x) is an arbitrary function of z that
is bounded, continuous, and has a continuous first derivative. If the two end
points are fixed as shown in Fig. 7.1, then n(z) has to satisfy the boundary
conditions n(x1) = n(z2) = 0. Replacing y with Y in (7.1), we have

I(a) = / Y Ry 2)da. (7.3)

Now we have the values of the integral along a family of curves passing through
the two end points, each of the curves is labeled by the variable «. The curve
which makes I stationary has the label o = 0.

A necessary, but not sufficient, condition for minimum is the vanishing of
the first derivative. Thus we require

dr

1 - =0, forall n(z). (7.4)

Since a does not depend on z, differentiation can be carried out under the
integral sign

Xy X5 X

Fig. 7.1. The solid line is the curve y(x) along which the integral is stationary. The
broken lines are curves y(z) + an(x) representing small variations from the solid
path. They all pass the two end points
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o) |lovae tavaa | (7.5)

It is clear from (7.2) that
Y'(z) = y'(z) + anf/ (@),

dy av
o= n(x), o = ().

ar /I [aF dy  9F dy’

1

Setting o = 0 is equivalent to setting Y () = y(z), Y'(z) = ¢/(x). Therefore
after « is set to zero, (7.5) becomes

g
da

o /: Bl;"(x) + gj,n’(x)} dz = 0. (7.6)

1

The second term can be integrated by parts

2 9F ®2 9F dn 2 9F
- do = = Tz = = 4d
/m 0y’n($) v /x oy dz"" /gc oy’ !

1 1 1

r2 2 [OF
-/ M<@J“““'

The integrated term is zero because n(z2) = n(x1) = 0. Therefore we have

T2 TOF d OF
aﬂﬁ{@w(@)hwma

Since n(x) is an arbitrary function, our intuition tells us that

oF d (OF
(=) =o0. (7.7)
oy dx \ 0y
This equation was derived by Euler in 1744. It is known as Euler-Lagrange
equation, because it is also the basis for Lagrange’s formulation of classical

mechanics.
If we expand the total derivative with respect to x,

A (OF\_ 0 (08 0 (0F\dy 0 (0F)dy
de \ 9y’ )] 0z \ 9y oy \oy' ) de 0y’ \ oy ) dx
_PF oF, oray
© 0zdy  Oydy dz - Oy dz’

= 87/’77(33)

dr
da

the Euler-Lagrange equation becomes

oF 0*F B 0*F ,_62F )
Oy 0xz0y  Oyody 4 8y’2y

=0
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a second-order differential equation. Since the form of F' is given, this equation
can be solved to give the desired extremum function y(z).

The condition of (7.4) is only a necessary condition for a minimum, the
solution y(x) could also produce a maximum or even a point of inflection
of the function I(«) at o = 0. To mathematically decide the nature of the
extremum, one has to investigate the sign of higher derivatives of I(«). While
this can be done, but it is rather complicated. Fortunately, for most applica-
tions, Euler-Lagrange equation by itself is enough to give a complete solution
of the problem, because the existence and the nature of an extremum are
often clear from the physical or geometrical meaning of the problem.

7.1.2 Fundamental Theorem of Variational Calculus

The Euler-Lagrange equation is the center piece of calculus of variation. One
can establish it with mathematical rigor by the following theorem, known as
the fundamental theorem of variational calculus.

Theorem 7.1.1. If f(x) is a continuous function on the interval (x1,x2), and

if .
/ f@)n(z)de =0

for every continuously differentiable function n(z) that satisfies the boundary
conditions n(x1) = n(x) =0, then f(x) = 0 in the interval (x1,x2).

Proof. Let us assume that at some point £ in the interval (z1,x2), (&) # 0.
Assume f(£) > 0. Since f(x) is continuous, there must be a region around &,
within which f(z) > 0. This region is a subinterval in (x1,z3). This means
that we can find two numbers a and b in (x1,z2) such that inside a < z < b,
f(z) > 0. Now it is readily verified that the function n(x) represented by

0 rn<z<a
n(z) =< (z —a)?(z — b)? a<z<b
0 b<z<uay

is continuously differentiable on (x1,x2) and satisfies the boundary conditions
n(x1) = n(z2) = 0. For this particular n(z), we have

T2 b
/ F@)n(e)de = / @) — a)?(x — b2z > 0

which contradicts the given condition. This eliminates the possibility that
f(&) > 0 at some £ inside (1, 23). Similar argument shows that it is also not
possible for f(£) < 0 at some ¢ inside (x1, 2). Thus the theorem is established.

O
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This shows that for I to be stationary, F' must satisfy the Euler-Lagrange
equation. Since F' is a given function, the Euler-Lagrange equation is a dif-
ferential equation for y(x).

Before we proceed further, let us illustrate how to use the Euler-Lagrange
equation with a simple example.

Example 7.1.1. Shortest distance between two points in a plane.

Find the equation y = y(x) of a curve joining two points (x1,y1) and (22, y2)
in the plane so that the distance between them measured along the curve is
a minimum.

Solution 7.1.1. Let ds be the length of a small arc in a plane, then

ds? = da? + dy2

du\ 2
s:\/de—&—dy?:“l—i—(dz) dz.

The total length of any curve going between the two points is

1_/ ds—/ ,/1+ dy / V1t y2da.

This equation is in the form of (7.1) with

=V1+y2

The condition that the curve be the shortest path is that I be a minimum.
Thus F must satisfy the Euler-Lagrange equation. Substituting it into (7.7)
with

or

oF ~0 or y'
Ay T oy /1+y?
we have ,
d_v  _
d 1 +y/2 B
or ,
Y
1+y?

where ¢ is a integration constant. Squaring the equation and solving for ¢/,

we get
;L c
Y 1—¢2
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In fact, by inspection we can conclude directly that
¥ =a,
where a is another constant. But this is clearly the equation of a straight line
y=axr+b,

where b is another constant of integration. The constants a and b are deter-
mined by the condition that the curve passes through the two end points,

('rlvyl)a (1‘2, yQ)'

Strictly speaking, the straight line has only been proved to be an extremum
path, but for this problem it is obviously also a minimum.

7.1.3 Variational Notation

In literature on calculus of variation, the symbol § is often found as a differ-
ential operator. It is defined in the following way.
Expanding (7.3) as a Taylor series in «, we have

I(a) = I(0) + a7

2
P a+ O(a”).

a=0

The variation of I due to the variation of y(z) expressed in (7.2) is simply

a+ 0(a?).

a=0

The first-order variation of I is denoted as §I, which is just the first term on
the right-hand side of this equation

ol = g Q.
da|,_,
Using (7.6), we have
2 [OF OF
I = — — . .
) a/xl {834 n(x) + Gy’n (m)] dx (7.8)

With the family of curves defined in (7.2), the variations of y(z) and y'(x)
are given by
Sy(z) =Y (z) —y(x) = an(z),
oy (x) =Y'(z) — ¢/ (x) = o/ ().
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Expanding F' in a Taylor series

OF OF
F(y+oy,y + 6y ,x) = F(y,y', ) + 5‘76 Y+ ?5 ey
we see that the first-order variation of F' is given by
oF oF
OF = — 0y + —6y.
oy Yt By

These equations enable us to write §1 as

5[:5/ Fdx:/ OF dx
oF 0
—/m [aé +8,5]

[ loF oF
—af | [%n@way,n <x>] da,

which is identical to (7.8).
Since «, as a parameter, cannot be identically equal to zero, the condition

dr

= =0
dOt a=0

can be replaced by the statement
ol =0.

Although the § symbol is not much used any more in mathematics, but it does
enable us to operate on functionals in a formal way. Therefore it still appears
frequently in applications.

7.1.4 Special Cases

In certain special cases, the Euler—Lagrange equation can be reduced to a
first-order differential equation.

Integrand Does Not Depend on y Explicitly

In this case
oF

Ay

The Euler—Lagrange equation is reduced to

A (oFY
dz \ oy’ )

=0.



374 7 Calculus of Variation

Therefore
oF

oy~ ©

where ¢ is a constant. This is a first-order differential equation which does not

depend on Y. S()lViIlg for y,7 we obtain an equati()n of the form
P
y/ f(xa C)

from which y(x) can be found.

Ezample 7.1.2. Find the curve y = y(z) passing through (1,0) and (2,1) that

renders the following functional stationary:

2
I:/ —/ 1+ y2dz.
1 X

Solution 7.1.2. The integrand does not contain y, therefore

oF
oy =
o o (1 !
Y
o ().
8y’ (iE y T /1_|_y/2
so that

y = cx\/1+1y"2.

Squaring and solving for 3/, we get
y/2 _ 02:C2(]_ + y/2)7

or
, cx

v = V1 — 222
from which it follows that:

crdz 1\/7
= [ —/——— = -2V1-c2224/¢,
4 V1 — 222 c

where ¢ is another constant of integration. Hence
—d)? == -2
(y—c) =5
Since the curve passes through (1,0) and (2,1), so we have

1
c/2

1
==5-1, (1-d)P==5-4
C

c2
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It follows that:

Thus the curve is given by

Integrand Does Not Depend on x Explicitly

In this case
OF

o
and F is a function of y and g’. Since y = y(z), so F must still implicitly
depend on x through y and 3/, i.e

=0

dF _OF  0oFdy  OFdy
dz ~ 0z | Oy dx Oy dz
__OF oF )

/ PR
8y +5y

4 OFY O L (oF
az \Y oy’ oy’ v oy )’

Subtracting one from the other, we have
dF i 8F _or , ,d (OF
dz By Oy L™ ay

@ (g O _[0F A (R
d Y oy ) | oy dz \oy Y-

The quantity in the bracket of the right-hand side is equal to zero because of
the Euler-Lagrange equation, therefore

d ,OF

de (F oy )
JOF
a /

where ¢ is constant. This is a first-order differential equation which can be
solved for y(z).

Furthermore,

or

S

Thus
=g, (7.9)
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Ezample 7.1.3. Find y(x) so that the following integral is stationary

T2 1 12
I= / VIV g
1

14y

Solution 7.1.3. The integrand does not depend on x, hence

VTP 0 TEP

14y yay’ 1+y

or
V1+y? y” _ 1 _
14+y (1+y)v/1+y?2 (14+y)J/1+y2
Thus
1
(L+y)*(1+y7%) = 5.
It follows that:
y/2: 1 _ :1_02(1+y)2
c(1+y)? c(1+y)?
and
;A 1I-A(1+y)?
y = c(l+y) ’
Thus
1
& y = du.
1—-c2(1+4y)?

Integrating both sides, we get

1
—=V/1=-c1l+y2=z+
c

or
1-A(1+y)? =@ +d)2

So the solution is given by the circle
/N2 1 2 _ ]‘
(o) + (149 =

where ¢ and ¢’ are two constants.
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7.2 Constrained Variation

Very often we want to find the curve y = y(x) that not only renders the
integral
T2
I:/ F(y,y, z)dx (7.10)

1

an extremum, but also makes the second integral
T2
J = / G(y,y,z)dx (7.11)
1

equal to a prescribed value. The curve is required to pass through the two end
points (z1,y1) and (z2,y2), and the given functions F' and G are supposed to
be twice differentiable.

In essence we follow the same procedure as before by letting y(z) denote
the actual extremizing function and introducing a family of “neighboring”
functions Y'(z) with respect to which we carry out the extremization. We
cannot, however, express Y (z) as functions depending on a single parameter
as shown in (7.2), because the constant value of J would determine that
parameter, which would, in turn, determine I. That would make it impossible
to extremize I. For this reason we introduce a family of two parameters

Y(z) = y(@) + a1 (z) + agny(2), (7.12)

where 7, (z) and 74(z) are arbitrary differentiable functions for which

ni(x1) = ny(x2)

0, (7.13)
N9 (1) = no(w2) = 0.

(7.14)

These conditions ensure that every curve in the family passes through (z1,y1)
and (x2,y2) for all values of a; and as.
We replace y(z) by Y (z) in (7.10) and (7.11) so as to form

T2
I(al,ag):/ F(Y,Y' x)dz,

Z1

J(al,ag):/ G(Y,Y' x)dz.

Clearly the parameters o and as are not independent, because J is to be
maintained at a constant value.
We proceed by forming a combination

K(ag,a9) = I(ag,az) + AJ (a1, as) = / H(Y,Y' z)dx,
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where
H=F + )\G.

The yet undetermined constant A is known as the Lagrange multiplier. Now
if I is stationary, and J is constant, then K must also be stationary. The
conditions for K to be stationary are
oK 0 oK
(90&1 o 3042 o
where the partial derivatives are to be evaluated at a; = 0 and o = 0.
Calculating the two partial derivatives, we have

oK [ [8H oY  OH dY’

0,

aTaai + 8Y’ aaz] dx, 1= 1,2.

8&1' o 1
It is clear from (7.12) that

15)4 oYy’ ,
da; = (), Er —m-(x)-

Thus

0K *2 [OH . 0H , q . _ 19
= —_n —_nN- €T 1= .

oa; ), Loy T oy ’

Integrating by parts the second term of the integrand, we get

oR _ (ac)aHx2+/$2 OH 4 (OHA 40 i=1,2
da;  ayr| T )L [y T dx \ayr )| M T RE

The integrated term can be dropped because of the boundary conditions (7.13)
and (7.14). Now we set ;3 = 0 and ay = 0, so Y and Y’ are replaced by y
and 4. For the two partial derivatives of K to vanish, we must have

*2 [OH d ([0H .
[ 15 - a (5 =o. =1

1

Because 7n(x) and n,(z) are both arbitrary functions, the two relations
embodied in this equation are essentially one. By the fundamental theorem of
calculus of variation, we conclude that

OH d (O0HY\ 0
Jy dx <8y’ ) N
This is the same Euler—Lagrange equation except with F' replaced by H which
is equal to F'+ AG. It is a second-order differential equation that y(x) must
satisfy in order to keep J at a constant value and render I stationary.
Solution of this equation yields y(z) that has three undetermined quanti-
ties: two constants of integration and the Lagrange multiplier A. These quan-

tities can be fixed by the boundary conditions at the two end points and by
the requirement that J must be kept at its prescribed value.
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Example 7.2.1. A curve of length L passes through z; and x5 on the z-axis.
Find the shape of the curve so that the area enclosed by the curve and the
z-axis is the largest possible.

Solution 7.2.1. The area is given by

2
I = / ydx
1
and the length of the curve is
T T2
J:/ ds:/ V1+y?de.
Xy 1

We want to maximize I subject to the condition that J is equal to the constant
L. So we solve the Euler-Lagrange equation

aon o _
dz 0y oy

where
H=y+\/1+y?2

Since H does not explicitly depend on x, so

OH
y/(‘)iy’ —-H=q
or

)\/2
Lfyf)\\/lerQ:cl.
/1+y/2

This can be simplified to

(1 +y)V1+y?=-A

or \2
2
T e
from which we have
N (e
Yy = —Cl Ty .
Thus
(ctydy  _ o

A\ — (c1 +y)?



380 7 Calculus of Variation

Let z =\ — (¢, +9)2, dz= —2(c; +y)dy, so

/ (e +y)dy / —1/2dz——/dz1/2=—/d N —(e1 + )

Hence
N (c1+y)?=z+co,

where ¢; and ¢ are two constants of integration. Squaring both sides, we get
(@ 4 c2)* + (1 +9)* = A2

So the curve should be an arc of a circle passing through the two given points.
The constants c¢1, c2, and A may be fixed by requiring that the curve passes
through the appropriate end points, and has the required length between these
points.

7.3 Solutions to Some Famous Problems

7.3.1 The Brachistochrone Problem

Suppose that a bead is sliding down a wire without friction as shown in
Fig. 7.2. We learnt in physics class that at the point (x,y), the kinetic energy
of the bead is %va and the potential energy is —mgy, if we take y = 0 as
our reference level. Because of the conservation of energy, the sum of these
two energies must be equal to zero

1
imv2 —mhy =0,

Al (0,0) X

B(xg,
Y ) (Xg,Y5)

Fig. 7.2. The Brachistochrone problem. A bead sliding down on a wire from A to
B without friction, the problem is to find the shape of the wire so that it takes the
least amount of time
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since initially at (0,0), both kinetic and potential energies are equal to zero.
Therefore the velocity at that point is

v = /2gYy.

Thus the time it takes from A to B is

RN e
7\/@/0 N dz. (7.15)

Now the question is: what should be the shape of the wire so that the time
it takes from A to B is the shortest? This famous problem is known as the
Brachistochrone problem (from the Greek words meaning shortest time).

In 1696, Johann Bernoulli proposed this problem and he addressed it “to
the shrewdest mathematicians in all the world” and allowed 6 months for any-
one to come up with a solution. This marks the beginning of general interest in
the calculus of variation. Five correct solutions were submitted — by Newton,
Leibniz, L’Hospital, himself, and his brother Jakob Bernoulli. They indepen-
dently with different methods arrived at the same answer. The required shape
is a cycloid, the curve traced by a point on the rim of a wheel as it rolls on a
horizontal surface.

We can answer the question by minimizing the integral in (7.15). Since the
integrand does not explicitly depend on z, so the Euler-Lagrange equation
can be written in the form of (7.9)

OF _
y 8y/ -
with
poVity?
VY
Thus
1 + yl2 y/2
Vv _ —c
NN N
or

Squaring both sides, we have
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It follows that:

y/ _ 1 —c%y
2y
d
With ¢ = d—y, this equation can be written as
x
2y
dy = dx.
1—c2y Y

To find y(x), we have to integrate both sides of this equation. We can carry
out the integration by a change of variable. Let

1
Ay = 5(1 — cosf) (7.16)
SO )
1—cy= 5(1 + cos®)
and 1
dy = 22 sin 0 d6.
Since
0 0 0
cosf = cos2— = cos® = — sin® =,
2 2 2
0 0
sinf = sin2- = 2sin = cos =,
2 2 2
we can write
0
1 —cosf = 2sin® -,
50
1+ cos@ = 2cos 2’
1.0 0
dy = = sin 7 cos idﬁ.
Therefore
2y 1 sin(0/2) 0 1 .56
dy = w———=sin - fd9 == fd9
T V=3 cos(02) sm cos = sin?
1
=52 (1 — cos 0)dé.
Hence

2y
dy= [ d
/ 1=y /m
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%/(lfcosﬁ)dﬁzfdz,
¢

21?(9 —sinf) =z +¢.
Now the curve goes through (0,0), i.e., when x = 0, y must also be zero.
But, by (7.16), y = (1 — cosf)/2¢?, so when y = 0, § must be equal to
zero. Therefore x = # = 0 must satisfy the above equation. Thus ¢/ = 0. The
remaining constant is fixed by the condition that the curve should pass the
other end point.

As a result, the required curve is given by the parametric equations

becomes

or

1
Tr = @(9 — Sin&),

1
y = @(1 —cosb).

These are the equations of a cycloid that can be seen as follows. Let a
circle of radius r rolls along the z-axis as shown in Fig.7.3. The origin is
so chosen that the point P makes contact with z-axis at the origin. When
the circle has revolved through an angle of 6 radians, it will have rolled a
distance OC' = rf from the origin as shown in Fig.7.3. Hence the center of
the circle will be at the point (r6, r). It is clear from the figure that the x
coordinate of P is

3
x =160+ rcos¢ =rf+rcos (; —9)
=710 —rsinf =r(0 —sinb)
and the y coordinate of P is
3
y=r+rsing =r+rsin <27T—9>

=7r—rcosf =r(l—cosh).

2r—

INPAY

9 rm . C 2rr X
re

Fig. 7.3. Cycloid. The curve traced out by the point P on a circle while the circle
is rolling on the z-axis
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Therefore the solution of the Brachistochrone problem is a cycloid, since the
parametric equations for the required curve are identical to the last two equa-
tions with r = 1/2¢2. Note that, since we have taken the downward direction
of the y-axis as positive, the circle which generates the cycloid rolls along the
under side of the z-axis.

The correct minimum path is shown in Fig. 7.2. It is somewhat surprising
that going to the bottom of the curve and then back up to B actually takes
less time than sliding on the straight line from A to B.

7.3.2 Isoperimetric Problems

The word isoperimetric means same perimeter. The most famous isoperimetric
problem is to find the plane curve of given length which encloses the greatest
possible area.

Let C be a closed plane curve as shown in Fig.7.4. The area inside C
can be found as follows. The shaded infinitesimal area is given by half of the
product of its base and height

1

1 1
dA = -rh = —rdrsinf = - |r x dr|.
2 2 2

Let r =xi+yj, so dr = dxi + dyj, and
i jk
rxdr=|z y 0]|=(zxdy —yda)k.
dz dy 0
Thus 1 1
dA = 3 Ir x dr| = Q(mdy —ydx).
It follows that the area enclosed by C is:

Fig. 7.4. Area inside a closed curve C. The infinitesimal shaded area is given by
r xdr| /2 = (zdy — ydz) /2
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1 1
A:% dAzj[ —(zdy —ydx) 27{ S(zy’ —y)da.
c c2 c?

The length of the curve is

L:]{ ds:f(dx2+dy2)”2 :]{(1+y/2)1/2dx.
C C C

Now we want to maximize A and keep L constant. According to the theory
of constrained variation, we have to solve the Euler-Lagrange equation

doH on _
dz 0y Oy
with 1
H =y —y) + M1 +y™)"2
Since
oH 1 . Ay d OH 1
=—r+—"—-— and — =-—=
ay/ 9 (1 +y/2)1/2 ay 2’
we have
d |1 Ay 1
2|z Y Z =0
dz [2:6—’— (1+y2)"/2 3
or
di_ M
Ao [(1+y2)'7?
Integrating once
Ay’ B
Gy 2 =

Squaring - ) i
(M)" = (. —c1)"(1+y7),

and solving for y/,

J = +(x—c1)
[)\2 —(z— 61)2] 1/2
Since q ( )
1/2 T —c1
— [)\2 —(z — 01)2] = ,
d [/\2 —(z — C1)2] 1z
so we have

Integrating again

or
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Clearly this is a circle of radius A centered at (c1,c2)

(x—c1)? + (y— c2)? = N2

2
A=a\l=n1 L :L—z
2m 4m

must be the maximum, since the minimum area is obviously zero when the
curve is squeezed into a line.

The area enclosed

7.3.3 The Catenary

The Latin word Catena means a chain. The catenary is a problem of hang-
ing chain. Its history is parallel to that of Brachistochrone. In 1690, Jakob
Bernoulli proposed the problem: “to find the curve assumed by a loose rope
hung freely from two fixed points.” One year later, three correct solutions
were submitted — by Christian Huygens, Leibnitz, and Johann Bernoulli.

The rope will assume a shape for which its potential energy is a minimum.
If o is the mass per unit length of the rope, then the potential energy of
an infinitesimal section of length ds due to gravity is ¢ dsgy, where g is the
gravitational constant. Let the two fixed points be A and B, the total potential
energy of the rope is given by the functional

B B
I:/ ngds:gg/ yds.
A A

On using ds = /(dz)2 + (dy)? = /1 + y2dz, and ignoring the constant
factor pg, we have to minimize the functional

B
I:/ y\/1+y’2dx:/ F(y,y)dx. (7.17)
A

B
A

Since F' is independent of x, the Euler-Lagrange equation is given by

oF
or ,
vy
yVi+y? —y ———==c
1 +y/2
Thus
y(1+y?) —yy? =cV1+y2,
or

y=cyv1+y?
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It follows that:

SO

diyz = du. (7.19)
(y/e)”—1

Recall 1 )
coshz = Q(e’” +e™ "), sinha = 5(6”’j —e™ %),
2 12 d .
cosh”x — sinh“x =1, P cosh x = sinh x.
T

With the substitution y
Z = cosh z
c

and

dy = esinhzdz, +/(y/c)2 —1=Vcosh?z — 1 = sinh z,

we can write (7.19) as

cdz =dz.
Integrating once again, we have
cz=ux+Db,
_zT+b
-—
Hence b
y = ccosh i (7.20)
c

The constants ¢ and b can be determined if the coordinates of the fixed points
are known. For example, if the coordinates of A and B are (—xg,yo) and
(20,Y0), respectively, then

To+b

b
To cosh .
c

Yo = ccosh ——— =
c

Since cosh(—xz) = cosh(z), it follows that b = 0. In this case,
y = ccosh L (7.21)
c
This is the equation of the catenary. The shape of the catenary is shown in

Fig. 7.5
It should be noted that if the length of the rope L is given

B B
L:/ ds=/ V1+y?de,
A A
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W =gps

Fig. 7.5. The catenary. The shape of a hanging chain is given by y = ccosh(z/c),
known as the catenary

then L must be kept constant. According the theory of constrained variation,
we have to minimize the functional

B B
K:/ ggy\/1+y’2dx+/\/ V1+y2de.
A A

In this case, F' in (7.18) is given by

F = ogyy/1+ 92+ A/1+y2.

Following the same procedure as above, one can show that

A
y= Leosn ) A

o9 C1 o9

The constants cq, ce, and A are to be determined by the length of the rope L
and the coordinates of A and B. As we see that the character of the catenary
is not changed.

This problem can also be solved with the “ordinary calculus.” Let x = 0
be the lowest point of the rope, and H be the tension at that point. Clearly, H
acts horizontally. Let T be the tension at the other end of the section of length
s, as shown in Fig. 7.5. The weight of rope of that section is w = pgs. Since it
is in equilibrium, the forces must be balanced in both = and y directions,

T'sinf = pgs,
Tcosf = H.

The ratio of these two equations is

)

tanf = %s
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which is the slope of the curve. That is

, dy 09

Y —aztaHGZﬁs.
It follows:
4. _egds
a’ T Hdr

Since ds = \/dz? + dy? = /1 + y2dx,

ds
— =+/1 2,
dx +y
Thus d
’ 09
—==2\/1 /2
dxy H Ty
or Q'
Ay e
/1 + y/2 H
Let
1y = sinh z,
the last equation becomes
dsinh z cosh zdz

= =dz = %dx.

V1 + sinh® 2 ~ coshz H

Integrating once

_ 9 '
z= Hx—l—c

or
y' = sinh (g—}?z + C') .
At z =0, y' =0, therefore ¢ = 0, since sinh (0) = 0. Thus
dy _ . . (29
1 sinh (Fa?)
or

dy = sinh (%x) dx.

Integrating again, we get

H 09
y = — cosh (—x) + b.
09 H

389

If we adjust the y-axis scale in such a way that y(0) = H/gg, then b = 0 since

cosh(0) = 1. Thus

y(z) = ggcosh (%m) ,
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W= ax

Fig. 7.6. The cable of a suspension bridge. The cable of a suspension bridge is in
the form of parabola, which looks like a catenary but is not

which is in the same form as (7.21). In addition, we have given a physical
meaning to the constant ¢ of (7.21).

It is interesting to note that the shape of the cable of a suspension bridge is
not a catenary, although it looks like one. Suppose that the cable is supporting
a uniform roadway, and the weight of the cable is negligible compared to the
weight of the roadway. A section of the cable is shown in Fig.7.6. We take
x =0, y =0 at the center of the span. This section supports a portion of the
roadway whose weight W is proportional to the distance x, since the roadway
is assumed uniform, i.e.,

W = Az,
where X is the weight per unit length. It is clear from Fig. 7.6 that

Tsinf = Az,
Tcosf = H.
Thus
tan 6§ = i9c
=
Since tan 6 is the slope of the cable
dy A
1= tan§ = Vi
or \
dy = v dz.
Integrating, we get
1A,
y=357% te

This is a parabola. While the catenary certainly looks like a parabola, we
see that they are fundamentally different. The parabola is algebraic, while the
catenary is transcendental.
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For a long time, the shape of a hanging chain was thought as a parabola.
In 1646, Huygens (at age 17) proved that it could not possibly be a parabola.
But it was not until 1691, after the invention of calculus, the catenary was
correctly described as a hyperbolic cosine function.

7.3.4 Minimum Surface of Revolution

The catenary is also the solution of the problem of the minimum surface of
revolution passing through two given points A and B.

The area of the surface of revolution generated by rotating the curve y =
y(z) about the z-axis is

B B
I:27r/ yds:27r/ yv/ 1+ y2dz.
A A

The integral we seek to minimize is the same as (7.17). Therefore the required
curve is a catenary given by (7.20)

r+b

y(z) = ccosh

The surface generated by the rotation of the catenary is called catenoid. The
values of the arbitrary constants ¢ and b are determined by the conditions

y(xa) =ya, ylrp)=ys.

Unfortunately this is only an incomplete solution, because the two points A
and B must satisfy certain condition in order to have a curve of the form
(7.17) passing through them. In other words, if the condition is not satisfied,
there is no surface in the class of smooth surfaces of revolution which achieves
the minimum area.

We will find this condition for the following problem. Let the coordinates
of A be (—x0,y0) and of B be (zo,yo). As shown in (7.21), in this case the
catenary can be written as

x
y = ccosh —.
c

The constant ¢ is determined by the ratio yo/xo. Now if we define

T Y
u=—-, v==
c c
and
Zo Yo
U = —, Vo= —,
c c

we can write (7.21) as
v = coshu. (7.22)
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Fig. 7.7. To have a minimum surface of revolution the curve v = coshwu and v = z—‘(’)u
must intersect

On the other hand, we can take another curve

v_¥_%
u T X
or Y
v= "2y (7.23)
T

which is a straight line. Since (ug, vg) satisfies both (7.22) and (7.23), it must
be the point of intersection the two curves expressed by these equations.
Figure 7.7 shows the curve v = cosh u and a straight line v = (tan «)u that is
tangent to this curve. It is clear that if (yo/x0) < tana, then the two curves
will not intersect, and no catenary can be drawn from A to B.

The angle a can be found by noting that at the point ug where the straight
line is the tangent to the curve, we have the following relationship:

v dv

w  du’
Since v = coshu and dv/du = sinhu, so we have

h
coshu sinhu = 0.

This equation can be solved numerically. For example, this book is written
with the computer software “Scientific WorkPlace.” It came with a computer
algebra system “MuPAD.” After this equation is typed in the math mode,
click the “compute” and “solve” button, the program will return with an
answer:

u = 1.1997.

This means that (ug,vo) = (1.1997, cosh 1.1997). It follows that:

o — tan-! <cosh 1.1997

— : o /
11997 ) = 0.9885 radians (56°28").
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Thus, if
P~ tana = 1.5089
Zo

the straight line v = Y04 and the curve v = coshu will not meet, and there
x

is no twice—diﬂerentiabloe minimizing curve.

This limitation can be illustrated with a soap film experiment. Because
of surface tension, a soap film will form a surface of minimum energy, which
happens to be the surface of minimum area with the frame as the boundary.

A soap film will form a catenoid between two parallel rings of radius g
with their centers 2z, apart on an axis perpendicular to the rings, as shown
in Fig. 7.8, if yo/xo is greater than 1.5089. We can increase xg. When yo/xq
becomes less than 1.5089, the catenoid will no longer be formed, and the soap
film will cover only the two rings to give a surface area of 27y2. Clearly the
solution is discontinuous and beyond the scope of the variational theory.

Example 7.3.1. Find the area of the minimum surface of revolution shown in
Fig. 7.8 with g = 1 and yy = 2.

Solution 7.3.1. The area of the catenoid is given by

1
A= 271/ yv/ 1+ y2dx,
1

where
T
y = ccosh —.
c

QW: CCOth\/m: ¢ cosh? Ey
c c c

the area can be written as

Since

Fig. 7.8. The catenoid. A minimum surface of revolution can be formed between
the two rings if yo is greater than 1.5089x¢
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1 1 9
A= 27rc/ cosh2 —dx = wc/ <1 + cosh > dx
1 C _1 C
2 2
& ( + sinh ) .
c c

P _ 9515089,

Lo

Since

there are two intersection points of
v=coshu and v=2u.

The equation
coshu —2u=0

can be solved numerically to give

~ {0.5804,
1o =19 2.1268.

Recall ug = z¢/c, so

CcC =

0 _ {O 51 = 1.6967,

Uo m = 0.4702.

Therefore

7 (1.6967)° (s o + sinh 1 25=) = 23.968,
7 (0.4702)% (5255 + sinh 5255) = 27.382.

Thus, rotating

=1. h——
y = 1.6967 cos 6967

around the z-axis will generate the minimum surface of revolution with an

area of 23.968.

7.3.5 Fermat’s Principle

In the 1650s Pierre de Fermat adopted the view espoused by Aristotelians
that nature always chooses the shortest path, and formulated a “principle of
least time” for geometrical optics. It says that a ray of light traveling from
one point to another takes the path which requires the shortest time.

If the velocity of the ray of light in a medium is v, then the time it takes

from A to B is
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= [Yo [ mrr@r= [ e,

where y(z) is the path of the ray. In optics, a very useful quantity is the index
of refraction n, defined as

n=-—,
v

where ¢ is the speed of light in vacuum, which is a constant. To have the
shortest time is to require the following integral to be stationary:

B
I:/ n(1+y?)Y2dz.
A

Let us assume that n is not a function of z. In that case, the integrand
F=n(l+y?)?
does not explicitly contain the independent variable x. Therefore

F—y/a%,F:k;7

where k is a constant. Carrying out the differentiation, we have

/

2\1/2 1 Y _
n(l+y"~) yn(1+y/2)1/2 k
or
n(1+y/2) 7ny/2 — k(1+y/2)1/2-
Thus

n=k(1+y*)"2

Since y’ is the slope of y(z), so ¥y’ = tan ¢ where ¢ is the angle between the
instantaneous direction of the ray and the z-axis. Thus the last equation can
be written as

) 1/2
1
sin QS) _

nk(1+tan2¢)1/2k(l+cos2¢ s

Therefore the general result is in the form of
ncos¢ = k.

If n is not changing in space, then ¢ must be a constant since k is a
constant. This means that the ray of light is traveling in a straight line. This
is certainly the case.

Suppose that the ray travels from one medium with index of refraction
n1 to another medium with index of refraction nsy, and the interface between
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91

ny

n, 2)

92

Fig. 7.9. Snell’s law: n; sinf1 = nasinfs. If n1 > no, then 61 < 05

them is a plane as shown in Fig. 7.9. Since k is constant along the whole path,
we must have
N1 COS 7 = N2 COS Py.

This is the well-known Snell’s law. Usually the Snell’s law is written as
nq sinfy = nysin s,

where 6, and 05 are the angles between the ray and the normal of the interface
as shown in Fig.7.9. Since 61 + ¢; = 03 + ¢, = 7/2, the last two equations
are identical.

If the ray is going from medium 1 to medium 2, #; is known as the angle
of incidence #; and 05, the angle of transmission (refraction) 6. If 8y = 7/2,
the incident angle is known as the critical angle 6.

172
nl'

0. = sin

If the angle of incidence is greater than the critical angle, the ray is reflected
back. The angle between the reflected ray and the normal is known as the
angle of reflection 6,. In that case, ny sin§; = nq sin ;. Therefore

oi = 91’7

another well-known fact in geometrical optics.

In fact, the entire geometrical optics can be derived from the Fermat
principle.

Suppose that the light is going through a series of mediums as shown in
Fig.7.10. If n; > ny > ng > nyg, then 6, < 05 < O3. If 03 is greater than
the critical angle, then the ray will be reflected back as shown in the figure.
It is clear that if the index of refraction is decreasing continuously (this is
equivalent to say that if the velocity of the light v is increasing continuously),
the path of the light will become a continuous curve. If v is proportional to
VY (with the positive y-axis directed downward), the path of the light will
become the Brachistochrone curve shown in Fig. 7.2. In fact, Johann Bernoulli
first solved the Brachistochrone problem with this optical analogy.
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0
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ny PANG b’f/
ns 93 03 03 63
ny |

Fig. 7.10. Light going through a series of mediums with increasing index of
refraction

This is also the reason for the mirage that one often sees while driving
in hot roads. One sees “water” on the road, but when one gets there, it is
dry. The explanation is this. The air is very hot just above the road and is
cooler up higher. Light travels faster in the hot region because the air is more
expanded and therefore thinner. So the light from the sky, heading for the
road, is going faster and faster. As a consequence, it follows a curved path,
like the Brachistochrone curve shown in Fig.7.2. When it ended in our eyes,
we thought it was reflected from the water on the road.

7.4 Some Extensions

Often the functionals contain higher derivatives, or several independent or
dependent variables. The Euler—-Lagrange equations for these problems can
be derived in a similar way.

7.4.1 Functionals with Higher Derivatives

Consider the functional

Zo
I:/ F(y.y'.y" x)dz, (7.24)

1

where the values of y and y’ are specified at the end points

y(x1) = Ao, ¥y (z1) = Ay,
y(x2) = Bo, ¥'(w2) = B,

Among all possible functions that satisfy these boundary conditions, we want
to find the function y(z) for which the functional I has an extremum.

To solve this problem, we follow the previous procedure. We define a family
of curves that satisfies these boundary conditions
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Y(x) =y(x) +an(x), Y'(r)=y +an, Y =y"+ay
where () is a twice-differentiable arbitrary function that satisfies the bound-
ary conditions
n(x1) =n(22) =0, 7'(z1) =17'(z2) = 0.
Replacing y by Y in (7.24), we have
B
I(a) = / FY,Y' Y" x)dx.
x1
A necessary condition for it to be an extremum is that

dl

a=0

Carrying the differentiation inside the integral, we have

_/% or, [ OF . L O il 4
Lo Loy oy T oy T

dr
da

a=0 1

We have already shown that

2 9F *2 q [OF
s ayf”dx—‘/m dx[aﬂ”dx

Similarly, with integration by parts

2 9F “2 9F dnf 2 9F
_ — — — d
ay// 77 8yll dx €L " ay// 77

T1 Z1

oF || 2. d (OF ,
= ) 7'l - dz \ ou" 1 dz
y' ", Je dz \ Oy
The integrated part is zero because of the boundary conditions of 7’ (x). With
integration by parts again, the last term becomes

(Y e (B (Y
e, dz \ oy TEET 4 oy" nzl 2 da? \ oy e

Again the integrated part vanishes because of the boundary conditions of n(z).

Therefore
L o L IR )
daf,_y Js L0y dz \0y dz? \ Oy” ee ==
It follows that the function y(x), for which I is stationary, must satisfy the
differential equation:

1
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OF A (OF\ & (0F\ _

oy dxz \ 9y dz2 \oy" )
Notice the alternating sign in this equation. Clearly, the function y(x) that
minimizes the functional

T2
I:/ Fly,y,y",....y", x)dz

1

is the solution of
oF d [OF d® [ OF
_ = (=) [ ) =
Oy dx <8y’) +o (=D da™ <8y”> 0

7.4.2 Several Dependent Variables

Consider the integral

to
f:/ F(z,y, 2,y t)dt,

t1

where z and y are twice-differentiable functions of the independent variable
t. Their derivatives with respect to t are, respectively, ' and y’. The values
of z(t1), y(t1) and x(t2), y(t2) are specified. We want to find the differential
equations that x and y must satisfy so that the value of I is stationary. We
can solve this problem by the same procedure as in the case of one dependent
variable.

Let z(t) and y(t) be the actual curve along which I is stationary. We
denote the family of curves that go through the two fixed points at ¢; and ¢,
as

X(t)==z@) +ae(t), Y(t)=y)+an(t),

where £(t) and 7(t) are arbitrary differentiable functions for which
e(t) = (t2) =0, n(t1) =n(t2) =0.

These boundary conditions ensure that every curve in the family goes through
the two end points. The parameter « specifies each individual curve and the
actual curve that minimizes I is labeled as o = 0. As a consequence

X' =2'4+a, Y =y +an.

Replacing = and y by X and Y, respectively, in the integral I, it becomes a
function of «

ta
I(a):/ F(X,Y,X',Y' t)dt.

t1
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A necessary condition for I to be stationary is

dl

= =o.
dov a=0

Since a does not depend on t, the differentiation can carry out inside the
integral,

U [H[OEAX oPaY  oF 0¥ oF V),
da J,, |[0X da 0Y da 0X' da = 9Y’ da

2ToF OF  OF , OF ,
= e+t on+ e+ 7 | dt.
t1

0X oy oxX' Yy’

Setting o = 0 is equivalent to replace X and Y by x and y. Thus

—/tz oF L OF, Oy +8—F dt
) o T oy o '

ﬂ
da|,_g

This relation must hold for all possible choices of €(t) and 7(t), as long as they
satisfy the boundary conditions. In particular, it holds for the special choice
in which e(t) is identically equal to zero and 7(t) is still arbitrary. For this
choice, the last equation becomes

_ /tQ [8F N 8Fn,] &
oo Ju Loy By '
This equation is identical to (7.6) with the independent variable x replaced
by t. Following the same procedure, we obtain

dr
da

oF  doF

dy dt oy
Similarly,

oF d OF

dr  dtdz'

Therefore for this system, we have two separate but simultaneous Euler—
Lagrange equations for z(t) and y(t). Clearly, if we have n dependent variables,
the analysis will lead to n separate but simultaneous equations.

This method is easily generalized to cases with more than one constraint.
If we wish to find the stationary value of the integral I, which has n dependent
variables, subject to multiple constraints that the values of the integrals J;
be held constant for ¢ = 1,2,...m, then we simply find the unconstrained
stationary value of the new integral K,

K = I+Z)\JJJ
j=1
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With

to
I:/ F(xy,..., 20,2, ..., 2, t)dt,

t1
to
Jj = Gi(x1,...,an, 2t 2y, 0)dt, i=1,2,...,m.

t1
Following the same procedure, one can obtain the set of Euler-Lagrange
equations

doH OH _

where

HZF—Fi)\iGj.

J=1

This is a set of n coupled differential equations.

7.4.3 Several Independent Variables

For problems in more than one dimension, we need to consider functionals
that depend on more than one independent variables. Let us consider the
following double integral of = and y over some region R

I= //R F(u, uly, uy, z,y)dedy, (7.25)
where u is a function of x and y, and

du(z,y) du(z,y)
i /
Yo or Oy

Let the region R be bounded by the curve C. The values of u(z,y) are spec-
ified on C. We assume F is continuous and twice differentiable. We wish to
determine the function u(z,y) for which I is stationary with respect to small
changes of u.

Procedures analogous to the one for one-dimensional problems can be used
to solve this two-dimensional problem. Let u(z,y) be the function for which
the integral I is stationary, and the trial functions be of the form

U(z,y) = u(z,y) + an(z,y),

where n(z,y) = 0 on C. We will use the following notations to express partial
derivatives

ou 0 0
U;:%:a—z—ka%:u;—}—an’m

_oU _ou_ On
9y 9y Oy

<2

! /
= Uy +an,.
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It follows that:
dU dU., , dU; ,
- =1, = Mg - = ]y
da da da

Replacing u(z,y) with U(z,y) in (7.25), we have

—I—/ F(U,U,,U,,z,y)dxdy.

A necessary condition for u(z, y) to be the function for which I is an extremum
is that the derivative of I must vanish at o =0

d

—1I()

=0.
da

a=0

Since « does not depend on z or y, the differentiation can be carried out under
the integral sign

// OFdU | OF Uy , OF dU;]
90 da T 8U; da | 90U, da | 7Y

oF
// [ 8U’ n. + 6U1’/n;] dzdy.

In the limit of & — 0, we have

The second term on the right-hand side can be written as
v2 t=C2(y) op on
dzdy = —dz|d
//3’%37:31 / l/_cl()au O .

where C(y) and Ca(y) are shown in Fig. 7.11.
With a given y, we can use integration by parts to write

z=C>(y) OF 877 OF z=C2(y) x=C2(y) B OF
[y w002 [37] ey~ ooy 05 () o
a=Cy(y) Uz OT Uy le=Ci(y) Jo=Ci(y) T \OUy
The integrated part is equal to zero because on the boundary n(z,y) = 0.
Therefore

oF , Y e N i ),
//Rauétnwdxdy——/y1 [/I_Cl(y) &U <3 z)dx dy
0 [ OF
[ (au;) drdy.

77’+

OF
S ny] dzdy.
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Y

Y2

c(y)
c(y)

72—

X

Fig. 7.11. Double integral. A double integral over the region R can be carried out
by first integrating = from the left boundary z1 = Ci(y) to the right boundary
= C(y) with a fixed y, then integrating y from y1 to y2

Similarly,
o ([ OF
// dul, nydxdy // 8y <8 >dxdy.
Thus,
d 6F 3 8F

Since n (z,y) is arbitrary except at the boundary, we conclude that the term
in the bracket must be equal to zero,

oF 0 (OF 0 3F
ou Oz \ou,) Oy
This is the Euler-Lagrange equation in two dimensions. Extension to three
and higher dimensions is straightforward.

7.5 Sturm—Liouville Problems and Variational Principles

7.5.1 Variational Formulation of Sturm—Liouville Problems

Suppose we seek a function y = y(x) in the range of x; < < z9 which
satisfies the boundary condition

y(r1) =0, y(r2) =0

and makes the value of the following integral stationary:

r= [ e - awn?) a. (7.26)

1
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where p(z) and ¢(z) are continuous differential functions of . In addition, we
require the integral N
2
J = / w(z)y?da (7.27)
1
to equal to a prescribed value with a given positive function w(z).
According to the constrained variational theory, the answer is given by the
Euler-Lagrange equation

d 0H OH
dv oy Iy
with
H = [p(x)y” — q(2)y’] — Mw(z)y*.
(The sign of A is immaterial, since it is an undetermined multiplier. We use —\

instead of positive to conform with the sign convention of the Sturm—Liouville
problem, see below.) Since

d OH d
— =9 !
oy lar (p(2)y"),
S =~y - Dy,
the Euler-Lagrange equation becomes
d
1z P@)y) +a(2)y + dw(z)y = 0. (7.28)

This is a Sturm-Liouville equation with eigenvalue .

This opens up a relation between the calculus of variation and eigenvalue
problems.

Note that J of (7.27) is just a normalization integral. If we want y(z) to be
normalized to one with respect to the weight function w(x), then y(x) should
be replaced by y(x)J /2. Replace y(x) in (7.26) by y(z).J /2, it becomes

/z2 [p($)y/2 . q(x)yQ] dz ;
Kly@)] = =—— = (7.29)
/ w(z)y*de d

1

Since the denominator J is constant, the stationary value of I corresponds

to the stationary value of K. That is, the solution of the Sturm—Liouville

equation (7.28) is still the function that minimizes the functional K[y(x)].
Integrating the first term in the numerator of K[y(z)] by parts, we get

To T d T2
/ p(z)y?dr = / p(m)y’ﬁdw= / p(x)y'dy

1 x1 1

= C Ay
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The integrated part is equal to zero because of the boundary conditions of
y(x). Thus

L N p(x)y?de = — / - y% [p(z)y] dz.

x1 x1

It follows that:

- / y {fﬁ [p(2)y] +q<x>y} dx.

Kly(z)] = 72 (7.30)
/ w(z)y*de
If y(x) is the ith eigenfunction of (7.28), then
d /
I P@i] +a(@)ys = —dw(z)y:. (7.31)
Substituting it into (7.30), we get
I NS yw(@)yde
Kyi(z)] === T =\ (7.32)

J o w(a)yide
Thus, the eigenvalue A, introduced originally as the undetermined multiplier,
is the stationary value of the functional K[y(z)]. The function y(x) that min-

imizes K[y(x)] is the corresponding eigenfunction.

7.5.2 Variational Calculations of Eigenvalues and Eigenfunctions

The advantage of the variational formulation of the Sturm-Liouville equa-
tion is that one can use (7.29) or (7.30) to make systematic estimates of the
eigenvalues and eigenfunctions of such equations.

The value of the functional K [y(z)] can be calculated for any function
of y(x). There is a theorem which says that the functional K [¢(z)] of (7.29)
evaluated with any function ¢(z) that satisfies the same boundary conditions
as given in the eigenvalue problem will be greater or equal to the smallest
eigenvalue.

Let {y;(z)} be the set of eigenfunctions of the Sturm-Liouville problem.
We may not know what they are, but we know that they are orthogonal and
can be made orthonormal

/wz yi(z)yj(x)w(x)de = 045, (7.33)

1

and they form a complete set. Therefore ¢(z) can be expressed as

P(z) = Z ciyi().
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Substituting this expression into the functional of (7.30)

- [ o{ 3 o] + atwrs fas
/ " w(@) ¢t |

1

K[p(x)] =

and using (7.31) and (7.33), we have

Let A1 be the smallest eigenvalue, then

62 i .02 i — A1
K[¢(x)]_A1:Zz z;‘i_Al:Zz z(>\1 )‘)

> 6 i ¢
Since every \;, i # 1, is greater than Aq, therefore K[p(x)] — A\ > 0, and

K[p(x)] = A

The equal sign holds only if ¢(z) = y;(x), the ground state eigenfunction.
(The ground state is the state with the smallest eigenvalue.) This is often
called the Rayleigh—Ritz variational principle.

Now we can approximate y;(x) with any reasonable trial function ¢(z)
that satisfies the boundary conditions. The eigenvalue obtained from (7.29)

| e)s? — o)) as
M = Klp(a)] = 22— (7.34)
/ w(x)p?dz

Z1

is always greater than or equal to A\;. We can include parameters in ¢(x),
these parameters can be varied to minimize K[¢(x)] and thereby improve the
estimate of the ground state eigenvalue.

As an illustration, let us consider the equation

Yy +Ay=0
with the boundary conditions
y(0) =0, y(1)=0.
This is a Sturm-Livouville problem with p(z) = 1, ¢(x) = 0, and w(z) = 1.
This problem is simple enough for all of us to know the exact solutions
Yy = sin \F)\x,

A=n?m%, n=12....
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Therefore the lowest eigenvalue is
A1 = 72 = 9.8696.

Now let us use the Rayleigh—Ritz method to approximate A;. We may use
the simple function

¢(z) = z(1 - )
as our trial function, since it satisfies the boundary conditions ¢(0) = ¢(1)
Substituting this function into (7.34), with ¢'(z) = 1—2x, p(z) = 1, q(z) =

and w(z) = 1, we have
[o-sr
(1 —2x)°dx
1
2 _ 1By

= = =
/ 22(1 — z)%dx 1/30

1

0.
0

b

which is only 1.3% in error compared to the exact value of 2.

To calculate the eigenvalue, it is not necessary to use a normalized trial
function, because of the denominator in K [¢(x)]. However, it should be kept
in mind that the trial function is an approximation of the eigenfunction only
within a multiplicative constant. The comparison between the normalized
trial function v/30z(1 — x) and the normalized exact eigenfunction /2 sin 7
is shown in Fig. 7.12.

The result can be improved by introducing more terms with parameters.
These parameters can be adjusted to minimize K [¢(x)], since no matter what
these parameters are, the results are always upper bounds to A;. For example,
we may use

¢y (x) = 2(1 — ) + cx®(1 — x)?

1257

0.75T

05T

0257

Fig. 7.12. Comparison between the normalized exact eigenfunction v/2sin wz (solid
line) and the normalized trial function v/30z(1 — z) (dotted line)
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as the trial function. As a consequence, K [¢;(x)] becomes a function of c.
Take the derivative of K [¢(z)] with respect to ¢ and set it to zero, we find
¢ = 1.1353. Use this value of ¢, we find

Ao = K [¢,(2)] = 9.8697,

which is very close to the exact value of 72 = 9.8696. When normalized, this
trial function becomes 4.404x(1 — ) +4.99022(1 — x)2. Plotted against z, this
function is indistinguishable from the exact eigenfunction in the scale shown in
Fig. 7.12. This suggests that if the eigenvalue calculated from the trial function
is very good, the trial function is probably also a good approximation of the
eigenfunction.

This method can be extended to the second and higher eigenvalues by
imposing additional restrictions of the trial functions to only those that are
orthogonal to the eigenfunctions corresponding to the lower eigenvalues.

For example, we may use a trial function in the form of

d(z) = c1fi(x) + cafa(w),

where fi(z) and f3(z) are known as basis. We will show that in minimizing
the functional

we will obtain two “eigenvalues.” If fa(x) is orthogonal to fi(x)

/12 fi(@) fa(z)w(z)dx = 0,

then they may approximate the first two true eigenvalues of the Sturm-—
Liouville problem.

To minimize K[¢(z)], we need to set both 0K /0c; and 0K /Ocy to zero.
Since

oK  dI/oc,

7152]/001- _ 1 ol B £8J -
6cz- - J J2 - J 8Ci J@cl -
and J > 0, this means
ol 109dJ
N = ;= 1.2. .
9e.  Joe 0, = ,2 (7.35)

Carrying out the differentiation

a1 9 A
der 8701[[61f1 +eafe] = dey /:m [p(erfi + c2f3)? — qlerfi + caf2)?]da

- 2/ ZLP(le{ + szé)f{ —qlerfr + Cgfg)fl]dx

T2

9, / DAL — afi filde + 2 / pfsfl — afefi)de.

1 1
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Clearly we can write both derivatives as

oI 2 )
GCi = Qchaji, 1= 1,2,

j=1
aji = / zlpfj'-f{ —qf; filda.

Similarly,

2
aJ
8ci ZQZCjbjia k‘:].,27

j=1
Z2
bji = / fjfiw dz.
T

According to (7.32), our “approximate eigenvalue” is given by

I
K=—-=)X\
J
Therefore (7.35) can be written as
2
ZCj(aﬂ—)\bj‘):O, i=1,2.
j=1

Since fi and f> are orthogonal, so b;; = 0 for 7 # j. Thus we have

(a11 — Ab11)c1 + azice =0,
aigci + (a22 — /\b22)02 =0.

For a nonzero solution, A must satisfy the secular equation

ayr — Abiy a21 -0
a12 a2 — Abag

409

This is a quadratic equation, A will have two roots. They may approximate

the first two eigenvalues of the problem.

To illustrate the procedure, let us try to approximate the first two eigen-

values of the previous problem

Yy +Xxy=0, y(0)=y(1)=0.

We choose the following trial function:

d(z) = c1fi(x) + e fa(x)



410 7 Calculus of Variation
with

fi(@) = 2(1—2),
fo(z) = z(1 — 2)(1 + ax).

Both fi(z) and fa2(z) satisfy the boundary conditions. The constant a is
determined from the orthogonal condition

1
/ fi(x) fa(z)dx =
0

to be —2. With f{ =1 — 2z, fi =1— 6z + 622, one can readily find

! 1 1 1
a11 :/ f{zdﬂ?ig, a22:/ ffdx:g,
0 0

1
a1z = as =/ fifadz =0,
0

b1 = dr = —, bgogy = der = —.
11 /0 fidx 30° 22 /0 fadz 210

Therefore the secular equation is

1 1
5 5° 0

w

1
210
which has two roots

A1 =10, My =42.

These two roots are to be compared with the first two exact eigenvalues

A\ =72 =9.8696, My =4m? = 39.48.

7.6 Rayleigh—Ritz Methods for Partial Differential
Equations

The Euler-Lagrange equations for functionals with more than one indepen-
dent variables are partial differential equations. The minimizing function of
the functional will be the solution of the corresponding partial differential
equations.

Consider the functional

Y2
I_/ / u7 /w7 ;p?uy7 y?‘r y)dxdy)
Y1

where x and y are two independent variables and
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u=u(z,y),

,  Ou .,  0%u
Uy = 7, u;p = 9
T ox 0x?

ou 0%u
o = o =

Yoy Y oy

With the methods developed for functionals with two independent variables
and with higher derivatives, one can easily show that the Euler—Lagrange
equation for the functional is

OF 0 (0F\ ® (0F
Ou  Ox \ Oul, 0x2 \ du!!

0 (OF 9% (OF
35 () e () =
Y Yy
Many important partial differential equations in mathematical physics can be
put in this form. In what follows, we will interpret these partial differential
equations as the Euler-Lagrange equations of some functionals, then use the
Rayleigh—Ritz method to approximate the minimizing functions of these func-

tionals. The minimizing functions will then be the solutions of these partial
differential equations.

7.6.1 Laplace’s Equation

To find the Euler-Lagrange equation for the following two-dimensional

functional ) )
x2 Y2 a a
LG < (G o
o Ju or dy
we can write the integrand as

12 12
F=uy +u,.

Thus
OF OF . ou 8 [OF\ 0%
R A ax(au) =25
OF Ju 0 (OF 0%u
R — o7
du;, Yy oy’ Oy <8u’y) Oy?

Therefore the Euler-Lagrange equation for this functional

OF 0 (OF\ 0 (OF _0
Ou Oz \Oul, Oy \ Ou,, B
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is the Laplace equation
%u  0%u B
52 "o T
We have developed this relation in two dimensions, the extension to three
dimension is obvious. Now we will use the notation
u  0%u
927 T a7

2 B Ou  0u Ou  0u B ou\ 2 ou\ 2
v = vu-vu= (154550 (5 435 ) = (55) +(5)

so that all the results will be automatically valid for three dimensions.
What we have shown is that the function v that minimizes the functional

I://|Vu|2dzdy

will also be the solution of the Laplace equation

0.

Viu =

VZiu = 0.

Now we turn it around, saying that to solve the Laplace equation with some
boundary conditions is to find the function satisfying the same boundary
conditions that minimizes the functional.

One way of finding the minimizing function is first to approximate it with
a trial function with many terms

u(x,y) = fO(xvy) + le1(5ﬁ',y> +...+ Cnfn(x’y)' (736)

Then adjust the coefficients ci,ca, ..., ¢, so that the functional is as small
as possible. Note that, as long as the trial function satisfies the boundary
conditions, one additional term will make it closer to the true minimizing
function. This is because the trial function that has the term c¢,41 fry1(x,y)
automatically includes all the previous terms. If the minimizing process cannot
make the functional smaller than the previous minimum, it will make ¢, 41 =0
and settle with the previous minimum. Therefore by including more and more
nonzero terms, the trial function will get closer and closer to the true solution.
To illustrate this process, let us take three terms

u(z,y) = folw,y) +crfi(z,y) + cafe(x,y).

Putting it in the functional, we have

I://Fdxdy,

F=V(fo+cifi+ecafa) V(fo+crfi+cafa)
= Vil +E VA + &V +2a0V -V
+2¢2V fo -V fi+2c1caV f1 -V fo.
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To minimize it, we have to set the following derivatives to zero.

o1
—://{201|Vf1\2+2Vf0~Vf1+2cQVf1~Vf2}dxdy:0,
801

oI 2
a—@://{zmvm FOVfo Vot 20V iV} dedy =0,

These two equations can be put in the form of

ayicy + araca = by,

a1c1 + agacay = by

aill ://|Vf1|2d$dy, a12 ://Vf1Vf2dl‘dy,
az ://Vfl-Vfgdxdy, a22=//|Vf2|2dxdy,

with

blz—//nyVfodxd% bQZ_//VfO-Vfgdxdy.
Therefore
by a2 aiy by
by s asy by
1 = ) Co = .
a1 a2 a1 ai2
a1 a22 az1 a2

It is clear that with the trial function given by (7.36), the coefficients ¢; are
determined by the system of n linear equations

n
E aijcj:bi, i:1,2,...,n,
Jj=1

where
4y = / / V- Vfdedy, b= / / VoV fdady.

The true solution can be approached by ever larger n. With a computer, such
calculations are not difficult to carry out.

Ezample 7.6.1. Find a three term approximation to the solution of the
Laplace’s equation with the boundary conditions in the region shown in the
following figure.
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0.1)

(0,0 (2,0)
u=x(2-x)

Solution 7.6.1. The equation for the straight line going through (0,1) and
(2,0) is x = 2 — 2y. Therefore the region is bounded by the lines x =0, y =0
and x = 2 — 2y. the boundary conditions are

w(0,y) =0, wu(z,0)==z(2-1z), u(2-2yy)=0.

It is readily seen that the following simple function satisfies these boundary
conditions:

folz,y) = z(2 — x — 2y).
It is clear that functions in the form of
u(e,y) = (2 -z —2y)(1 + 1y + c2y”)
will also satisfy the boundary conditions. Writing it in the form of
w(z,y) = fo(z,y) + c1fi(z,y) + cafo(z,y),
we have
filz,y) =ye(2— 2~ 2y), falz.y) = yz(2 -z - 2y).

Carrying out the integration, we find

1 2—2y ) )
a1 = / / |Vf1| dl‘dy = -,
0 0 9

1 p2-2y 29
a2 = az =/ / Vfi-Vfodazdy = ——,
o Jo

315
1 22y 11
= V fol? dody = —
aso /o /0 |V f2]” dedy 315

1 p2-2y 9
by = —/ / Vo Vfidady = - =,
o Jo 15

28

1 p2-2y
bg = —/O /0 Vfo . Vfgd.%‘dy = —m.
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Therefore
_2 22 2 _ 2
15 315 9 15
_ 28 11 22 _ 28
e lTmsEs| T 315 Tias
V= T2 22 T 13 P2 22
9 315 9 315
22 11 22 11
315 315 15 315

143

415

Thus, the three term approximation to the solution of the Laplace equation is

7 28
u(z,y) =22 - — 2y) (1_13y_M?;

?).

7.6.2 Poisson’s Equation
It is easy to show that the Poisson’s equation
Viu=p

is the Euler-Lagrange equation of the functional

1://[|Vu|2+2u4 dady.

Since the integrand of this functional is
2 2
F =g + w4 2up,

the Euler-Lagrange equation

OF 0 (OF\ 0 (0F _o
Ou Oz \ Oul, dy \ Ou, N

is clearly
0%u &%u
20 ger ~ P =0

which is identical to the Poisson’s equation V2u = p.

(7.37)

Therefore to solve this Poisson’s equation with some boundary conditions
is equivalent to finding the function that satisfies the same boundary condi-

tions and minimizes the corresponding functional (7.37).

Again we can approximate the solution with a trial function

U((E,y) = lel(mvy) + C?f?(xay) et Cnfn(x’y)'

(7.38)

The same method as we used in solving the Laplace’s equation can be used

to determine the coefficients ci1,ca, ..., cy.

However, There is one difference.
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Note that in (7.38) there is no fo(x,y) term with ¢y = 1. This is because any
constant times the solution of a Laplace equation is still a solution. In other
words, the coefficients in (7.36) are determined only up to a multiplicative
constant. Therefore we can arbitrarily assign the coefficient of fy(z,y) to be
one. We have no such freedom in solving the Poisson’s equation because of
the presence of the nonhomogeneous term p(x, y). Therefore the trial function
for the Poisson’s equation has to start with the term c; f1(x, y).
For example, suppose we want to solve the following problem:
Viu=p(z,y), 0<e<1, 0<y<l,

u =0, on the boundary of the square.
We may choose a trial function in the form of
u(z,y) = 2y(1 — 2)(1 — y)(c1 + cow + c3y + caw® + - - ),

which clearly satisfies the boundary conditions. This function can be written
in the form (7.38) with

fi=ay(l—2)Q—y), fo=zfi, fi=yf, fi=2"f,....
Put it into the functional

n

2
1 1 n
1:// VY eifil 42D ¢ifi | p| dady.
0 0 -
j=1

j=1

To minimize it, we set the derivatives with respect to c; to zero

oI ol ol
8701— ,8702—07...7 aicn—o

The result is a system of n linear equations
n
E CLijCj:bi, i:1,2,...,n,
j=1

where

1 1 1 1
aij =/ / Vfi-Vfdzdy, b= —/ / fi(z,y)p(z, y)dzdy.
0 0 0 0

This matrix equation can be solved for the set of coefficients ci,co,..., c,.
One strategy would be to calculate the functional with larger and larger n,
until it is stabilized. This way we can get the approximation as close to the
true solution as we want. Such calculations would have to be carried out on
a computer.
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7.6.3 Helmholtz’s Equation

The Helmholtz’s equation with boundary conditions is an eigenvalue problem.
The Rayleigh-Ritz method developed for Sturm-Liouville problems can be
used to obtain the solution. Consider the two-dimensional problem

0%y 0%u

@ + aiyz = A\u. (7.39)

Multiplying both sides by u from the left and integrating, we have

[ (2 2 uasay= [ [ ucasay

If w is not an eigenfunction, we can show that

/ / (g; . )dxdy [ [ uV2udzdy (7.40)

fqudxdy [ [u2dady

is an upper bound of the lowest eigenvalue by expanding w in terms of the
eigenfunctions, as we did in the one-dimensional case.

In the context of variational principle, A [u] is a functional. One can show
that to minimize A [u] is equivalent to minimizing the following functional (see

exercise 11):
92w ,
= f [ (5 ) = e

The integrand F of this functional is

F=u(u) +uy) — M?,

SO
F
g—u = (ug —&—ug) — 2\,
OF OF  OF OF
oul, duy, - ou! ou) o

Therefore the Euler-Lagrange equation

OF o (oF\ o (0F\ o (or\ & (o) _
ou  Ox \ Oul, 0z \ ou!! dy \ Ou, oy? \oull )

for this functional becomes

(uy 4wy ) — 2 u 4wy + uyy = 0,
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which is identical to the original equation
V2u = Au.

It is interesting to note that the Euler-Lagrange equation for another

functional ) )
_ ou ou 9
Klu] = // [(6:5) + (8y> + Au

is also the Helmholtz’s equation (7.39). The integrand F' of this functional is

dzdy (7.41)

F =)+ @) + a2

x

oF 9 (oFN __, O (OF\ _ _,
ou 22w, oz <8u’> = 2z, y (8%) = 2uy,

x

Since

the Euler-Lagrange equation becomes

2 u — 2uy, — 2uy =0,

which is identical to (7.39).
Since to minimize the functional of (7.41) is equivalent to minimizing

LG G o

J [udady - J [urdady (742)

we can approximate the ground state energy by either (7.40) or (7.42).

This is not surprising. When the boundary values of u are specified, one
can use divergence theorem to show that [ [«V?udzdy and — [ [ (Vul® dzdy
differ at most by a constant. Since

//V - (uVu)dzdy = quu -ndl = constant,
where the line integral is along the boundary of the area. But

V- (uVu) = Vu - Vu + uV3u.

//uVQudxdy: —//|Vu|2dacdy—|— constant.

Thus if v minimizes (7.40), it must also minimize (7.42). Usually it is (7.42)
that is more convenient.

Therefore
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Ezxample 7.6.2. Use the variational method to estimate the lowest vibrational
frequency of circular membrane of radius c.

Solution 7.6.2. As we have learned in Chap. 6 that the vibration is governed
by the wave equation

1 92

a2 ot2 2

The time-dependent part can be separated out to give T'(t) = coswt, where
w = 27v and v is the frequency. The space part is then governed by the
Helmholtz’s equation

V3 =

W2
Viu(z,y) = —a—Qu(x,y).

Therefore the frequency of the vibration of any normal mode is determined

by the eigenvalue of this equation. The boundary condition of u is that it is

zero on the rim of the circular membrane. According to (7.42),

w [ [1Vul?dady

a? J [u2dxdy

Any u, as long as it satisfies the boundary condition will give an upper limit
to the lowest frequency. For a circular membrane, clearly it is more convenient
to do the integration in the polar coordinates. Written in polar coordinates,
the boundary condition of u(r, ) is

u(e,0) = 0.
The simplest trial function satisfying this boundary condition is
u(r,0) =r—c.

In polar coordinates

Vuf? = (;N - c)>2 _1

Thus
c 2w
//|Vu|2dxdy: / / 1-rdfdr = nc?,
o Jo
c 2w 1
//quxdy = / / (r —¢)*rdfdr = —mct.
0o Jo 6
Hence ) 6
w a

We have shown in Chap. 6, the exact value of numerical factor is given by the
first zero of Jo(z) which is 2.405. It is seen that even with such a simple trial
function, we still can get a reasonable estimate.
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7.7 Hamilton’s Principle

The Euler-Lagrange equation for the functional

t2 t2
I:/ F(y,y’,t)dt:/ (py”? — qy*)dt (7.43)
tl tl
is d0F OF
S T oy 4 2gy = 0. 7.44
oy oy Y +2qy (7.44)

Let 1 1
= — = 7]{
p 2ma q 9"

then (7.44) becomes
my" 4+ ky =0,

which we recognize as the equation of a harmonic oscillator with mass m and
spring constant k. Put the same values of p and ¢ into (7.43), we find

tz /1 1
I= “my"? — Zky? ) dt.
/tl (me kY

It is readily seen the first term is the kinetic energy T and the second term is
the potential energy V' of the harmonic oscillator

1 1
T=-my? V= -k
2my ) B Y

Thus the functional can be written as

I= / - (T — V)dt. (7.45)

t1

Therefore for an harmonic oscillator, we have found that the Newton’s equa-
tion of motion is identical with the Euler-Lagrange equation for the functional
of (7.45). This is just a special case of a general principle known as Hamilton’s
principle. It was first announced in 1834 by the brilliant Irish mathematician
William Rowan Hamilton.

The difference between kinetic energy and potential energy T — V is
denoted by L and is called the Lagrangian. Hamilton’s principle states that
the motion of a system from t; to t3 is such that the time integral of
the Lagrangian L, (7.45), known as “action,” has a stationary value. The
Lagrangian is specified by a set of “generalized” coordinates q1,q2, ..., g, and
their time derivatives ¢1, go, . . . , ¢,. From here on, we will follow the convention
in mechanics, a dot on top means derivative with respect to time (Newton’s
notation). The Euler-Lagrange equations for the action functional (7.45) are
usually called simply Lagrangian equations,



7.7 Hamilton’s Principle 421

oL d [OL
- — = b =1,2,...
8qi dt <8ql) 07 ! ’

These are a set of n simultaneous second-order differential equations. These
equations were independently developed by Joseph L. Lagrange (1736-1816).
They are equivalent to Newton’s equations of motion. The Lagrange equations
deal only with scalar variables, whereas Newton’s equations are intrinsically
vector equations. In many situations it is much easier to generate the correct
differential equations of motion from the Lagrangian equations than from
Newton’s equation.

For example, suppose that a particle of mass m is moving in an arbitrary
potential field. Then

1
T = im(x%er%JrI%)a V:V(Il,I27I3)

and

1 . . .
L= im(xf + x% + x%) —V(z1, 2, x3).

The Lagrangian equations give us

oL d<aL)8Vd(m:'m)O, 1=1,2,3

ami B @ Gj:i 8$i dt
or
e OV
v 83% '

Since —9V /dx; is the force on the particle in the x; direction, this is simply
Newton’s second law which may be written in vector form as

mr = F.

From the following examples, we will see that Hamilton’s principle is equally
valid for system of continuum, and the “generalized” ¢;s need not be any
standard coordinate set. They can be selected to match the conditions of the
physical problem.

Example 7.7.1. Use Hamilton’s principle to derive the wave equation for small
transverse oscillations of a taut string.

Solution 7.7.1. Let p and 7 be the linear density and tension of the oscillat-
ing string shown in Fig.7.13.
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X

Fig. 7.13. Small oscillations of a taut string

Since the transverse speed of any part of the string is dy/0t, we can easily
determine the kinetic energy of the vibration. It is

L1 oy 2

The potential energy V is found by considering the increase of length of the
element dz. This element has increased its length from dx to ds. We have
therefore done an amount of work 7(ds — dz). Since the potential energy is
equal to the work done, summing all the work done along the line, we have

V= /OLT(ds—dz).

But
1/2

du\ 2
1+ <y) ] dz — dz,
dx
1/2

dy 2 1 /dy 2
1+(dx)] —”2((11; .
Since it is a small oscillation, we will take the first two terms. Thus

1 (dy 2
dS_dx_Q(dx) dz

L 2
1 dy

Therefore the Lagrangian is given by

T foy\> 1 [dy\®

and the action integral becomes

2Ll ray\® 1 [dy\®

ds — dz = [(dz)? + (dy)2)¥/? — dz =

and

and
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This is a two-dimensional functional. The independent variables are x and ¢.
The integrand L can be written in the form of

1 1
L= Spy? = 5y

The Lagrangian equation is

oL o (LY 0 (oL _,
Ay Ot \ 9y, ox \aoy.)

which becomes
0 0y J Oy
! /!
—_— ) — —_— = —0)— — _——- = 0
Port T TorYe T Poior T ox oa
This is exactly the same wave equation we derived before
Py _pdy
0x2 T ot

Ezample 7.7.2. (a) Find the angular acceleration of a pendulum of length I.
(b) A bead of mass m slides freely on a frictionless circular wire of radius r
that rotates in a horizontal plane about a point on the circular wire with a
constant angular velocity w. Show that the bead oscillates as a pendulum of
length | = g/w? about the line joining the center of rotation and the center
of the circle.

Solution 7.7.2. (a) It is clear from Fig. 7.14a that the coordinates of m are
given by
x=1Icos#, y=Isinb.

The kinetic energy is

2_1 2

1 1 : .
T= im(;fc2 +9%) = gml2(81n2 0 + cos® 0)0” = —mli?*6".

Choosing the reference level for potential energy at distance [ below the point
of suspension, we have
V =mgl(1 — cosb).

Thus the Lagrangian L is
1 5.2
L=T-V = iml 0" —mgl(1 — cos@).

So we have only one independent variable 8, which is our “generalized” coor-
dinate. Hence we have the Lagrangian equation

oL _d (foL) _,
80 dt \ g )
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(@) (b)
Y
—
/ :
}/I ¢ o X

Fig. 7.14. Motions of pendulums

or

—mglsin @ — % (mlzé) =0.

Therefore )
0 = —% sin 6.

(b) Let C be the center of the circular wire, and the angles § and ¢ are indi-
cated in the Fig. 7.14b. As the wire rotates counterclockwise with an angular
velocity w, so ¢ = wt. The coordinates z and y of the bead are seen to be

x = rcoswt + rcos(f + wt),
y = rsinwt + rsin(6 + wt).

Since the motion is taken place in a horizontal plan, the potential energy can
be taken as zero. The kinetic energy is

1
Lo of o / 2 /
= imr w* + (9+w) + 2w <0+w) cosf| ,
which is also the Lagrangian L, since V' = 0. Thus

OL _d (oL |
00 dt \ 90 )

mr? {—w <9+w) sin9—é+wsin99} =0,

becomes

or B
6 = —w’sinb.

Thus we see that the bead oscillates about the line joining the center of

rotation and the center of the circular wire like a pendulum of length [ = g/w?.
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Hamilton’s principle and Fermat’s principle are only examples showing
that the physical universe follows paths through space and time based on
extrema principles. Almost in all branches of physics, one can find such a
principle. Why the nature operates in accordance with this principle of econ-
omy is a question for philosophers and theologians. As scientists, we can just
enjoy the elegance of the theory. However this is not to say that variation
principle is merely a device to provide an alternative derivation of known
results. In fact its impact on the development of science cannot be overem-
phasized. When the basic physics is not yet known, a postulated variational
principle can be very useful. A shining example is Richard Feynman’s formu-
lation of quantum electrodynamics which is based on the principle of least
action. For his achievements, he was awarded a 1965 Nobel prize in physics.

Variational principle as a computation tool is also very important. With
variational methods, energy levels of all kinds of molecules can now be calcu-
lated to a high degree of accuracy. John Pople codified such calculations in a
computer program known as GAUSSIAN. He was awarded a 1998 Nobel prize
in chemistry.

Exercises
1. Find the Euler-Lagrange equation for

(a) F =2y —y?, (b) F = ay+y~

1
Ans. (a) ¥’ + 2%y =0, (b) 1 g -y’ =0.

2. Find the curve y(x) that will make the following functional stationary
b
(a) I = / (V* + ™ + 2ye”)da,

b2
Y
(b) I :/a de

Ans. (a) y = %xem +c1e® + e, (b) y =izt + co.

3. Find the function y(x) that passes through the points (0,0) and (1,1) and
minimizes

1
I(y) :/ (y* +y™)da.
0
Ans. y(x) = 0.42¢” — 0.42e~7.

4. Find the function y(x) that passes through the points (0,0) and (7/2,1)
and minimizes
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1
I(y) :/0 (¥ = y?)da.
Ans. y(z) =sinz.

5. What would be the functional corresponding to the following problem:
Pu
ox? oy

u =0, on the boundary.

O<z<l, O0<y<l1,

Ans. I(u) = fol fol [(g’;)z + (%)2 + 2’U,:| dzdy.

6. Show that if the integrand of the following integral:

ta
I= / Fla,y,',y')dt
t

1

does not explicitly contain the independent variable ¢, then the Euler—
Lagrange equations lead to

JOF  OF

Fogs 2
oz y@y’ c,

where C' is a constant.

7. Find the Euler-Lagrange equation for the functional

1
I= / (yy" + dy)dz.
0
Ans. y" +2=0.

8. Find the Euler-Lagrange equation for the functional

1
1 :/ (—y? + 4y)dz.
0
Ans. " +2=0.

9. Show that the Euler-Lagrange equation for the three-dimensional func-

) ) () e

is given by the Laplace’s equation

u Pu
ox?2  Oy? 022
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10. Estimate the lowest vibrational frequency of a circular drum-head with
radius a, using the functional

w? — [ [uV*udzdy

v2 [ [u2dady

and the trial function
u(r) =r—a.

Ans. w = 2.449v/a.
11. If I'u] and J[u] are both two-dimensional functionals and

1[u]

Alu] = m,

show that to minimize A[u] is equivalent to minimizing the functional K[u)

Klu] = Iu] — AJu].

dA
Hint: Replace u(z,y) by U(z,y) + an(z,y), and show that o =0
a=0
dr d
leads to | — — /\—J =0.
da da g

12. Find the Euler-Lagrange equation for the functional

1
I:/ zy?dx
0

1
/ zy?ds = 1.
0

subject to the constraint

Ans. zy” +y — dxy = 0.

13. Find the Euler-Lagrange equation for the functional

1
I= / (py”? — qy?)da
0

1
/ ry?de = 1.
0

Ans. %(py’) + (¢ —Ar)y =0.

subject to the constraint
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14. Show the equivalence of the following two forms of Euler-Lagrange equa-

tions:
or 4 (or |
oy dz\oy ) 7

OF d JOFY
7~ (Fvay) =

15. Approximate the solution of the problem

" z>2 _

v +(3) v=0
y(0)=1, y(1)=0

with a trial function
y=1-—2°

With this trial function, find the eigenvalue and compare it with the exact
value.

Ans. A =25, A/Aexat = 1.013.

16. In the previous problem, use a trial function
y=1—2a".
Find the optimum value of n. With that n, what is A\/Aexat?
Ans. n=1.7247,  A\/Aexas = 1.003.

17. Find the function y(x) that will extremize the integral

I:/ y"?dx
0

/ y2dz =1, y(0)=0, y(a)=0.
0

9\ 1/2
Ans. y(z) = (a> sin %rx.

18. Use the Fermat principle to find the path followed by a light ray if the
index of refraction is proportional to

subject to the constraint

Ans. (a) (z —c1)? +y*=c3, (b) y=ccosh R
C1




19.

20.

21.
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Use a trial function of the form
u=(r—c)+blr—-c)?

to calculate the lowest frequency of the vibration of a circular membrane
of radius c.

Ans. w =2.4203 a/c.

Conservation of energy. If

I~ .
ngzlmlq37 V:V(ql7q27"'aqn>
im
use Hamilton’s principle to show that

T + V = constant.

Hint: From the fact that the independent variable ¢ does not appear
explicitly in the integrand, show that

n
oL
L— j; —— = constant.

Derive Lagrangian equation of motion for a particle in a gravitation field
constraint to be on a circle of radius ¢ in a fixed vertical plane.

Auns. %(chQ) + mgccos 6 = 0.
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